THE ENTROPY OF ALGEBRAIC ACTIONS OF
COUNTABLE TORSION-FREE ABELIAN GROUPS

RICHARD MILES

ABSTRACT. This paper is concerned with the entropy of an action of a
countable torsion-free abelian group G by continuous automorphisms of
a compact abelian group X. A formula is obtained that expresses the
entropy in terms of the Mahler measure of a greatest common divisor,
complementing earlier work by Einsiedler, Lind, Schmidt and Ward.
This leads to a uniform method for calculating entropy whenever G is
free. In cases where these methods do not apply, a possible entropy
formula is conjectured. The entropy of subactions is examined and,
using a theorem of P. Samuel, it is shown that a mixing action of an
infinitely generated group of finite rational rank cannot have a finitely
generated subaction with finite non-zero entropy. Applications to the
concept of entropy rank are also considered.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let G be a countable torsion-free abelian group and X a compact metriz-
able abelian group with Borel o-algebra B(X) and normalized Haar mea-
sure pux. If a is a G-action by px-preserving transformations af of X,
since G is amenable, we may consider the metric entropy h(«) with respect
to px. A detailed theory of metric entropy for amenable group actions can
be found in the seminal article [20]. In this paper we will be interested in
the case where « is an algebraic G-action, that is each o is a continuous
automorphism of X. Therefore, there is also a notion of topological entropy
whose correspondence with metric entropy is summarized in [4].

In [15], Kitchens and Schmidt develop a framework for the study of al-
gebraic G-actions; the resulting theory is the subject of Schmidt’s mono-
graph [22]. A fundamental observation is that there is a correspondence
between these actions and modules over the group ring ZG, facilitated by
Pontryagin duality (see Section 2). Write «ay, for the action corresponding
to a ZG-module M.

When G = Z¢, d < 0o, ZG can be identified with a ring of Laurent poly-
nomials and the formula of Lind, Schmidt and Ward [17] expresses h(ayy)
in terms of Mahler measures of Laurent polynomials associated with M.
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For a Laurent polynomial f = f(ui",...,u;") with integer coefficients, the

Mahler measure of f is

1 1
m(f) :/ / log\f(eQ’”tl,...,62””")\ dtldtn
0 0

For background on Mahler measure, consult [12]. If a;; corresponds to a
ZG-module M = ZG/(f), f € ZG, then h(apr) = m(f). Lind, Schmidt and
Ward’s full results cover all ZG-modules M and generalize earlier formulae
for single automorphisms due to Yuzvinskii [25] and Lind and Ward [16].

More recently, Deninger and Schmidt [4], [5] have studied the entropy
of actions of residually finite groups, relaxing the assumption that G is
abelian. In [5], their main result is that if f is a unit in the convolution
algebra L'(G), ZGf C ZG is a left ideal and M = ZG/ZG f, then h(ayy) is
given by the logarithm of a Fuglede-Kadison-Liick determinant ([4, Sec. 3]
describes the relationship between these determinants and Mahler measure).
In the setting of C*-dynamical systems, the entropy of actions of infinitely
generated torsion-free abelian groups has been considered by Golodets and
Neshveyev [14]. The study of algebraic actions of such groups was initiated
in [18] in relation to the dynamical property of expansiveness and continues
here with the investigation of entropy.

When dealing with algebraic G-actions with G infinitely generated, a sig-
nificant obstacle is that ZG is non-Noetherian; the importance of this con-
dition and its dynamical interpretation is discussed in [22, Sec. 3]. When G
is free, G = Z¢ for some d < oo (for a countable abelian group T', T is used
to mean @y '), so ZG is a unique factorization domain and the greatest
common divisor of any non-trivial subset of ZG is well defined. For our
purposes, this condition turns out to be more important than whether or
not ZG is Noetherian. Also, whenever G is free, ZG can be viewed as a
Laurent polynomial ring in countably many variables. By using the work of
Lind, Schmidt and Ward as a foundation, the following result is obtained.

Theorem 1.1. Let G be a countable torsion-free abelian group and let
a C ZG be a non-zero ideal. If there is a free group G’ < G such that
a= (aNZG)ZG then

(1) h(oza/a) = m(ged(a N ZG")).

In particular, such a G’ exists if G itself is free or if a is finitely generated.
The use of greatest common divisors for calculating the entropy of al-

gebraic actions of finitely generated G was initiated by Einsiedler [6] and

developed by Einsiedler and Ward [9].

Using Theorem 1.1, a general entropy formula is established for the case
G = 7. For continuity with Lind, Schmidt and Ward’s work, the result
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is phrased to include all free G. The fact that the Z* case is so similar
to that of Z?, d < oo, is a little surprising, since this is certainly not true
for all dynamical properties (see [19], for example). When G is free, for a
ZG-module M, let Ass'(M) be the set of non-zero principal prime ideals
in ZG that are annihilators of elements of M. Upon identifying ZG with a
ring of Laurent polynomials, if p C ZG is a non-zero principal prime, m(p)

is defined in an obvious way.

Theorem 1.2. Let G = Z¢, d < 00, and suppose M is a finitely generated
ZG-module. If M is a torsion module,

(2) hlay) =Y m(p)dimgy) M,,

pEAsst (M)
where K(p) is the field of fractions of ZG /p and M,, is the localization of M
at p. If M is not a torsion module then h(ay,) = oo.

Standard results for algebraic G-actions allow one to extend Theorem 1.2
to the case where M is not finitely generated (see Remark 5.2). If neither
Theorem 1.1 nor Theorem 1.2 can be applied, the situation is somewhat
more complicated. In Section 5, a general formula for the entropy of actions
arising from cyclic modules is proposed (Conjecture 5.4) and supporting
evidence considered. The formula arises from a fundamental inequality
(Theorem 5.3) that turns out to be useful for identifying actions with zero
entropy.

In Section 6, the entropy of subactions is investigated. Some well-known
examples of infinitely generated actions posses finitely generated subactions
with finite non-zero entropy (Example 6.1). However, the following theorem
isolates a large class of algebraic actions for which this is not the case.

Theorem 1.3. Suppose G is an infinitely generated torsion-free abelian
group of finite rational rank and « is a mixing algebraic G-action on a
compact abelian group X. Then a has no finitely generated subactions

with finite non-zero entropy.

The proof of Theorem 1.3 relies on an application of Samuel’s theorem
on finitely generated unit groups [21], reflecting the algebraic nature of this
phenomenon. If the mixing assumption is dropped, the same conclusion
cannot be reached (Example 6.6).

The concept of entropy rank was introduced by Boyle and Lind [2] in
relation to the expansive subdynamics of Z%actions, d < oo, although the
definition given by Einsiedler and Lind [7] extends more easily to our setting
(Definition 6.8). Roughly speaking, entropy rank expresses the least rank
such that all subactions of that rank have finite entropy. Applying results
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from Section 5, it is possible to characterize the relationship between entropy
rank and algebraic dependence (Theorem 6.9), in line with the situation for
finitely generated actions [8].

2. PRELIMINARIES

Let G be a countable torsion-free abelian group. The rational rank, or
simply the rank, of G is rk(G) = dimg Q ® G. A Fylner sequence (F;) in G
is a sequence of finite sets F; C G for which, given any g € G,

\F; AN g+ Fi|/|Fi] — 0

as i — oo. Note that Fglner sequences can always be found in G. Sup-
pose X is a compact metrizable abelian group with Borel o-algebra B(X)
and normalized Haar measure py. If o is a G-action by px-preserving
transformations o9 of X, the metric entropy of o with respect to ux is the
quantity

h(a) = sup h(a, §),
€
where ¢ runs over all finite measurable partitions of X and

ha€) = lim = H(ER),

H (-) being the entropy of a partition with respect to ux and % = Vyer, %€
It can be shown that the definition of entropy is independent of choice of
Folner sequence. For any finite measurable partitions &, n of X,

h(a,§) < h(a,m) + H(E|n),

so the Rohlin inequality holds. If (§,) is an increasing sequence of finite
measurable partitions such that o (\/@1 \/geG a9§n> = B(X), then
h(a) = sup h(a, &,) = lim h(a, &,).

n>1

For further background and explanation of these statements, see [20] and [24].

Now suppose « is an algebraic action, that is each a4 is a continuous
automorphism of X. If Y is a closed a-invariant subgroup of X, the sub-
script notation ay, ax/y is also used for the induced actions on ¥ and X /Y
respectively. Note that,

h(ax/y) < h(ax) and h(ay) < h(ax).

IfY; DY, D--- is a sequence of closed a-invariant subgroups of X with
ﬂn>1 Y,, = {0}, then
(3) h(a) = lim h(ax)y,).

n—oo
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These results are straightforward generalizations of the situation for Z%-
actions [22, Sec. 13]. Note also that Haar measure is a ‘dominant’ mea-
sure for entropy in the sense of the variational principle (the proof of [22,
Prop. 13.5] can be adapted to show this).

When « is an algebraic action, via Pontryagin duality, the discrete count-
able dual group M = X becomes a module over the group ring ZG by
setting

fa="7 c,(f)ad(a),

geG
where a € M, ¢,(f) € Zand f =}
many g € G. Conversely, any countable ZG-module M gives rise to an al-

cgg has ¢, = 0 for all but finitely

gebraic G-action a,; on the compact abelian group X, = M by setting o,
g € G, to be the automorphism dual to multiplication by g on M. For any
module homomorphism ¢ : M — N, the continuous (and hence measurable)
dual homomorphism & : Xy — X,/ satisfies ¢ - aly =af, - ¢ for all g € G.
For further details of the correspondence between algebraic G-actions and
ZG-modules, consult [22]. When it is necessary to emphasize the acting
group G, write ;. If J < G, M is naturally a Z.J-module and a3, denotes
the induced subaction on X,,.

Any cyclic ZG-module may be written in the form M = ZG/a, where
a C ZG is an ideal. Let A be a set of generators for a. Then X,; may be
identified with the subgroup of T¢ consisting of elements z = (x,) satisfying

(4) Z Cg(f)xg—&-g’ =0

geG
for all ¢ € G and f € A. Set
(5) S(A) ={g € G:cy(f) #0 for some f € A}.

According to the description of Xj; just given, for each ¢’ € G, the auto-
morphism «of identifies with the appropriate restriction of the G-shift: that

is, for x = (z4) € X,

o’ (1)g = Tgig-

3. REALIZATION OF ACTIONS AND FOLNER SEQUENCES

Suppose G is infinitely generated. Let a C ZG be an ideal with generating
set A C ZG, let S(A) be given by (5) and set M = ZG/a. Consider the
following two cases:

(1) G is free and a is finitely generated. Then G splits as J & K, where
J =74 d < oo, J contains S(A) and K = 7.

(2) G is not free and there exists a free subgroup G’ < G such that
a = (aNZG")ZG. In this case, without loss of generality, we may
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assume A C ZG'. By the axiom of choice, we can find G' < J < G
such that J = Z% d < oo, and K = G/J is a torsion group.
In case (2), identify J with Z? and use the subsequent embedding of G
into Q ® J = Q? to identify K with a subgroup of (Q/Z)%, choosing coset
representatives for Q/Z in the unit interval. This gives rise to a bijection
G — J x K, with addition in G corresponding to

(a,q) + (b,q) = (a+b+6(q,r), g +1),
where (a,q) = (an, qn), (b,7) = (by,rn) € J x K, and
- 0 ifg, +orn < 1;
oM@ ) = { 1 if gy +qr = 1.
Since S(A) lies in J, for any (b,r) € J x K, the left hand side of (4) becomes
Z Cla,q) ()T (a4 ) = Z ca(f)T(a,0)+00) = Z Ca( )T (atbr),

(a,9)e XK acJ acJ

where ¢, = ¢(,0). Hence, Xj; may be identified with the subgroup of T/ *K

consisting of elements x = (z(,,q)) satisfying

(6) Z Ca(f)x(aer,r) =0,

acJ

for all (b,r) € JxK and f € A. Forany (b,r) € JxK and x = 2(aq) € X,

(7) a®r) (T)(a.g) = T(atbrs(gr)atr)-

In the simpler case (1), X, identifies with the subgroup of T/®K = T/*K
consisting of elements x = ((4,q)) satisfying (6) for all (b,r) € J x K. The
G-action is given by (7) with § = 0.

It will often be useful to consider the coordinate restriction homomor-
phism 7 : T/*X — TV given by,

(8) 71 (T (aq) = (Ya),

where 1, = 2,0 for alla € J. Let 3 be the J-shift on T and W = 7;(Xy).
Notice, X); may also be regarded as W and its Haar measure as the
product measure obtained from Haar measure on W. Furthermore,

(,0

b
Ty )Zﬁw'ﬁ

for all b € J. So, o J/an] is algebraically isomorphic to Sy .
It is straightforward to obtain Fglner sequences in G. However, we wish
to use a specific form of Fglner sequence to complement the description of

the dynamical system (X, apr) given above.

Lemma 3.1. Let d < co. For d = oo set s(i) = |3 log,i] and for d < oo
set s(i) = d, i > 1. The sequence (F;), defined by

Fy={(a,) € Z% : —i < x,, <4 when n < 5(4), 2, = 0 when n > s(i)},
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is a Folner sequence in Z?. If G is not free and J and K are as above,
there is a sequence K; < Ky < --- of finite subgroups of K such that
(E;) = (F; x K;) corresponds to a Fglner sequence in G.

Proof. Let b = (b,) € Z¢ and let ||b]] = max{b,}. For a group of the
form I'>* and any v = (v,) € I'*®, set £(7) = max{n : 7, # 0}. Then,

|F; A b+ Fy| < (20 4+ 1) — (20 4 1)*O~4 (25 11 — ||p))*® < |Fili?,

so (F;) is a Folner sequence. At this stage, (s(¢)) could be any sequence of
positive integers tending to infinity.

Let K1 < Ky < --- be a sequence of finite subgroups of K such that
Uis1 Ki = K. Each K; can be chosen so that ((q) < s(i), for all ¢ € K;.
Let » € K and suppose i is large enough so that F; contains b and K;
contains r. Notice,

b,r)+ E;={(a+b+d(p—r,7),p):a € F,pe K},

with 6(p—r,r), =0, for all n > s(i). Set A; = {d(p—r,7) : p € K;}. Then,
the sets K;(\) ={p € K, : (p —r,7) = A}, A € A;, partition K; and

BN () +E= | (FAb+ A+ F) x Ki(\).

AEA;

Therefore,

(9) B A (b,r) + Ei| = ) |K(V[|FAb+ A+ F.
AEA;

Furthermore,

[FEAb+ A+ F| < (204 1) — (20) OO (25 — [[p]|)*®)

< &1 (S(, )> (23)/

=0 \J
< (2-)5(1‘)1§<8(i))
< (2 .
=0 \ 7

— (27/)8(7,)—128(7,)
Substituting into (9) gives

B A (b,r) + By < (20)" 071250 Y " |G (V)] < (24) 0712 K.
AEA;

So, |E; A (b,r) + Ei|/| B < i7/2. O
Finally, note that if G is free and G’ < G has finite index, then

(10) h(a®) = |G/G'|h(a®).
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To see this, first establish a bijection G — J x K, where J = G’ and
K = G/G'. As in Lemma 3.1, it follows that E; = F; x K corresponds to a
Folner sequence in G. For any finite measurable partition £ of X,

. o KL
T (Vier, 09 Ve a07) = 2 HER),
Hence,
h <05G/7 \/TEK O[(Oﬂ“)é) — |K|h(O[G7 5)

Using the same argument as for a single transformation, the result follows.

4. ENTROPY AND THE GREATEST COMMON DIVISOR

In this section, the proof of Theorem 1.1 is given. We begin by expressing
Lind, Schmidt and Ward’s formula in a form more suitable for our needs.
The following result is a more straightforward version of [6, Lem. 4.5] and
we supply an alternative proof.

Lemma 4.1. Suppose J = Z%, d < oo, and let b C ZJ be a non-zero ideal.
Then

h(OéZJ/h) = m(gcd(b))

Proof. Let R = 7ZJ and note that this ring is a Noetherian unique fac-
torization domain. Let g = ged(b). Since b C (g), there is a surjective
R-module homomorphism R/b — R/(g) and a corresponding dual inclu-
sion XR/(g) — XR/[,, yielding

h(arse) = hagryg) = m(g),

by [17, Th. 4.2].

If g # 1, we may write g = g7* - - - g&», where each g; is prime and e; > 1,
forall1 <i<m. If g=1,set m = 0. There is a list py, ..., p, of associated
primes of R/b such that b has an irredundant primary decomposition b =
i, b, where each b; is a p;-primary ideal, p; = (g;), for all 1 < i < m,
and the remaining primes are non-principal. For each 1 <7 < m,

b=bR, NR={f€c R:sf cbforsomesec R\p}.

By the definition of the greatest common divisor, there exists s € R\ p;
such that sg;* € b;. Therefore, g;* € b; and there is a surjective R-module
homomorphism R/(g;") — R/b;. Hence,

(11) hage,) < hlag)ge)-

The R-module homomorphism R — N = @), R/b; given by sending
fto(f+b)®---®(f+by,) has kernel b, so there is a dual projection
Xy — Xpgsp. For m < i < n, each of the modules R/b; has no principal
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associated primes and therefore, h(ap/p,) = 0, by [17, Lem 4.3 and Th. 4.2].
Thus, by (11),

har) < hlay) = > hloarm) < Y m(g) = m(g).

1<i<n 1<i<m

U

Proof of Theorem 1.1. First note that if GG is finitely generated, the result
follows from Lemma 4.1, so let G be infinitely generated. Assume that
either case (1) or case (2) of Section 3 holds. According to the hypotheses
of the theorem, the only remaining possibility is that G is free and the ideal
a is infinitely generated; we return to this in a moment.

Let M = ZG/a, a = apy and as in Section 3, let X, be regarded as the
subgroup of TY*X defined by the relations (6). Let 7; be given by (8), set
W = m;(X) and let By be the restriction of the J-shift to W. Write Hx
and Hy, for the entropy functions with respect to ux and uy .

If G is not free, let (E;) be the Fglner sequence defined in Lemma 3.1.
If G is free, let (F;) and (K;) be Fglner sequences for J and K respectively,
defined by Lemma 3.1 for groups of the form Z?, d < oco. In this case, set
E; = F; x K;, so (E;) corresponds to a Fglner sequence in G.

Let n be any finite measurable partition of W. Even in the non-free
case, for a set of the form A = (A,) € WK with A4, = W for all ¢ # 0,
a®MA = (B,), where B, = Ay for ¢ = r and B, = W for ¢ # r. Hence,

HX (VTEKi &(077*)71.;17]) = |K2|HW(77)7

SO

1 _ v 1 1R 1 ,
= Hx ((77'0)") = =7 Hx (V,yex, @O0 '07) = — Hw (™).
| Ei] | Ei | il

Therefore, h(a, 7;'n) = h(Bw,n). This means that for all i > 1,

where &(n) = V,ck, a1y, Thus,

S:,lzp{h(a’ &i(n)} = h(Bw)

where 7 runs over all finite measurable partitions of W and ¢ runs over
all natural numbers. Since the collection of partitions of the form &;(n)
is dense in the space of all finite measurable partitions of Xj; (under the
Rohlin metric), it follows that h(a) = h(Bw) = k(A /emz;)-

When G is free and a is finitely generated, (1) follows from Lemma 4.1.
If G is free and a is not finitely generated, proceed as follows. Let g = ged(a),
so a C (g). Since there is a finite set of elements in a which determines g,
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there is a finitely generated ideal b C a with ged(b) = g. Therefore, there
is a chain of surjective ZG-module homomorphisms

7G  71G  ZG

_—— — — —

b a (9
Using the result established for finitely generated ideals, it follows that
m(g) = hazayg) < h(azara) < hazgys) = m(g).
Finally, note that in the case where G is not free, it has been shown that
h(a) = h<aéj/aﬂZJ> = m(ged(aNZJ)).

When choosing J in Section 3, if J # G’, we can assume J = G' & G” where
G" is also free. Since the generators of a lie in ZG’, the result follows. [

5. ENTROPY FOR GENERAL MODULES

In this section, the calculation of entropy for actions arising from more
general modules is pursued. Yuzvinskii’s entropy addition formula [25] is
useful here. This was generalized to actions of Z¢, d < oo, by Lind, Schmidt
and Ward in [17]. Schmidt’s proof in [22] is more complete and this can
be adapted for actions of Z*. The necessary modifications are slightly
technical and are consigned to the Appendix.

Proposition 5.1 (Yuzvinskii’s formula for actions of G = Z*). Let a be
an algebraic Z*>-action on a compact abelian group X. For any closed
a-invariant subgroup Y of X,

(12) hax) = h(ay) + hlaxy).

When G = Z¢, d < oo, the ring ZG is Noetherian and the technique
of prime filtration, using associated primes, is very useful for decomposing
algebraic G-actions [22]. For non-Noetherian rings there are several different
notions of ‘associated prime’ with a variety of uses [13], but there is no
method of prime filtration in general. Nonetheless, Theorem 1.1 facilitates
an algorithm similar to prime filtration, using principal primes, that can be
used to prove Theorem 1.2.

Let G = Z%, d < 00, and recall that ZG' is a unique factorization domain.
For any ZG-module M, let Ass'(M) be the set of non-zero principal prime
ideals in ZG that are annihilators of elements of M. Write Assy (M), if
emphasis of the underlying ring is required. Note, possibly Ass'(M) = @.
Suppose a C ZG is a non-zero ideal. Then Ass'(ZG'/a) is the set of principal
primes that contain a. Hence, Ass'(ZG/a) = @ if and only if ged(a) = 1.
If L € M are ZG-modules then

(13) Ass'(M) = Ass'(L) U Ass' (M/L).
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Proof of Theorem 1.2. Suppose that M is a torsion module. Since M is
finitely generated, Ass'(M) is finite. If Ass'(M) = @ then for all 2 € M,
Ass'(ZG/ann(z)) = D, 50 h(zG/am(z)) = 0 for all @ € M. Since there is
a surjective module homomorphism @, _,, ZG/ann(x) — M, this means
h(apr) = 0 and (2) follows.

Now assume Ass'(M) # @ and proceed using the following algorithm.
Set My = {0}. There exists x € M such that ann(xz) = p; for some p; €
Ass'(M). Let M, = ZGx, consider M /M, and note that Ass'(M/M;) C
Ass'(M). If Ass'(M/M,;) = @, terminate the algorithm. Otherwise, there
exists y € M \ M; such that ann(y + M;) = p, for some p, € Ass'(M). Set
My = ZGy+ M;. Note M;/M; 1 = ZG/p;, i = 1,2. Continuing in this way,
we obtain a chain of submodules

(14) MyC My C MyC---

of M, possibly terminating at M, say, with Ass'(M/M,) = @. If (14)
does terminate in this way, a simple induction using (13) shows every prime
in Ass'(M) must appear at least once in pi,ps,...,p,. If the chain does
not terminate, since Ass'(M) is finite, at least one prime in Ass'(M) must
appear infinitely often in the sequence (p;).

We may localize (14) at any prime q € Ass' (M) to obtain a new module
chain

(Mo)q C (My)q C (My)g C - -

and

(M)of (Mi-2)g = (/M) = (26 p)a = { [P 02
If (14) terminates with M,, # M, note also that (M /M, )q = {0} as M/M,, is
a torsion module and Ass'(M/M,) = @. Thus, each q € Ass'(M) appears
with a well defined multiplicity, namely dimgq) M. The formula (2) follows
using induction and Proposition 5.1.
Finally, if M is not a torsion module, then there is a submodule L C M
such that L =2 ZG and h(ay) = h(ag) = oo. O

Remark 5.2. Just as for Z%-actions, d < oo, Theorem 1.2 and (3) combine

to give a method for calculating the entropy of any Z*-action.

The following result is motivated by the subsequent conjecture; evidence

for this is discussed at the end of the section.

Theorem 5.3. Let G be a countable torsion-free abelian group and let
a C ZG be a non-zero ideal. Then there exists a chain Go < G; < --- of
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free subgroups of G with Un>0 G, = G and G, /G finite, such that

dimK(P) (Mn)p
1Gn/Gol ’

(15) h(azg/e) < lim Z m(p)

where M,, = ZG,,/a N ZG,, and P = Ass} (M).
Conjecture 5.4. Equality holds in (15).
Corollary 5.5. If P = @, then h(azg/a) = 0.

A complete algebraic characterization of the property of zero entropy
seems difficult, even if equality holds in (15). For further consideration of
this issue, see Proposition 6.10 and Section 7.

Proof of Theorem 5.3. Let Gy < G be such that Gg is free and G/G is
a torsion group. Since ZG, C ZG is an integral extension and a # 0,
aNZGy # 0. Let Gy < G1 < --- < G be a sequence of subgroups such that
Gn/Go is finite for all n > 1 (therefore, each G,, is free). Let N = ZG/a
and for each n > 0, set a, = aNZG,, M,, = ZG,/a, and N,, = ZG/a,ZG.
There is a chain of surjective ZG-module homomorphisms

No— N, — Ny — -+ —= N

and hence a corresponding dual chain of embeddings with the arrows re-
versed. It follows that (k(a§; )) is decreasing and

(16) h(af) < lim h(af).
Let n > 1. The proof of Theorem 1.1 shows that
(17) h(ag,) = h(agt).

On the other hand, since Gy has finite index in G, by (10),

(18) h(a5y,) = |Gn/Golh(af,)
Combining (17) and (18) gives

1
1 h G N — '} Go )
(19) (9%.) = i)

Let P = Assy, (M), so P is finite. If p € Assyg (M,), then p is a
principal prime containing ag, so p € P. On the other hand, since there
is an injective ZGg-module homomorphism M, — M, P C ASS%GO(Mn).
Hence, Assy . (M,) = P and it follows from Theorem 1.2 that

h(a$e) =" m(p) dimx, (M,), -

peP

Combined with (19) and (16), this gives (15). O
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From the proof of Theorem 5.3, it can be seen that equality holds in (15)
if, given an algebraic G-action v on a compact abelian group X, a subgroup
Y C X and a decreasing sequence Y; D Y, D --- of closed a-invariant
subgroups of X whose intersection is Y, then

h(ay) = lim h(ay,).

n—oo

This is true if h(ay,) < oo and Yuzvinskii’s formula (12) holds for the
G-action in question. For, (12) implies

h(ay) + h(ay,)y) = h(ay,) = h(ay,) + h(ay, v, ),

and (3) shows h(ay,/v,) — h(ay,/y) as n — oo. Unfortunately, all proofs
of Yuzvinskii’s formula [22], [23], [25] use a scaling argument that requires
the presence of finite index subgroups in the acting group G. In general, G
may have a shortage of these or no finite index subgroups whatsoever.

6. SUBACTIONS AND ENTROPY RANK

In this section, the entropy of subactions of infinitely generated algebraic
actions is considered. This is partly motivated by the potential for obtaining
additional information concerning the structure of zero entropy actions.
The following example recalls some infinitely generated actions that possess
finitely generated subactions with finite non-zero entropy.

Example 6.1 (Berend’s group flows [1]). Berend refers to the following
algebraic actions as group flows. Let G be a countable torsion-free abelian
group and X a finite-dimensional compact connected abelian group; more
briefly, a solenoid. If o is a mixing algebraic G-action on X, then for each
g € G, we have 0 < h(af9) < oo. One of the simplest examples of an
infinitely generated action of this kind is given by taking an infinite set
P = {p1,pa, ...} of distinct rational primes and considering the collection
of automorphisms {x +— pz},cp on the one-dimensional solenoid X = @
This generates an algebraic action of G = Z*>. The corresponding ZG-
module is obtained by identifying ZG with the ring of Laurent polynomials
Z[uF' uz', .. ] and defining a ring homomorphism ZG — Q via the evalu-

ation map f — f(p1,pa,...).

We now turn to the proof of Theorem 1.3. This requires the following
result, which is sometimes considered to be a generalization of Dirichlet’s

unit theorem.

Theorem 6.2 (Samuel [21]). If A is a finitely generated reduced Z-algebra
then the group of units A* is finitely generated.



14 RICHARD MILES

It is also helpful to have an algebraic characterization of mixing. This is

provided by [22, Th. 1.6].

Lemma 6.3. Let G be a countable torsion-free abelian group and a,; an
algebraic G-action. Then, aj; is mixing if and only if given any non-zero
x €M, (g—1)x # 0 for all non-zero g € G.

The following results are also required.

Lemma 6.4. Let G = Z¢, d < oo, and let A be a ZG-algebra which is a
domain. Then h(ar) = h(aa), where F is the field of fractions of A.

Proof. For a non-trivial case, suppose A is a torsion ZG-module. There
is a unique non-zero prime ideal p C ZG such that ann(z) = p for all
non-zero * € A. Furthermore, p C ann(y) for all non-zero y € K/A.
Therefore, Ass'(K/A) = @. The result now follows from Proposition 5.1
and Theorem 1.2. 0

Lemma 6.5. Let J = Z%, d < oo, and let I < J be a non-trivial subgroup.
If K is a Noetherian Z.J-module and h(ak;) > 0, then h(aéJ/p) > 0 for some
JURS ASSZJ(K).

Proof. For a contradiction, suppose h(aé J/p) = 0 for all associated primes
p € Asszy(K). Hence, if ¢ D p is an ideal of ZJ then the surjective ZI-
module homomorphism Z.J/p — ZJ/q induces a dual inclusion. Therefore,
h(aéJ/q) = 0. Since K is a Noetherian Z.J-module, it is possible to take a
prime filtration of K over Z.J. Using this filtration, an induction argument
using Proposition 5.1 now shows h(al;) = 0, giving a contradiction. O

Proof of Theorem 1.3. Let M = X be the dual ZG-module and let I be a
finitely generated subgroup of G with h(af,;) > 0. Our aim is to show that
h(al,) = oco.

Firstly, there is a surjective ZG-module homomorphism @,y ZGx — M.
So, h(al) > 0 for a cyclic submodule L C M which may be identified with
ZG/a for some ideal a C ZG. Let J be a finitely generated subgroup
of G containing I and having rk(J) = rk(G). There is a surjective Z.J-
module homomorphism @,crZJz — L, which implies h(ak) > 0 for some
cyclic ZJ-submodule K C L. Using Lemma 6.5, it follows that there exists
p € Asszy(K) with h(aéJ/p) > 0. Thus,

(20) h(atigpy) > 0.

Because rk(J) = rk(G), ZG is an integral ZJ-algebra. Furthermore, the
prime p necessarily contains a N ZJ. Therefore, by [10, Prop 9.2], there is a
prime ideal q C ZG containing a such that

(21) qNZJ =p.
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Since a C q, there is a surjective ZI-module homomorphism L — ZG/q. It
follows that

(22) hag) = hag) > hloge,).

Considering ZG/q as a ZJ-algebra, by (21), there is an induced inclusion
of fields

(23) K(p) — K(a),

and K(q) is a K(p)-vector space. So,

(24) h(aéa/q) = h(a]l[((q))
= h(Oé]{((p)) dimg ) (K(q))
(25) = h(ag),) dimgg) (K(q)),

where the equalities in (24) and (25) are obtained using Lemma 6.4.

We claim that (ZG/q)* is infinitely generated. Suppose not. Then the
natural map ZG — ZG/q is not injective on G. That is, there is a non-
trivial element g € G such that ¢ — 1 € q. Since rk(J) = rk(G), it follows
that there is a non-trivial ¢’ € J such that ¢’ —1 € q. So, ¢ —1 € p by (21).
Since p € Assz;(K), there exists a non-zero x € L such that (¢’ — 1)z = 0.
By Lemma 6.3, this contradicts the mixing hypothesis. Therefore, (ZG/q)*
is infinitely generated.

Now, suppose (23) is a finite extension. Then, [10, Th. 4.14] implies that
the integral closure of Z.J/p in K(q) is a finitely generated Z.J/p-module
and hence so is ZG/q, as the integral closure contains ZG/q. It follows that
ZG/q is a finitely generated Z-algebra which by Theorem 6.2 means ZG/q
has a finitely generated unit group. This contradiction means (23) is not
finite.

Thus, (25) and (20) give h(aéG/q) = oo and hence h(al;) = oo by (22).

O

The following example illustrates the need for the mixing hypothesis in
Theorem 1.3.

Example 6.6. Let G = Z x Q, let X be the shift space {0,1}Z and denote
the Z-shift on X by 3. For each (a,q) € G, define an automorphism a(*%
of X by

al®?(z) = §%(z).

This produces an algebraic G-action which is not mixing as a®b is the
identity. Moreover, 0 < h(a™?) =log2 < oo.

If v is not an algebraic action, Theorem 1.3 also fails.
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Example 6.7. Suppose {a' : X — X};cr is a geodesic flow on a compact
Riemannian manifold X of negative curvature (see [3, Ch. 7, Sec. 4.1]).
Then the flow is mixing and 0 < h(a') < co. The maps of, t € Q generate
an action of Q and, by Abramov’s formula [3, Ch. 3, Th. 2.1], for each
non-zero t € Q,

0 < h(a') < .

For algebraic Q-actions, it is tempting to try to use Abramov’s formula
to obtain Theorem 1.3. However, the required conclusion would only follow
if the entropy of every element of the action was bounded below by some
uniform positive constant. The existence of such a constant would give a
solution to Lehmer’s problem [12], which asks if zero is an isolated point in
the range of Mahler measure; this problem has been open for over seventy
years.

We now consider the concept of entropy rank, which generalizes easily
from actions of Z?, d < oo, to actions of more general torsion-free abelian

groups G, as follows.

Definition 6.8. An algebraic G-action a has entropy rank k < rk(G) if
h(a’) < oo for all rank k subgroups J of G and k is minimal with this
property. The entropy rank of « is denoted entrk(«).

Example 6.1 describes some entropy rank one actions (see also [7]). The
definition of entropy rank applies only to actions for which, given any J <
G with tk(J) = 1k(G), we have h(aj;) < oo. In some circumstances,
this condition can be difficult to resolve; for example, see [7, Sec. 4] for a
connection with Lehmer’s problem.

The next result shows how entropy rank is closely related to algebraic
dependence. In [7] and [8], the same idea is illustrated using Krull dimen-
sion. However, this perspective does not extend directly to our setting; the
obvious extension of [8, Prop. 7.3] is violated by Example 6.1, with P as
the set of all rational primes.

Let G be a countable torsion-free abelian group and a C ZG an ideal. A
prime p C ZG is a minimal prime of a if, given any prime q with a C q C p,
we have q = p. The set of all such p is denoted Min(a). Let p C ZG be a
prime ideal and set

(p) = { 1+ tr.deg(K(p)|Q) if char(K(p)) = 0.
tr.deg(K(p)|F,) if char(K(p)) =p > 0.

Theorem 6.9. Let GG be a countable torsion-free abelian group and aj, an
algebraic G-action. Set

s =sup{7(p) : p € Min(ann(z)),z € M}.
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If s < rk(G) then the entropy rank of ays is defined. Moreover, whenever
it is defined, entrk(ay) € {s,s + 1}.

Proof. First, we show that if s < rk(G), all subactions of rank at least s+ 1
have finite entropy. Let J < G have rk(J) > s+1 and for any ideal b C ZG,
let B = bNZJ. Our aim is to show that h(ai;) = 0. Note,

MO () = 0 for all z € X = h(ag,) = 0.
Let z € X and a = ann(z). Then,
h(a%J/a’) =0= h(&%G’/a) =0.

Therefore, it suffices to calculate h(aéj/a,). Let I < J be a free subgroup

such that rk(I) = rk(J) and for any ideal b C ZG, set b” = b N ZI.
Theorem 1.2 and Theorem 5.3 show that

(26) h(a%J/a’) < h(aéf/a”)v

which reduces the problem to showing h(az; ) = 0.

If q € Ass} (ZI/a"), then v/a” C q and there is a surjective ZI-module
homomorphism ZI/va” — ZI/q. So, if h = 0, then h(ozé]/q) =0
for all q € Ass'(ZI/a"). Therefore,

Thus, combining (26) and (27), it remains to show that h(aél/m) =0.
Write Min(ZG/a) = {p1,p2, ... }. Since y/a = p1NpaN..., it follows that

(28) Vo' = (Va) =pinpsn...

By (28), the ZI-module homomorphism from ZI to N = ZI /p| & ZI /p} &
.., given by f— (f+p7,f+p5,...) has kernel Va”, so

I
(aZJ/W)

h(aéum) < h(ak).

Hence, the required result will follow by showing h(al, /p/,) = 0, for all
p = p1,po,.... To see this, note that there is a natural embedding of
domains ZI/p" — ZG/p, so 7(p") < 7(p) < s. Since [ = Z'U)if p”
were principal, it would follow that 7(p”) = rk(J) > s + 1, which is a
contradiction. Hence, p” is non-principal and h(a}; /p,,) =0.

Thus, if s < rk(G) then the entropy rank of ay, is defined and whenever
it is defined, entrk(ay,) < s+ 1.

To complete the proof, it is necessary to show that, assuming it is defined,
entrk(aps) > s. Let © € M, a = ann(z) and p € Min(a). If 7(p) is
infinite, it is straightforward to find a subaction of a; with infinite rank and
infinite entropy. Hence, assume 7(p) is finite and let j be the transcendence
degree of K(p) over its prime subfield F. So, there exist ¢1,...,9; € G
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such that their images in ZG/p are algebraically independent over F. Let
I={g1,-,grp)-1), J = (I, g;) and note rk(I) = 7(p) — 1.

For any ideal b C ZG, let b’ = b N Z.J. There is an injective ZI-module
homomorphism Z.J/a' — M, and a surjective ZI-module homomorphism
ZJ]a — ZJ]p', so
(29) h(aéJ/p’) < h(aéJ/a’) < h(afw).

Due to the choice of J and the natural embedding K(p') — K(p), we have

p' = (char(F)). So, h(ag,,,) = oo. Furthermore, by (29), h(aj,) = oo.
Since x and p were arbitrary, we conclude that entrk(ays) > s. [

Entropy rank may or may not be defined for zero entropy actions. For
an example of a zero entropy action for which entropy rank is not defined,
consider the following action of G = Z*. Let p C ZG be any finitely
generated non-principal prime ideal with p NV Z = 0. Then, h(azg/p) = 0,
but there exists J < G such that rk(J) = 1k(G) and p N ZJ = 0. So,

h(a%J/meJ) =0 = h(a%G/p) = 0.

When G has finite rank, the following proposition gives a rich supply of
zero entropy actions for which entropy rank is defined. Is is not clear if the
proposition identifies all zero entropy actions (see Section 7). For an ideal
a C ZG, let Min'(a) be the subset of Min(a) consisting of height one primes
(that is, the primes p for which (ZG), has Krull dimension one).

Proposition 6.10. Let G be a countable torsion-free abelian group and
ays an algebraic G-action. Suppose that for every non-zero x € M and
every p € Min'(ann(z)), there exists a non-zero g € G such that g — 1 € p.
Then h(af,;) = 0 for every J < G such that G/J is a torsion group.

Proof. As in the proof of Theorem 6.9, this may be seen by considering
only free J. Let + € M, a = ann(x) and consider ZG/a as a ZJ-algebra.
Since ZG is integral over ZJ, it follows from [10, Prop. 9.2] that,

Assy;(ZG/a) = {pNZJ : p € Min'(a)}.

Hence, if Min'(a) = @, then h(ajg,) = 0. If Min'(a) # &, a similar
argument to that used in the proof of Theorem 1.3 shows that for each
p € Assy;(ZG/a), there exists a non-zero ¢’ € G such that ¢’ — 1 € p. So,
by [22, Th. 19.5], m(p) = 0 and again h(a%G/a) = 0. Thus, h(af,) =0. O

Example 6.11. To see that the range {s,s + 1} cannot be improved in
Theorem 6.9, consider the following two actions of G = Z x Q. Let Q be
the algebraic closure of Q. Define group homomorphisms ¢/, ¢, : G — @X
by

é1(a,b/n) = 2° and gh(a, b/n) = 27",
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where 7, is the positive real n-th root of 3. Then, ¢/, ¢, extend in an
obvious way to ring homomorphisms ¢y, ¢5 : ZG — Q. Denote their kernels
by p1, po respectively. Note that

7(p1) = 1 and entrk(azg/p, ) = 1,
because X7q/p, is a solenoid. However,
T(p2) = 1 and entrk(ozg/p,) = 2.

To verify the final statement, first note that by Proposition 6.10, all rank 2
subactions have zero entropy. On the other hand, Lemma 6.3 shows azq/p,

is mixing, and since

h(a(zléo/)m) > 0,
it follows that

h(a(zlc’;o/)pg) = 00,

by Theorem 1.3.

7. CONCLUDING REMARKS AND PROBLEMS

1. For a Z*-action «y; arising from a cyclic module M, Theorem 1.1
shows that h(ayy) is also the entropy of some algebraic Z?-action, d < oco.
Is a similar statement true for all algebraic Z*°-actions?

2. Tt is expected that Yuzvinskii’s formula (12) holds for all countable
residually finite (not necessarily abelian) groups. If (12) holds for all count-
able torsion-free abelian groups G, not only is Conjecture 5.4 true, but
together with (12) and (3), this gives a method for calculating the entropy
of any algebraic G-action. Ward and Zhang’s extension of the Abramov-
Rohlin formula [24] provides some hope that (12) might hold in the gen-
erality required, although it is interesting to note that Elek [11] has found
situations where (12) fails in the non-amenable setting.

3. Is it possible that the sequence on the right hand side of (15) converges
to zero without being eventually zero? Since each term in the sequence can
also be expressed as a Mahler measure, an affirmative answer would require
a solution to Lehmer’s problem.

4. Let M be a countable ZG-module. In light of the situation for Z%-
actions, d < oo, is the following statement true? h(ays) = 0 if and only
if for every non-zero x € M and every p € Min'(ann(z)), there exists a
non-zero g € G such that g — 1 € p. Note, the ‘if’ statement is dealt with
by Proposition 6.10 and when G = Z* the ‘only if’ statement follows from
Theorem 1.2.
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5. If the above statement is true, then Proposition 6.10 shows that for
algebraic actions of finite rank groups, the property of zero entropy is suf-
ficient for entropy rank to be defined (this is obvious when G is finitely
generated).

6. A complete algebraic characterization of the property of zero entropy
holds potential for an explicit realization of the Pinsker algebra, as in [17,
Th. 6.5].

APPENDIX

The following proof of Proposition 5.1 uses ideas from Schmidt’s proof [22,
Sec. 14] for Z4-actions, d < 0o, as a basis. However, there are some develop-
ments necessary for the infinite rank case that are not necessarily obvious.

Set Z = X/Y and just as in [22, Sec. 14] take a Borel cross section

: Z — X, 80 0 - s is the identity on Z, where 6 : X — Z is the quotient
map. For each g € G, define 79 : Z — Y by

m(2) = ok (s(2)) — s(aZ(2)).
For every closed ay-invariant subgroup U of Y, define a measure preserving
G-action Ty on (Z x Y/U, pz X pyu) by

T2y +U) = (03(2), 7°(2) + oy (y + U)).
Define ¢y : X/U — Z x Y /U by
Ybuy(x+U) = (0(z) + U, (x +U) — 5(6(x))).
Then, ¢y - o% ;= T Yw) for all g € G, and h(T(%/)) = h(oz)G(l/U) for any
non-trivial G’ < G.
For any finite measurable partition £ of Y/U and w € Y/U, let w +n =
{w+ B : B € n}. For any finite set F C G and z € Z, let £F'(z) =

\/gep m(z) + O‘gf/U(g)'

First assume Y can be described as the dual of a cyclic module ZG/a.
For a non-trivial case, suppose h(ay) < 0o, so a # 0. Proceeding as in [22,
Sec. 14], with the aid of [24], we find that (12) holds if Y is zero-dimensional
and, more generally, for any non-trivial G’

H
n>1 1—00 |F| / Y/U

(30) +sup lim —- 7 / Hyy(657(2)) dpz(2)

n>1 i—o0

h(aF x ayyy) < h(ag)

(2)) dpz ()

and

WTS) < )+ sup hmi, / Hy o (€5 (2)[€7) dpz(2)

n>1 —00

(31) +sup lim — 7 / Hy(€X%) duz(2),

n>1 i—o0
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where Hyy is the entropy function with respect to py,u, (F;) is a Folner
sequence in G' and (&,) is a sequence of finite measurable partitions of Y /U
satisfying o(V, > Vyea 796n) = B(Y/U).

Since a # 0, we may write G = J @ K, where J 2 Z¢, d < oo, K = Z>®
and aNZJ # 0. Set R = ZJ/aNZ.J and note that there is a ring isomorphism
between ZG/a and RK /b, where b C RK is an ideal with b R = 0. This
means Y identifies with a closed subgroup of WX, where W = R. Let
3 = a% and define a G-action v on W& by

'Y(b’r) (w)y = ﬁbwqﬂv

where w = (w,) € WX, (b,7) € J x K. Under the same identification, ay
becomes the appropriate restriction of the G-action ~.

Let k > 1. Since h(f) < oo, the proof of [22, Th. 14.1] shows that there
exists a subgroup I, < J of index k%, a closed zero-dimensional 3’#-invariant
subgroup Vj, of W and a sequence (7,) of finite measurable partitions of
Wy = W/Vj, that has the following properties:

o (Vm Vier, ﬁbnk,n) = B(Wy),

and for each n > 1, w € Wi, and A € n,,;, the number of non-empty sets in
{ANB: B € w+ny,} does not exceed Cj, = C%**™' where C is a positive
integer constant independent of £ and n.

Let Y, be the image of Y in W,f( So, Yy = Y/Uy where Uy, is the zero-
dimensional group Y N V. Define ¢, : W5 — Wy, by ¢r.((w,)) = wp. Let
Erm = Y N & 'k and Gy, = I, ® K. Then,

o (\/n>1 Vgegk 7‘[]§k,n> = B(Y%).

Furthermore, for eachn > 1, w € Yj, and A € &, the number of non-empty
sets in {ANB: B € w+§&,} does not exceed Cy. Just as in [22, Sec. 14],
it follows from (30) and (31) that

h(aFF x ag) —log C < h(T(v,) = h(a$yy, ) < h(agh x af*) + log Cy.

Since (12) holds when Y is zero dimensional, adding h(aUl’:) to both sides
and applying (10) gives,

log Ck log Ck

k4 ke -
Since this holds for all £ > 1, (12) follows when Y is the dual of a cyclic
module.

h(Oéz) + h(Oéy) - < h(ax) < h(Oéz) + h(Oéy) +

For more general Y, consider the dual situation. Let M = X be the dual
ZG-module and let L C M be any submodule. Then, there exists a chain
of ZG-modules

L=ILyCclLiClL,C---CM
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such that Un>1 L, =M and L, /L, is isomorphic to a cyclic module for

all n > 1. Hence, using the version of (12) just established and induction,
h(ar,) = h(ar) + h(ag, 1) for all n > 1. Applying (3), h(ar,) — h(aar)
and h(ag,/L) — h(awmyr) as n — oco. Thus, h(ay) = hlan/) + h(ar),

which is precisely the dual statement of (12).
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