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and

Mf(X) =
∑

|τ |≤X

1

eh|τ | ∼ logX + C.

like Mertens’ Theorem. (These are results of Parry, Pollicott, Sharp

and others).
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Simplest examples:

• K = Q, S = ∅, ξ = 2, map is x 7→ 2x (mod 1) on the circle;
S = {2} gives its invertible extension.

• K = Q, S = {2,3}, ξ = 2, map is an extension of the (invertible
extension of the) circle-doubling map by a Z3-valued cocycle.

• ξ a Salem number, K = Q(ξ), S = ∅ gives a quasihyperbolic toral
automorphism.

Any place w with |ξ|w = 1 behaves like a non-hyperbolic eigenvalue.
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There is a simple formula for the periodic points,

FT (n) =
∏

w∈S∪P∞(K)

|ξn − 1|w,

so the number of orbits of length n is

OT (n) =
1

n

∑
d|n

µ(n
d)

∏
w∈S∪P∞(K)

|ξn − 1|w

by Möbius inversion;
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πT (N) =
∑

n≤N

1

n

∑
d|n

µ(n
d)
∏
w
|ξn − 1|w

where w is restricted to run through the places in S ∪ P∞(K) only

(both here and below).

Simple estimates show that

1

n
logFT (n) → h(T ) as n →∞,

so we divide out by the expected asymptotic, writing

ΠT (N) =
NπT (N)

eh(T )(N+1)
.
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Theorem: For the ‘2,3’ map dual to x 7→ 2x on Z[13],

• the sequence (ΠT (N)) does not converge (there is no single asymp-

totic);

• indeed, (ΠT (Nj)) converges if and only if (2Nj) converges in Z3,

so there are uncountably many limit points;

• the upper and lower limits are transcendental.

The proof consists of extremely careful counting.
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Similar results hold more generally, but with less precise knowledge.

Theorem: For T a map built with S finite,

• lim infN→∞ΠT (N) > 0;

• lim supN→∞ΠT (N) ≤ 1;

• there is an associated compact group X∗ and element aT ∈ X∗

which ‘detects’ asymptotic growth: if a
Nj
T converges in X∗, then

ΠT (Nj) converges in R.

For a hyperbolic map, X∗ is trivial.



Mertens’ Theorem is a bit more involved.

Theorem: For the case K = Q, there are constants kT ∈ Q, CT such

that

MT (N) = kT logN + CT + O(1/N).
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For larger fields – in particular for fields large enough to contain Salem

numbers – life is harder.

Theorem: For an S-integer map T with S finite, there are constants

kT ∈ Q, CT , δ > 0 with

MT (N) = kT logN + CT + O(N−δ).
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Define

F (N) =
∑

n≤N

1

n
D(n),

and

h∗ =
∏

|ξ|w>1,
w|∞

|ξ|w

(the Archimedean part of the entropy).
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Then MT (N) − F (N) can be written as the difference between a

sum of a convergent series and O(e−h∗N). Thus it is enough to

consider F (N).

Lemma: Let g be an element of a compact abelian group G. Then

the sequence (gn) is uniformly distributed in the smallest closed sub-

group of G containing g.

Define X∗ to be the product of a circle for each infinite non-hyperbolic

place, and the maximal compact subring in Kw for each finite non-

hyperbolic place; aT is ξ suitably embedded in each.



The function

x 7→
∏

|ξ|w=1

|x− 1|w

is continuous on X∗, so

1

N

N∑
n=1

D(n) → kT as N →∞

by the Lemma, where

kT =
∫
X∗

∏
|ξ|w=1

|x− 1|wdµX∗.



Thus

F (N) =
N∑

n=1

(
1

n
−

1

n + 1

) n∑
m=1

D(m)

+
1

N + 1

N∑
m=1

D(m)

∼ kT logN,

giving the result without error term.
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The hyperbolic part of the calculation can be done easily, so assume

now that |ξ|w = 1 for all w ∈ S and write | · |S for
∏

w∈S | · |w.

Lemma: If M is an integral S-unit, then the solutions of

|ξn − 1|S =
1

M

comprise O(M1−1/d) cosets mod ρM for some fixed ρ and d > 0,

independent of M .

Write
∑′ for a sum taken only over integral S-units.



Lemma: For any c > 0,∑
M>X

′ logM

Mc
= O(1/Xe),

for any e < c.
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The presence of Salem-like behaviour creates problems.

Theorem: Let a denote a complex algebraic number with |a| = 1

and a not a root of unity. Then for some δ > 0 and constant `,∑
n<N

an|ξn − 1|S
n

= ` + O(N−δ).

The proof uses Abel summation, the Lemmas above, and Baker’s

Theorem.
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where f is an integral polynomial in r variables, and ai ∈ S1 for i =

1, . . . , r are multiplicatively independent.

Each part of this expression has been dealt with, giving the asymptotic



for ∑
n<N

1

n
D(n)

which is close enough to the quantity we are after.


