Functional Analysis Problem Sheet 4
Only do [24] if you are confident using complex analysis

[23] Apply the Gram—Schmidt orthonormalization procedure to the basis

{(2:3),(1,2)} of R?,
[24] Let D = {z € C : |z| < 1} be the open unit disc, and write Hy(D) for
the linear subspace of Ly(D) consisting of all functions holomorphic in D. Prove

that Hy(D) is a closed set, and therefore a Hilbert space. Finally, prove that the
functions {,/2 - 2" '} for n =1,2,... is a complete orthonormal set in Hy(D).

[Hints: show that the nth Fourier coefficient of f is equal to
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On the other hand, if f(z) =Y b,2", then

L),

27 AL

bn—l

)
|z|=r

SO an, :\/gbn_l. Deduce from this that Parseval’s formula holds.]

[25] Let H be a Hilbert space and let u, v be orthogonal unit vectors in H. What
is ||u —v||?

[26] Show that a set {u,} spans the Hilbert space H if and only if (v, u,) = 0 for
all n implies that v = 0 for every v € H.

[27] Let S = {(cos 2mnx) A/2} >0 and T' = {(sin 2mnx) A/2} >0 in the Hilbert space
L5[0,1]. Show that S and T are orthonormal systems, but that neither of them
spans Ls[0,1]. What are the closed linear spans of S and T'?

[28] Let {¢1, ¢2, ... } be a maximal orthonormal basis in a Heilbert space H. Show
that the best aaproximation to z = Y .-, ¢;¢; lying in the subspace spanned by

{b1,...,¢n} is precisely Z?Zl ci ;.

[29] Use Gram—Schmidt on the linearly independent set {1, z, 2%, 23, ...} in L3[0, 1]
to produce the first two elements of the corresponding orthonormal basis. Using
this (and [28]) find the best approximation to f(z) = 23 + 1 in the space spanned

by {1, x}.
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