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Abstract

Let G be a unitary, symplectic or special orthogonal group over a locally compact non-
archimedean local field of odd residual characteristic. We construct many new supercuspidal
representations of G, and Bushnell-Kutzko types for these representations. Moreover, we prove
that every irreducible supercuspidal representation of G arises from our constructions.

Introduction

Let G be a unitary, symplectic or special orthogonal group over a locally compact non-archimedean
local field of odd residual characteristic. This article completes a series of papers (in particular [31,
32]) whose major goal was the construction of all irreducible supercuspidal representations of G.

More precisely, in this paper, we construct pairs (J, A), where J is a compact open subgroup of
G and A is an irreducible representation of J, such that the compactly induced representation
c-Indg)\ is irreducible and supercuspidal. Moreover, any irreducible supercuspidal representation
7 of G contains some such pair, in the sense that A is a component of the restriction of 7 to J, and
hence m ~ c-Ind ?)\. In particular, this shows that every irreducible supercuspidal representation
of GG can be obtained by irreducible compact induction from a compact open subgroup.

The study of the representation theory of p-adic groups by restriction to compact open subgroups
goes back to the work of Howe [17] and, for the general linear group in arbitrary (residual) char-
acteristic, was completed by Bushnell and Kutzko in [§]. For classical groups G in odd residual
characteristic, we can go back to the work of Moy on U(2,1) [23] and GSp4 [24], 25], and, for a
general classical group, of Morris in a series of papers (see, for example, [19, 20]) which laid much
of the necessary groundwork.

More recently, results have been obtained for arbitrary connected reductive groups. The level-zero
representations — that is, those representations which contain the trivial character on restriction to
the pro-unipotent radical of some parahoric subgroup — were classified independently by Morris [22]
and Moy and Prasad [26]. For positive-level representations in the so-called tame case, the most
general constructions of supercuspidal representations are due to Yu [33].

Recently in [18], Kim has proved that, under some restrictive conditions on the ground field (de-
pendent on the group G), Yu'’s constructions do give all supercuspidal representations. Although
our work here is not for such a general class of group, it has the notable advantage that the only
restriction on the field is that the residual characteristic be odd.

*The research for this paper was supported by EPSRC grant GR/T21714/01.



Our work for classical groups G follows the spirit, and the methods, of Bushnell and Kutzko’s
work [8]. So we begin with a non-archimedean local field F' of odd residual characteristic with a
(possibly trivial) galois involution with fixed field Fj, and a finite-dimensional F-vector space V/
equipped with a nondegenerate e-hermitian form h. Then G is the group of Fy-rational points of
the connected component of the linear algebraic group preserving the form. It will also be useful
to have the full group G of automorphisms of V preserving the form.

The construction of supercuspidal representations begins with certain local data, namely a skew
semisimple stratum [A,n,0, 3] (see . Here we recall only that A is a lattice sequence in V
and ( is an endomorphism of V' which is skew for the adjoint involution induced by h and such
that E = F[3] is a direct sum of fields each preserved by this involution — that is, 3 is an elliptic
semisimple element of the Lie algebra of G. We write Gg for the centralizer of § in G; this is a
product of classical groups over extensions of Fj. The lattice sequence A defines a compact open
subgroup P(A) in G, together with a filtration, and we write P(A,,) for the intersection P(A)NGg.

In [32], we defined the set C_(A, 0, 3) of skew semisimple characters attached to a skew semisimple
stratum, generalizing the notion of simple character from [§]. These are certain arithmetically
defined abelian characters @ of a compact open subgroup H'(3, A) with nice intertwining properties.
Moreover, for fixed 8 but varying lattice sequence A, these semisimple characters exhibit remarkable
functorial properties, known as transfer properties — again, these generalize such properties for
general linear groups.

Attached to our stratum, there are two other compact open subgroups J(3,A) 2 J!(3, A) containing
H'(B,A) and normalizing each semisimple character §. Moreover, it is shown in [32] that there
is a unique irreducible representation n of J'(3,A) (a Heisenberg ertension) containing a given
semisimple character 6, that the intertwining of n is the same as that of # and, moreover, that
every intertwining space is 1-dimensional.

Our first task in this article is to extend the representation 1 to the group J(3, A) — this is known
as the (-extension problem. In fact, finding such an extension is not difficult — given the formalism
and transfer properties of semisimple characters, the same arguments as in the case of general
linear groups in [8] can be applied. The major difficulty is in knowing whether we have a suitable
extension — in general, many of the extensions are not at all appropriate for our purposes.

For GL,(F) (or, more generally, general linear groups over a division algebra — see [27]) the crucial
property of [-extensions is that their intertwining is the same as that of the representation 7
which they extend. In our situation for classical groups, we have not been able to prove that any
extensions have this property. Instead, we characterize (3-extensions by certain compatibility (or
transfer) properties, beginning with the case where the group P(A,, ) is a maximal compact open
subgroup of G, analogously to the techniques in [8]. However, even these compatibilities have
subtleties which do not appear for GL,,(F).

In the case where the order P(A,,,) is maximal, we actually extend 7 to the group J*(8, A), which
is the group analogous to J(3,A) in Gt — the representation of J(3, A) we seek will then be given
by restriction. The methods of [8] generalize to our case and we can construct an extension s of 7
whose restriction to a pro-p Sylow subgroup of J*(3, A) is determined by the transfer properties
of semisimple characters. Indeed, in most cases any extension will do — the only exception is in
the case where one of the simple components of the quotient J*(3,A)/J' (3, A), which is a product
of reductive groups over finite fields but may be disconnected, is isomorphic to SLo(F3). This is
similar to the situation for GL,,(F'), where the only difficulty is with GLa(F2).

For general A, we choose a lattice sequence AM such that P(Ag"E) is a maximal compact subgroup of



G containing P(A,,) and let Ky be a B-extension to J* (8, AM) corresponding to the semisimple
character in C_(AM,O,B) which is the transfer of . We observe here that, unlike the case of
GL,(F), this does not imply that the corresponding subgroups of G satisfy P(AM) D P(A). This
complication has already been encountered for general linear groups over division algebras in [27].
In the case where we do have this inclusion, we may follow [§] and define a S-extension x to JT (3, A)
to be the (unique) one which satisfies an induction compatibility with respect to kK, namely

Pt (AM)
J+(8,A)

Pt (AM)

Ind P+ (Ao )JL(8,AM) (”M ’P+(A0E)J1(67AM)> )

k ~ Ind
where PT(A) is the compact open subgroup of G* defined by A. When we do not have the
containment of subgroups, we imitate [27] and proceed in steps from A to AM by tracing a line
through the Bruhat-Tits building of G and cutting it into sufficiently small pieces. Here we are
using the description of the building in terms of lattice functions (see [6] or §2.2)).

There is an important difference with previous work to note here, namely that the different possible
choices for AM are not conjugate in G* (and, in general, not in the group of similitudes either).
This gives the added complication that the definition of B-extension depends a priori on the choice
of AM. Indeed, it is easy to see that different choices can give different numbers of -extensions. It
is not clear whether or not there is, in general, an extension of 1 to J*(3, A) which is a S-extension
for every choice of AM and this is at the heart of the problem of computing intertwining. On the
other hand, we do show (Corollary that S-extensions for different choices of AM cannot differ
by too much. It is essentially this same problem which prevents us from adopting the “bottom-up”
approach to (-extensions of [27], beginning with the case when P(A,,) is an Iwahori subgroup.

There is, nonetheless, a “canonical” choice for AM. (In fact, there are two choices which could
be described as canonical, and we choose one of them — see (4.11]).) We call S-extensions defined
relative to this canonical choice standard [(3-extensions. The point here is that P(AE"E) is chosen so
that the Weyl group of its reductive quotient is as large as possible — so it is “as close as possible”
to being special. Using this large Weyl group, and an Iwahori decomposition with respect to a
suitable Levi subgroup of GG, we are able to compute a lower bound for the intertwining of standard
[-extensions (see Proposition , which is good enough for our purposes.

Now we add a level zero piece. Let J°(5,A) denote the inverse image in J(3,A) of the con-
nected component of the reductive quotient J(3, A)/JY(3,A) = P(Aoy) /P (Ao, ); likewise, we write
P°(A,,) for the inverse image in P(A,, ), which is a parahoric subgroup of Gg. Let p be the infla-
tion to J°(3, A) of an irreducible cuspidal representation of the quotient P°(A,,)/PL(A,,) and set
A=K®Dp.

We can now bound above the G-intertwining of A (see § . The key point is that the intertwining
of the restriction of k¥ to a pro-p Sylow subgroup is the same as that of n so we can first bound
the intertwining in terms of the intertwining of the restriction of p to a pro-p Iwahori subgroup of
P°(A,,). Now this intertwining can be bounded by a slight weakening of the hypotheses of a result
of Morris in [21] (see Proposition [L.1). The idea that knowing the intertwining of the restriction to
the pro-p Iwahori can be enough to bound intertwining has been used already in a special case by
Blondel (see [3, page 553]). Of course, this only works because the level zero piece p is cuspidal.

In the special case where P(A,,) is a maximal compact subgroup of G, the intertwining of A
is found to be just J(5,A). In particular, if 7 is any irreducible representation of J(3, A) whose
restriction to J°(3, A) contains cuspidal p, then the compactly induced representation

m = c-Ind JG(ﬂ,A)(mX)T)
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is irreducible and hence supercuspidal. Moreover, the pair (J(3,A),k ® 7) is a [G, 7]g-type, in the
sense of Bushnell-Kutzko [9].

Finally, it remains to show that we have constructed every supercuspidal representation of G in
this way. The ideas are similar to those in [8] (see also [28] for the case of general linear groups
over division algebras) though the details are somewhat more complicated. From [32], we know
already that any irreducible supercuspidal representation w contains a semisimple character 6.
Then, possibly after changing the lattice sequence A, it is not hard to see that = must contain a
representation ¥ = k ® p of J°(3, A), for k a standard [-extension and p a cuspidal representation.
The idea then is to show that, if the compact subgroup P (A, ) is not maximal then 7 has a non-zero
Jacquet module, contradicting the cuspidality of =.

In order to construct such a Jacquet module we use Bushnell-Kutzko’s method of covers. There
is a (choice of) Levi subgroup M associated to the stratum such that, for any parabolic subgroup
P = MU with Levi factor M, the group J°(5,A) has an Iwahori decomposition with respect to
(M, P). We form the group

1% = HY(3,A) (J°(8,A) N P)

and let ¥p be the natural representation of J% on the (J°(8,A) N U)-fixed vectors of ©J. Then 7
certainly also contains ©p. Moreover, the pair (J%,Up) is a decomposed pair — that is, Up restricts
trivially to the unipotent radical of any parabolic subgroup with Levi component M, and the
restriction Jp| Jje,nm 1s irreducible.

In order to show that (J%,¥p) is a cover, it remains to show that there is an invertible element of
the Hecke algebra H(G,¥p) supported on J%(J%, for some strongly (P, J%)-positive element ¢ of
the centre of M. Then the theory of covers shows that 7 has a non-zero Jacquet module.

We note that, since the compact open subgroup P(A,,) is non-maximal, the reductive quotient
P°(A,,)/PY(Asy) has a simple component isomorphic to some general linear group (over an exten-
sion of the residue field of Fj). There is then an involution on these simple components, induced
by the Weyl group elements introduced earlier. We will need to divide into two cases:

(i) If the component of p on some such general linear group is not fixed by the involution, then the
bound on intertwining from above gives the bound

Ia(Wp) C JpM'Tp,

for some proper Levi subgroup M’ of G containing M. Then it is straightforward that (J%,Jp) is

a cover of (J% N M',9p|so,nn) (see §7.2.1)).

(ii) Otherwise every component of p is fixed by the involution and we use an idea of Kutzko
(which was also used in [I6]). If AM is a lattice sequence such that P(AEAE) is a maximal compact
subgroup of Gg containing P(A,,) then, thinking of p as a representation of P(A,,), we get a
support-preserving injection of Hecke algebras (see (7.3))

HPAN), p@x) — H(G,Vp),

for some self-dual character x (which comes from the problem of incompatibility of S-extensions
relative to different maximal compact subgroups of Gg). Moreover, the Hecke algebra on the left,
which is just in level zero, is understood via the very general results of Morris in [21]. In particular,
it contains an invertible function supported on a certain Weyl group element (see for details).
If we do this for two choices of AM, we obtain two invertible elements of H(G,9p) whose convolution



is supported on a single double coset J%£J%, with { € M. Raising this to a suitable power, we
obtain the invertible function we were seeking.

We end with some remarks on questions which are still unanswered. Firstly, although we present
here a construction which gives all irreducible supercuspidal representations of GG, we do not know
when two apparently distinct constructions give rise to equivalent representations. More precisely,
we do not have an “intertwining implies conjugacy” result for the types we construct — indeed, we
do not even have such a result for the strata underlying the types.

Secondly, there still remains the problem of constructing types for the non-supercuspidal compo-
nents of the Bernstein spectrum. Types have been constructed in certain special cases: see [3]
and [16], where types are constructed for self-dual supercuspidal representations of the Siegel Levi
subgroup; and [4], where (sometimes putative) covers in smaller symplectic groups are “propa-
gated” to larger ones — note that our work here shows that the hypothesis (H4) of [4] can always
be satisfied. There are also some results in this direction in [14], where it is shown that any smooth
irreducible representation of G contains some (suitably generalized) semisimple character. We re-
mark that, throughout this work and its predecessor [32], numerous covers are constructed. It
seems likely that a more careful examination, especially of the Hecke algebras in level zero used in
proving exhaustion, should give types in all cases.

Acknowledgements 1 would like to thank: David Goldberg, and Purdue University, for their
hospitality at an early stage of this work; the University of East Anglia, for granting me study leave,
which gave me the chance finally to write up all the details of the arguments; and, in no particular
order, Colin Bushnell, Guy Henniart, Corinne Blondel, Phil Kutzko and Vincent Sécherre, for their
support, advice, and interest in this work at various times. I would also like to thank Corinne
Blondel, Michitaka Miyauchi and the referee for their careful reading, and for pointing out some
errors and missing explanations.

Contents
2 . F [t of T MorD 6
[2 Notations and preliminaries| 7
BT Stratal . . . . oo e 7
Buildings| . . . . . . . 11
[3 Semisimple characters and Heisenberg extensions 13
[3.1 Semisimple characters| . . . . . . . ... 13
[3.2  Heisenberg extensions| . . . . . . . . . ... 14
[3.3  Characters ot Sylow subgroups| . . . . . . .. ... . ... L o 16
|3.4 Analogous results for G| .................................. 19
4__Beta extensions| 19
4.1 Beta-extensions in the maximal casel . . . . . .. . . .. ... ... ... ... 19
4.2  Beta-extensions in the general casel . . . . . . . . . ... 0oL 20
|4.3 Analogous results for G| .................................. 25




= Twahori . — 25

[5.1 Iwahori decompositions| . . . . . . . . . . ... 25
[>.2  Iwahori factorization of semisimple characters| . . . . . . . .. .. ... ... ... .. 28
b.3  Glauberman transfer] . . . . . . . . .. L 31

[6 Intertwining and supercuspidal representations| 34
[6.1 A Hecke algebra isomorphism| . . . . . . ... ... ... ... 0. 34
[6.2 Some Weyl group elements| . . . . .. ... ... .. ... .o L. 37
[6.3 Intertwining of beta extensions| . . . . . . . . . .. .. 40
[6.4 Intertwining and supercuspidal types . . . . . . . ... oo Lo 42
[7__Exhaustionl 44
[7.1 A Hecke algebra injection| . . . . . . . ... ... .. ... ... . ... ... . ..., 44
T2 COVETS .« o o o o e 45
[7.2.1 Thecase pZpoa|l . . . . . . . . . e 49

[7.2.2 Thecase p>~poa|l . . . . . . . . e 50

(.3 Conclusionsl . . . . . . . . e e 53

1 A variant of a result of L. Morris

In this section, we give a mild weakening of the hypotheses in a result of Lawrence Morris ([21],
Proposition 4.13]). Since this result is valid in great generality, we retain all the notation of op.
cit.; in particular, the notation of this section is independent of that in the rest of the paper. We
also refer the reader to op. cit. (or to [I1], [12]) for details of the situation, which we recall briefly
below.

Let G be a connected reductive group over a non-archimedean local field F' and let G = G(F') be
its group of F-points. Let T' be a maximal F-split torus in G and let N be its normalizer; we
also write T'=T(F) and N = N(F). Let B be an Iwahori subgroup of GG, which is the stabilizer
of a chamber in the apartment of the enlarged Bruhat-Tits building of G associated to T". Then
(G, B, N) is a generalized affine BN-pair.

Associated to this affine BN-pair, we have the generalized affine Weyl group W = N/B N Nj; it
is the semi-direct product of a subgroup Q2 and a normal subgroup W’ which is the affine Weyl
group for some split affine root system X. We also have a set S of fundamental reflections in W’
corresponding to a simple system of affine roots.

Given any proper subset J C .S, we let W; be the subgroup of W generated by the reflections in
J and let Nj be the corresponding subgroup of N. Then Py = BN;B is a subgroup of GG, which
we call a standard parahoric subgroup. For J, K subsets of S, Morris defines in [21], §3.10] (see also
loc. cit. Variant 3.22) a (non-unique, in general) set of distinguished double coset representatives
for W, \W /Wy, which we denote D . We can then choose D’; - to be a set of inverse images in
N of Dk, and this is a set of distinguished double coset representatives for P;\G/Pxk.

Given Pj a standard parahoric subgroup of GG, we denote by U its pro-unipotent radical, and by
M the quotient P;/Uy, (the points of) a connected reductive group over a finite field. We write
Up for the pro-radical Uy of B = Fj.



Finally, for p a representation of a compact subgroup K of G, we write H(p|K) = Endg (c—Ind f(p)
for the associated Hecke algebra and Ig(p|K) for the intertwining of p, which is the support of the
Hecke algebra.

Proposition 1.1 (cf. [2I, Proposition 4.13]). Let J be a proper subset of S, let DZLJ be a set of
distinguished double coset representatives for P;\G /Py and let n € DZI,J' Let p be the inflation to
Py of a cuspidal representation of My. If n lies in the support of H(p|Up), then wJ = J, where
w € W is the projection of n.

Remark The only difference between this and |21, Proposition 4.13] is that the hypothesis there
is that n lies in the support of H(p|Py).

Proof Write P = Py and let P’ denote nPn ™!, with radical U’, and Uy = nUgn~!. We note that
we have PN U’ C Ujnys C Up, by [21), Lemma 3.21], and U’ C U so we have PNU' C UgNUp.
Then, if we replace every P N P’ in the proof of op. cit. Proposition 4.13 by Up N U}, the proof is
identical. |

The interest in weakening the hypothesis to one which says only that the restriction of p to Up
is intertwined by n is suggested by the work of Blondel in [3], in which she is able to compute
sufficient information on intertwining without calculating it completely (op. cit. Proposition IV.1
and Lemma IV.2). We will wish to use it in two different cases:

(i) The case when P = Pj is a non-maximal parahoric subgroup of G. In this case, let “®;
denote the closure of the root system generated by the gradients of the affine roots in J
and let M ; = ML ;(F) be the group of points of the corresponding reductive subgroup of G
(see [21), §3.15]). Then My N Py is a parahoric subgroup of M ; with reductive quotient M
again. We also put Ny = NN9t;NP;. Then a set of representatives for {n € N : wJ = J} /N
can be taken in the normalizer Ny (9t; N Py) of M ;N Py in N (see [21], §4.16]).

(ii) The case where P = Pj is a maximal parahoric subgroup of G. In this case, the conclusion
from the previous lemma is that n normalizes P (see [21, Appendix A.1]). In the classical
groups we will be looking at, the G-normalizer of P is compact.

We will also need to use the following stronger result from [21]:

Theorem 1.2 ([21, Theorem 4.15]). Let J be a proper subset of S and let p be the inflation to Py of
a cuspidal representation of My. Then Ig(p) € PyNn(p)Py, where Ny(p) = {n € Ny(O ;N Py) :

"p = p}.
2 Notations and preliminaries
After setting up the notation for the remainder of this paper, we will recall some of the basic objects

needed in the theory. We give quite a rapid overview, and refer the reader to [8] and [32] for more
details.

2.1 Strata

Let F' be a non-archimedean local field equipped with a galois involution ~ with fixed field Fp;
we allow the possibility F' = Fy. Let op be the ring of integers of F', pr its maximal ideal and



kr = op/pp the residue field; we assume throughout that the residual characteristic p := char kp
is not 2. We denote by 0g, pg, ko the same objects in Fy, and will use similar notation for any
non-archimedean local field. We fix a uniformizer wp of F such that wrp = —wp if F/F) is
ramified, g = wp otherwise. We put wy = w% if F'/Fy is ramified, wy = wp otherwise; so wy
is a uniformizer of Fj. We will use analogous notation for any field extension E of F' to which the
involution extends.

Let V be an N-dimensional vector space over F', equipped with a nondegenerate e-hermitian form,
with e = +£1. We put A = EndpV and denote by ~ the adjoint (anti-)involution on A induced by
h. Set also G = AutpV and let o be the involution given by g +— g1, for g € G. We also have an
action of o on the Lie algebra A given by a — —a, for a € A. We put X = {1,0}, where 1 acts as
the identity on both G and A.

We put GT = G= = {g € G : h(gv, gw) = h(v,w) for all v,w € V}, the Fy-points of a unitary,
symplectic or orthogonal group G over Fy. Let G be the Fy-points of the connected component
G of GT, so that G = G except in the orthogonal case.

We put A = A* ~ LieG. In general, for S a subset of A, we will write S_ or S~ for SN A_, and,
for H a subgroup of G, we will write H for HN G.

Let g be a character of the additive group of Fp, with conductor pg. Then we put ¢ = Yootrr g,
a character of the additive group of F' with conductor pp, and 4 = Yp o try/p.

An op-lattice sequence in V' is a function A from Z to the set of op-lattices in V' such that
(i) A(k) € A()), for k = j;

(ii) there exists a positive integer e = e(Alor), called the op-period of A, such that wrpA(k) =
A(k +e), for all k € Z.

For L an op-lattice in V, we put L# = {v € V : h(v, L) C pr}. Then we call an op-lattice sequence
A self-dual if there exists d € Z such that A(k)” = A(d — k), for all k € Z. Without changing
any of the objects associated to a self-dual op-lattice sequence A (except for a scale of the indices),
we may (and do) normalize all self-dual lattice sequences A so that d = 1 and so that
all periods are even. There is also a well-defined notion of the direct sum of lattice sequences
(see [10, §2]). The orthogonal direct sum of self-dual lattice sequences is itself self-dual, by the
assumption d = 1.

Associated to an op-lattice sequence A in V', we have a decreasing filtration {a,(A) : n € Z} of A
by op-lattices; ag is a hereditary op-order in A and a; is its Jacobson radical. The filtration on A
also gives rise to a valuation vy on A, with va(0) = +oo. If A is self-dual, then each a,(A) is fixed
by o and a,, = a,, (A) = a,(A) N A_ gives a filtration of A_ by op-lattices. Moreover, v, is fixed
by o.

Given an op-lattice sequence A, we also put P = IND(A) = ap(A)*, a compact open subgroup of
G, and P, = P,(A) = 1 + a,(A), for n > 0, a filtration of P(A) by normal subgroups. If A
is self-dual, then P, P, are fixed by o and we put P = PT(A) = P N G*, a compact open
subgroup of G*, and P = P(A) = P* N G. We have a filtration of P(A) by normal subgroups
P, =P,(A) = P2 =P, NG, for n > 0. We also have, for n > 0, a bijection a, — P,, given by the
Cayley map z +— C(z) = (1 + %)(1 — %)~!, which is equivariant under conjugation by P.

The quotient group G = P/Py is (the group of rational points of) a reductive group over the finite
field kp,. However, it is not, in general, connected. We denote by P°® = P°(A) the inverse image



in P of (the group of rational points of) the connected component G° of G; then P° is a parahoric
subgroup of G.

Definition 2.1 ([8, §1.5], [10, §3.1]). (i) A stratum in A is a 4-tuple [A,n,r,b], where A is an
op-lattice sequence, n € Z and r € Z withn > r > 0 and b € a_,,(A).

(ii) Two strata [A,n,r,b;], i = 1,2, are called equivalent if by — by € a_,(A).
(iii) A stratum [A,n,r,b] is called skew if A is self-dual and b€ A_.

(iv) A stratum [A,n,r,b] is called null if n =r and b = 0.
For n > r > § > 0, an equivalence class of strata corresponds to a character of 13r+1(A), by

[A,n, 7, 0] (Yt 2 — Ya(b(z — 1)), for & € Ppyy),

while an equivalence class of skew strata corresponds to a character of P,41(A), by

[A7 n,r, b] = wb_ = wb’Pr+1(A)'

Definition 2.2 ([8, Definition 1.5.5], [I0, Definition 5.1]). A stratum [A,n,r, 3] in A is called
stmple if either it is null or the following four conditions are satisfied:

(i) the algebra E = F[f] is a field;

VA(B) = —n;

)
(ii) A is an og-lattice chain (we usually write A,, when we are thinking of it as such);
(iii)

)

(iv) ko(B,A) < —r.

Here, ko(3, A) is an integer related to the action of the adjoint map ag(x) = B —x3 on the filtration
associated to A. We refer the reader to [8, §1.5] or [29] §5] for the formal definition and a discussion
of it.

Now let [A,n,r, 3] be a stratum in A and suppose we have a decomposition V = @é:l V' into
F-subspaces. Let A’ be the lattice sequence in V* glven by Ai(k) = A(k) NV and put 3; = 1°41,
where 1° is the projection onto V¢ with kernel itV

Definition 2.3. (i) We say that V = @i:l V' is a splitting for the stratum [A,n, 7, 3] if we have
AE) =@, Ai(k), for all k € Z, and 3 = 3}, ;.

(i) If B = {v1,...,un} is a basis for V then we say that B splits the stratum [A,n,r, ] if
V= @ﬁl Fv; is a splitting for [A, n,r, 5].

Definition 2.4 ([32), Definition 3.2]). A stratum [A, n,r, (] in A is called semisimple if either it is
null or vp () = —n and there exists a splitting V' = @lizl V¢ for the stratum such that

(i) for 1 < i < I, [AY,q,7 B3] is a simple or null stratum in A%, where ¢; = r if 5; = 0,
qi = —vpi(B;) otherwise; and

(ii) for 1 < 4,5 <1, i # j, the stratum [A* & AJ, q,, 3; + B;] is not equivalent to a simple or null
stratum, with ¢ = max {g;, ¢;}.



In this case, the splitting is uniquely determined (upto ordering) by the stratum. We will use the
block notation AY = Hom p(V7, V") and put Mg = 692:1 A"

Let [A,n,r, 3] be a semisimple stratum as above and put E = F[3] = @2:1 E;, where E; = F[3;].
We will sometimes say that A is an og-lattice sequence to mean that A = @é:l A’ and each A’ is
an opg,-lattice sequence in V.

We let B = Bg denote the A-centralizer of 3, so that B = @Z 1 Bl7 where B; is the centralizer
of B; in A%, We write Gg = B*, G; = Autp(V?) and GE = B = G; NG, so that Mg = Mﬁ
is a Levi subgroup of G and GE = Hi:l GE,L. C Mg. Each GEi is (the group of Fy-points of) the

restriction of scalars to Fy of a general linear group over E;. We also write by, (A) = a,(A) N B, for
n € Z, which gives the filtration induced on B by thinking of A as an op-lattice sequence.

Definition 2.5. We say that a semisimple stratum [A, n,r, §] is skew if A is self-dual, 8 € A_ and
the associated splitting V = @221 V' is orthogonal with respect to the form h.

If [A,n,r, [3] is skew semisimple with splitting V = @izl V% then the strata [A?, q;,r, 3;] are all
skew simple strata, for the form h; induced by h on V. The involution on F extends to each E;,
as the adjoint involution, and we write Ej o for the subfield of fixed points; it is a subfield of index
2 except in the case E; = F' = Fy (so that 8; = 0).

For [A,n,r, ] a skew semisimple stratum, we put GE = BNGT and G = BNG; then GE is
(the group of Fy-points of) a reductive group over Fy and G f2 is (the group of Fy-points of) its
connected component. We write G = []'_, GJEC and G = [[\_; Gg,; then each GE is (the group
of Fy-points of) the restriction of scalars to Fy of a unitary, symplectic or orthogonal group over
E; o; moreover, at most one of the Ggi is symplectic or orthogonal — this happens in the case 8; =0
and F' = Fy. If GJECZ_ is not orthogonal, then we have Gg, = Ggi; if it is orthogonal, then G, is
special orthogonal.

Note that, by [6l Lemmas 5.2-5.5], for each i there is a nondegenerate E;/E;( e-hermitian form
fi on V¥ such that the two notions of lattice duality for op,-lattices in V* given by h; and by f;
coincide. Then GJECZ, is the group of fixed points in G g, of the involution determined by f;.

We write Pp,(Ayy) = Pu(A)NGg = 14 b,(A) and P,,(Ay,) = Pu(A) NG, for n > 0. Similarly,
we write P(A,,) = P(A) N Gg and Pt (A,,) = PT(A) N GE, P(Asy,) = P(A) N Gg. Let PO(A,y,)
denote the inverse image in P(A,,) of the connected component of the quotient P(A,,)/P1(Aqy);
note that this can be smaller than P°(A) N Gg.

Lemma 2.6 (cf. [8, Theorem 1.6.1]). Let [A,n,0, 5] be a skew semisimple stratum. Then

Pi(A)zP1(A) NG} = Pi(Aoy)2Pi(Aoy), forx € GL;
Pl(A).%Pl(A) NGg = PI(AUE)-xPl(AoE)a for x € Gg.

Proof We begin by proving the corresponding statement for G: for z € G E,
P1(A)zP1(A) NG = P1(Aoy,)2P1(Agy). (2.7)

The s1mple case for this is given by [8, Theorem 1.6.1]. For the general case, we have Gg C Mg
and Mg is the fixed-point subgroup in G of a 2- group of automorphisms (namely the group of
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conjugations by Z£:1 1%, for g = £1). Since p # 2, x € ]\75 and ﬁl(A) is a pro-p group, [29,
Lemma 2.1] implies that P1(A)zP1(A)N Mg = (P1(A) N Mg)x(P1(A) N Mpg). The result now follows
from the simple case, by intersecting with Gg.

Now to prove the first statement of the Lemma, we take the o-fixed points of ([2.7)) and apply [29]
Lemma 2.1] again. The second statement follows by intersection with G, since P1(A) C G. n

2.2 Buildings

We will need a few results on inclusions of the hereditary orders given by lattice sequences, which
are most easily proved using the Bruhat-Tits affine building. We recall briefly the description of
the building in terms of lattice sequences — see [5] and [6] for more details and proofs.

There is a (unique upto translation) G-set isomorphism between the (extended) affine building
I(G, Fo) and the set of lattice functions on V, of which the lattice sequences are the subset of
“rational points” (i.e. barycentres of vertices with rational weights). The involution o on G induces
an involution on Z(G, Fy) which, for a unique choice of the isomorphism above, coincides with the
map A — A#, where A#(k) = (A(1 — k))¥, on lattice sequences. Moreover, we can identify the set
of fixed points with the affine building Z(G*, Fy) of G*. Thus the affine building is identified with
the set of self-dual lattice functions on V. In particular, we will identify a self-dual lattice function
with the corresponding points in Z(G™", Fy) and Z (G Fp); thus we can, for example, talk about the
line segment joining two lattice sequences.

Lemma 2.8 (cf. [27, Lemme 1.7]). Given (self-dual) og-lattice sequences A, A with by(A) D bo(A'),
there exists a (self-dual) og-lattice sequence N such that

bO(AII) = bo(A/) and ao(A) D) ao(A”).

Note that we are identifying an op-lattice sequence both with a point of 7 (G B Fo) and a point of
Z(G, Fy), which gives a continuous affine injection of buildings Z(Gg, Fy) — Z(G, Fy) (see [5]).

Proof We use the following facts, translated into the language of lattice sequences from [27,
Lemme 1.5]):

(i) There is a neighbourhood of A in Z(G, Fp) such that, for all A” in this neighbourhood,
ap(A) 2 ag(A”).

ii) There is a sequence of 0g-lattice sequences A; such that bg(A;) = bg(A’) and the limit of (A;
J J J
is A.

Note that (ii) is given by [27 Lemme 1.5(ii)] only in the simple case; in the general case, we use the
facts that Z(Gg, Fy) ~ Hz_ I(GE , Fo) and I(GE , Fy) ~ Z(B/, E;), so we can apply the simple
case in each Z(B/, E;).

The result is now immediate: for large enough j, the sequence A; of (ii) is inside the neighbourhood
given by (i) so A” = A; has the required properties.

For the self-dual case, note that we may assume that the sequence in (ii) consists of self-dual lattice
sequences, by replacing A; by the barycentre of A; and Af. The result now follows in the same
way. |

Corollary 2.9. Given any (self-dual) op-lattice sequence A, there exists a (self-dual) op-lattice
sequence A™ such that bo(A™) is a minimal (self-dual) og-order in B and ag(A™) C ag(A).
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Remark The same result is not true for maximal (self-dual) orders: given a (self-dual) og-lattice
sequence A, there is mot necessarily a (self-dual) op-lattice sequence AM such that bo(AM) is a
maximal (self-dual) og-order in B and ag(AM) D ag(A).

Lemma 2.10. Let A, A" be (self-dual) op-lattice sequences in A with bo(A) = bo(A’). Then there
is a sequence A = Ao, A1, ..., Ay = N of (self-dual) op-lattice sequences on the line segment [A, \']
such that, for 1 <i < t:

(i) bo(A:) = bo(A);
(i) edther ag(A;) € ag(Ai—1) or ag(As) 2 ap(Ai—1).

Proof Note that any lattice sequence A” on the line segment [A, A’] is certainly a (self-dual) op-
lattice sequence and we have bg(A”) = bg(A). On the other hand, the map A” — ag(A”) is locally
constant on this line segment, except at a discrete (so, in particular, finite) set of points — namely,
the points where the line segment meets some wall in the building. This divides the line segment
into a finite set of subsegments, on the interior of which A” — ag(A”) is constant. Taking one point
from the interior of each subsegment, together with the endpoints of the subsegments, gives the
required sequence. |

Remark 2.11. Suppose A1, Ay, A are op-lattice sequences such that ag(A;) 2 ag(A), for i = 1,2.
Then, for any A’ on the line segment [A1, A3], we also have ag(A’) D ag(A) — this is clear since
ap(A") D ag(A) if and only if A’ is contained in the closure of the facet containing A.

Likewise, if ag(A;) € ag(A), for i = 1,2, then, for any A’ on the line segment [Aj, Ag], we also have
ao(A") C ag(A). One can check thus using the explicit description of the building in terms of lattice
sequences as follows. We choose an apartment containing both A; and As; then also A is in the
same apartment, since it is in the closure of each A;. One can then use the explicit description of
ap(A;) from [B, Corollary 4.5]. The details are left to the reader.

If Ay,..., A are (self-dual) op-lattice sequences then we write [Ag, ..., Ay for their (closed) convex
hull. If this is actually a polygon then we assume that the A; are distinct and that we have ordered
the lattice sequences so that the boundary is U!_; [A;, A;41], with the understanding that Ayy1 = Ag.

Lemma 2.12. Let A, A, A" be (self-dual) og-lattice sequences with bo(A) and bo(A") both con-
tained in bo(A"). Then there is a decomposition of the triangle [A, ', "] into a union of triangles
[Ai, AL, A, where A;, A, A are (self-dual) op-lattice sequences with the property that ag(A;) C
acA;) € ag(A]).

Note that the hypotheses imply that A, A/, A” lie in a common apartment of Z(Gg, Fp); since the
embedding of buildings I(é 5, Fy) — I(CNJ, Fy) respects apartments, they also lie in a common
apartment of Z(G, Fp), so that the convex hull [A, A’, A”] is genuinely a triangle. The same is true
in the self-dual case.

Proof The idea is essentially the same as that of Lemma indeed, it already gives the result
if A, A’, A" are collinear, so we assume this is not the case.
Removing all walls of the building from [A, A/, A”] splits it into a disjoint union of convex polygons.
We split the closure [I'y, ..., '] of each such polygon into triangles as follows: choose a point Iy in
the interior of the polygon and points I'; on each (open) edge (I';,T'i+1), for 1 < i < ¢; then the
triangles are

[Fo, F;, Fl] and [Fo, F;, Fi+1], for 1 <1<t

Taking all these triangles for all the polygons gives a decomposition as required. |
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We note that, in the situation of Lemma if we actually have by(A) = bo(A") = bo(A”), then
also bo(AZ) = bQ(A;) == bo(A;/) == bo(A)

3 Semisimple characters and Heisenberg extensions

We will now recall results from [32] on the definition and properties of semisimple characters,
in particular their “transfer property”. Then we look at the same transfer properties for the
Heisenberg extensions which are induced by these characters, as in [8, §5.1] and [27, §2.2], and
deduce the existence of certain extensions to some larger pro-p groups. Finally, we characterize
these extensions in terms of their intertwining.

3.1 Semisimple characters

We will not repeat in detail the definitions of the objects used here but refer the reader to [8, §3]
and [32] §3] for more details, in the simple and semisimple cases respectively.

Let [A,n,0 ﬁ] be a semlslrnple stratum with associated splitting V' = @Z L V% We use the same
notation as in so A = 691 LAY B = ZZ 1Bi, B=Cu(E) = EBZ 1 Bi, Gg = B*, P(Aoy) =
P(A) N Gp, etc.

In [32, §3.2] we define, inductively along ko(3, A), a pair of op-orders

This gives us two compact open subgroups H( ,AN)=9(6,A)* and j(ﬁ, A) =3(B,A)* of G, filtered
by Hm“(ﬂ A) =H(B,A) N P,i1(A) and J™HH(3,A) = J(8,A) N Py (A), for m > 0. Moreover,
we have J(3,A) = P(A,,)J (3, A).

When the stratum [A,n, 0, 5] is skew, $ and J are stable under the involution so, as usual, we put
JH(B,A) = J(B,A) N G+ and J(B,A) = J(8,A) NG etc. We also put J°(3,A) = P°(A, )Jl(ﬂ A),
the inverse image in J(3, A) of the connected component of J(3,A)/J1 (3, A).

Returning to the case of a general semisimple stratum, in [32, Definition 3.13] we define, again
inductively along ko(8,A), a set C(A,0,3) of abelian characters § of H'(3,A), called semisimple
characters, by the following two properties:

(i) we have 5|ﬁ1m\7fg = ®§:1 0;, for some simple characters 0; € C(A,0, ;) (in the sense of [<8,

§3.3);

(ii) writing r = —ko(8,A) there is, by [32, Proposition 3.4], a semisimple stratum [A,n,r,7]
equivalent to [A,n,r, ], with v € Mpg; then 9|H[7]+1 B.A) 90\ 5l+1(5 0 tg_y, for some

semisimple character 6o €C (A,0,7).

Moreover, by [32, Lemma 3.15], 0 is trivial on the unipotent radical Uof any parabolic subgroup of
G containing Mg.

When the stratum is skew, this set C(A, 0, 3) is stable under the involution and the set C_(A, 0, 3)
of restrictions to H!(3, A) of semisimple characters is called the set of skew semisimple characters.
This can also be described in slightly different terms via the Glauberman correspondence (see [32,

§3.6] and also §5.3)).
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Recall that, given a representation p of a subgroup K of G and g € G, the g-intertwining space
of pis
I4(p) = 14(p|K) = Hom ok (p, ?p),
where 9p is the representation of YK = gKg~! given by 9p(gkg™!) = p(k). The G-intertwining of
p is
Ia(p) = 1a(plK) = {g € G : Iy(p) #{0}},

and, similarly, we have the G*-intertwining I+ (p). We recall the following intertwining result:

Proposition 3.1 ([32, Proposition 3.27]). Let [A,n,0,3] be a skew semisimple stratum and 6 €
C_(A,0,0) a skew semisimple character. Then 6 is normalized by J(3,A) and

IG"" (9) = Jl(ﬁ’ A)GEJI(/Bv A)v IG(Q) = Jl(ﬁa A)GEJl(ﬂv A)
Of equally great importance is the so-called “transfer property” of semisimple characters:

Proposition 3.2 ([32, Propositions 3.26, 3.32]). Let [A,n,0, 5] and [A',n',0, 3] be semisimple strata
in A. Then there exists a canonical bijection

TA,A’,,@ : C(A,O,ﬁ) — C(A/,O,ﬂ)

such that, for 0 e C(A,0,0), 0 = TA7A/75(§) is the unique semisimple character in C(A',0,3) such
that Gg N 15(0,0") # 0. Moreover Gg C 15(6,0").
If the strata are skew then the bijection Tp nr g commutes with the involution o; in particular, Tz rr g

restricts to a bijection A a1 g : C—(A,0,3) — C_(A,0,3).

Remark 3.3. In [32] §3.5], the transfer is given in a more general situation between C(A, m, 3) and
C(N',m’, 3), where C(A,m, 8) denotes the set of restrictions to H™1(8, A) and m,m’ are related
by [m/e(Alop)| = |m’/e(A|or)|. This is not quite the correct condition on the integers m,m’. It
should be replaced as follows: put

. e(Alor)
lem i {e(Ei/F)}

and likewise €’; then we require that

[mfe] = |m'/¢!]. (3.4)

In particular, this ensures that [m/e(Af|og,)| = [m//e(A?|og,)], for each i, so the transfer from
the simple case can be used in each block. Notice that the integers called mg, m{ in [32, §3.5]
also satisfy this condition since, by [32, §3.1] we have ko(3,A)/e(Alor) = ko(B,A")/e(N|op) so
surely ko(8,A)/e = ko(8,A’)/€’. In particular, the proof of [32, Proposition 3.26] is valid under the
condition .

3.2 Heisenberg extensions

Let [A,n,0, 3] be a skew semisimple stratum and § € C_(A,0, 3) a skew semisimple character.

Proposition 3.5 ([32, Corollary 3.29, Proposition 3.31]). There is a unique irreducible represen-
tation n of J' such that n contains §. Moreover, dimn = (J! : Hl)% and the intertwining of n is
given by

1 ifge JlGEJl;

0 otherwise.

dim I4(n) = {
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We also have a relationship between the representations 7 for different op-lattice sequences A.

Lemma 3.6 (cf. [8 Proposition 5.1.2]). Let [A%,n;,0, 3] be skew semisimple strata, for i = 1,2,
and let 0; € C(AY,0, B); let m; be the representation of J} = JY(B3,A%) given by Proposition . Then
dimn; (J% : J%)
dimny  (P1(AL,) : P1(AZ,))

Proof From [32, Lemma 3.17], we have exact sequences in A_
O — bl(Al)— E— 31([37Ai)— a—ﬁ> (ﬁl(ﬁaAz))i L) bO(Al)— B 07

where s : A — B is a tame corestriction relative to E'/F which commutes with the involution (see [8,
§1.3] and [30, Lemma 4.4] for the definition). Since the Cayley map is a bijection J*(3, A?)_ — J!
(and similarly for H), the result follows from Propositionexactly as in the proof of [8, Proposition
5.1.2]. [

Now suppose we are given:

e skew semisimple strata [A,n,0, 5], [A™, nm, 0, 5] and [AM, ny, 0, 3] with (necessarily) the same
splitting, such that ag(A™) C ag(A) C ag(AM); by duality we then also have that a;(A™) D
a;(A) D ar(AM).

e semisimple characters § € C_(A,0,3), 6 € C_(A™,0,3) and Oy € C_(AM,0,3), related by
the correspondences:

O = Ta,am 3(6), v = TA,AM,ﬁ(‘g)

e 1) (respectively 9m, nv) the unique irreducible representation of J' = J'(3, A) (respectively
JL = JY(B,A™), I, = JL(B, AM)) containing 6 (respectively 0, O), given by Proposition

We form the group J rln,M = P1(AT)J},; note that this is indeed a group, since P(AM ) normalizes
Jiy and contains Py(AD).

Proposition 3.7 (cf. [8, Propositions 5.1.4, 5.1.19], [27, Proposition 2.12]). There exists a unique
irreducible representation 1y, m of Jrl1n m such that

(1) nm,M‘J,{A = 77M;'
(ii) Nmm and nm induce equivalent irreducible representations of P1(A™).

Moreover, the intertwining of nmm s given by

1 ifge i mGEIhm;

dim 7, =
g(nm’M) {O otherwise.

Proof Given Proposition 3.5 Lemma [3.6] and Lemma [2.6] the proof of the existence and unique-
ness of 7y, M is the same as that of [8, Proposition 5.1.14] while the proof of the intertwining is the
same as that of op. cit. Proposition 5.1.19. |
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Remark The representation 7m M depends only on bo(A™), not on the lattice sequence A™. For
suppose A™ is another op-lattice sequence with bg(A™) = bo(A™ ) and ag(A™) C ag(AM), and let
Nm',M be the representation of J rlmM given by Proposition applied with A™ in place of A™.

By Lemma m there is a sequence A™ = Ag, Aq,..., Ay = A™ of op-lattice sequences on the line
segment [A™, A™] such that, for 1 <i < t:

(i) bo(Ai) = bo(A™);
(ii) either ag(A;) C ap(Ai—1) or ag(A;) 2 ag(Ai—1).

Let 0; = 7 pi 5(f) and let 7; be the unique irreducible representation of J} = J(8, A;) containing
0;. Since each A; is on the line segment [A™, A™'], we have ag(A;) C ag(AM) (see Remark [2.11)). Let
n;,m denote the representation of J rln m given by Proposition applied with A; in place of A™.
Fix ¢ and suppose ag(A;) C ag(A;—1) (the opposite case is symmetrically similar). Applying Propo-
sition with the pair (A;,A;_1) in place of (A™,AM), we see that 7;,7;_1 induce equivalent
irreducible representations of Py (A;). But then

P1(A;)

Pi(A; Pyi(A; Pi(A;_—
IndJifM i = IndpigAi)_l)IndJifM Unicim = Ind g} Ind

P1(Ai-1)
Iy

P1(A;
7i—1 ~ Ind Jf( )m-
Hence, by the uniqueness in Proposition we have 7, M = 7;—1,m. Applying this with all pairs
(4, — 1), we see that 7m/ M = 1m M, as required.
Let na m denote the representation of J}\’M = P1(Ao,)J}yy given by applying Proposition with
A in place of A™. As in [8, Proposition 5.1.18] (and with the same proof), we have the following
compatibility property:

Proposition 3.8. With notation as above, we have

M3y, = TAM:

3.3 Characters of Sylow subgroups

We continue with the notation of the previous section but suppose, in addition, that bo(A™) is a
minimal self-dual og-order in B. It will be useful, in this situation, to have another characterization
of the extension nm m of nv. For this we examine the characters of the quotient group J rln’M /J ,{,l =
Py (AT )/P1(AY). We will think of this as a subgroup of Jj/Jy, = PT(AM)/P1(A)), where
Ji = J(8,AM). Since bo(A™) is a minimal self-dual og-order, the group Jrln,M is in fact a Sylow
pro-p subgroup of J ,J\r,l

We identify PT(AM)/P1(AM ) with the product of (the points of) reductive groups G; over kg
which are not necessarily connected; the possibilities here are as follows:

1,0

e if E;/E; o is quadratic unramified then G; is the product of (the restriction of scalars to kg, ,
of ) some general linear groups over kg, and at most two unitary groups over kg, o;

e if E;/E, ¢ is quadratic ramified then G; is the product of some general linear groups, at most
one symplectic group, and at most one orthogonal group, over kg, = kg, ,-

o if B, = F = Fj then G; is a product of some general linear groups and at most two symplectic
(if e = —1) or orthogonal (if € = +1) groups over kp.
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The image of P1(A§f}) identifies with ¢, the product of the unipotent radicals ¢4; of Borel subgroups
of QZ

We also remark, for future reference, that P(A',;/'E) is a mazimal compact subgroup of G if and
only if there are no factors isomorphic to a general linear group in any of the three cases above.

Lemma 3.9. Let ¢ be a character of Jrln’M/J1 & U which is intertwined by all of J,J\r,,. Then ¢
extends to a character of JKFA.

Proof We think of ¢ = ®¢; as a character of Y = le‘:1 U;, where ¢; is a character of Uf; intertwined
by all of G;.

We claim that the characters ¢; extend to characters, also denoted ¢;, of G;; indeed, in all but one
case, ¢; will be trivial. Inflating ¢ = ®¢; to Ju gives the required extension.

We fix ¢ and now omit it from our notation. Let 7 be a maximal torus in G, and B a Borel
subgroup with unipotent radical U containing 7. Let ¥ be the root system of G relative to 7, and
let ©T be the positive roots, and A the simple roots, determined by B. For a € X, write U, for
the corresponding root subgroup, so U = [[ c5+ Ua- By [I5, page 129], the derived subgroup of U
is HanJr\A U, (note that the only (quasi-simple) exceptions to this are groups of type By or Fy
over the field of 2 elements and G2 over the field of 3 elements, none of which can occur in our
situation). Hence ¢ must take the form

o= H Doy for ¢, a character of U,.
a€cA

Now write A = UA;, with each A; irreducible. If card A; > 2 then, for all a € Aj, there is a
Weyl-group element w such that w(a) € £+ \ A. If n in the G-normalizer of 7 reduces to w then,
since n intertwines ¢, we have

¢(u04) = ¢(nuan_1) = 17 for Uq € uom

since nu,n~! € Uy(a) C ker ¢. Hence ¢, is trivial. In particular, if card Aj > 2 for all j, then ¢ is
trivial and extends to the trivial representation of G.

This leaves the cases when card A; = 1, for some j; in this case the corresponding factor of G is
one of:

(i) a general linear group of dimension 2, that is GLa(kg);
(ii) a symplectic group of dimension 2, that is SLy(kg);
(iii) a unitary group of dimension 2 or 3;

(iv) an orthogonal group of dimension 3 or 4.

These cases need to be treated individually. We omit the subscript j.

(i) The proof in this case is contained in the proof of [8, Proposition 5.2.4] (see bottom of page
168). Indeed, since p # 2, we have |kg| > 2 so the proof there shows that the character ¢ is in fact
trivial and extends to the trivial character of G.
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(ii) We write the elements of G ~ SLs(kg) as matrices and U as the group of upper triangular
unipotent matrices. The character ¢ is given by

1 n
10) <0 1) =x(n), forn € kg,

where x is an additive character of kg. Since ¢ is intertwined by all of G, it is normalized by
diag(a,a™1), for a € kg™. Hence

x((@®*=1)n)=1, forala€kg*,né€kp.

Providing |kg| > 3, there is an a € kg™ such that a? # 1 and hence Y is trivial and ¢ extends to
the trivial representation of G.

If |kg| = 3 then the two non-trivial characters of U are also intertwined by all of G = SLa(F3).
However, in this case U is a quotient of G (by its 2-Sylow subgroup) so ¢ extends in any case. (In
the case of the non-trivial characters of U, it extends to a 1-dimensional cuspidal representation of

g.)

(iii) The proof here is almost identical, though there is no exceptional case as in (ii). In the 2-
dimensional case we conjugate by diag(a,a!) and use the facts that the norm map kg — kg is
surjective and |kgo| > 2; in the 3-dimensional case, we conjugate by diag(a,1,a!).

(iv) Again, the proof here is the same, with no exceptional case. In the 3-dimensional case we
conjugate by diag(a,1,a™!) and in the 4-dimensional case by diag(a,1,1,a7!). |

Lemma 3.10. Let ¢ be a character of Jrln M/J1 = U which is intertwined by all of Gg. Then ¢ is
trivial.

Proof Using the notation of the proof of Lemma |3.9) we have ¢ = ®¢;, and each character ¢; is
intertwined by G'g,. It is enough to show that each ¢; is trivial so it is enough to check the simple
case. Moreover, we have seen in the proof of Lemma [3.9] that ¢ is trivial except in the case where
G has a factor isomorphic to SL(2,F3). Hence we may restrict to the case (in the notation of the
proof of Lemma [3.9) when |A| =1 and G ~ SLy(F3).

We choose a self-dual E-basis which splits the lattice sequence A7, (so also A'g"E) Then, after
scaling and permuting the basis if necessary, this identifies

. 0 0
bo(AT)  with <p§ o§>; and
-1
M . OF OF 0r Pg
bo(AM)  with ( ) (pE )

(The second case occurs when E/Ej is ramified and the form h is hermitian.) We consider

L (11 1 0
o 0 1 wE 1
in the two cases, so that zP1(AM ) generates . We put g = diag(wp, wy') or diag(wy', wg) in

the two cases. Then gzg~' € Pl(A';/'E). Since g € G intertwines ¢ and ¢ is trivial on Pl(A'SAE), we
see that

o(z) = p(gzg™") = 1.

Since a:Pl(A'g"E) generates U, the character ¢ is indeed trivial. |
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Corollary 3.11. If bg(A™) is a minimal self-dual op-order contained in bo(AM), then the repre-
sentation nm m 15 the unique extension of nv to J# m which is intertwined by all of Gg.

Proof Suppose 7’ is another such extension. Then 1 = 7m M ® @, for some character ¢ of J rln w/J %A
which is intertwined by all of Gg. By Lemma such a character is trivial so 7' = 7m M. [ |

3.4 Analogous results for G

The results of the previous two sections all have analogues for G. The proofs are almost identical,
though a little simpler. Indeed, since so far we have only been looking at representations of pro-p
subgroups, we could have obtained the results above by first proving the analogous results for G and
then using the Glauberman transfer, as in previous work (see [30], [32]). We state those results we
will need for G here, leaving the modifications of the proofs of the previous sections as an exercise
for the reader.

Proposition 3.12. Let [A™,nm,0, 8] and [AM npm, 0, ] be semisimple strata with ag(A™) C ag (AM).
Let 0 € C(A™,0,8) be a semisimple character and Oy = Tam am g(0m). Then there is a unique
irreducible representation 7w (respectively nm) of J1 (B, A™) (respectively J (8, AMY) which contains
Om (respectively Oy ).

Put jrlnM = ﬁl(AL"E)jl (B, AM). There is a unique irreducible representation Tm.M ofjrln’M such that

(i) ﬁm,M|'jl(g7AM) = M5
(ii) Nmm and Nm induce equivalent irreducible representations of Pi(A™).

Moreover, if bg(A™) is a minimal og-order in B then fjm m is the unique extension of nu to jrln M

which is intertwined by G g. Finally, the intertwining of nm m 1s given by

0  otherwise.

dim Ig(ﬁm’M) = {

4 Beta extensions

This section is devoted to the study of (-extensions, which are certain rather special extensions
of the Heisenberg representations 1 to J*(8,A). In the case of GLy(F) (or GL,,(D) for D an
F-central division algebra) these extensions are characterized by their intertwining, which should
contain the whole centralizer of 3 (see [8, §5.2], [27, §2.4] respectively). In our situation we have
been unable to do this, but instead give a different characterization (which, from the results of [8|,
§5.2], is also valid for GLy(F')) in terms of the representation 7m m of the previous section and by
transfer properties.

4.1 Beta-extensions in the maximal case

Let [AM 7,0, 3] be a skew semisimple stratum such that bo(AM) is a maximal self-dual og-order
in B. Let Oy € C_(AM,0, 3) be a skew semisimple character and let ny be the unique irreducible
representation of Ji, = J1(3, AM) containing 6. By Corollary there exists a self-dual op-lattice
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sequence A™ in V such that bg(A™) is a minimal self-dual og-order in B and ag(A™) C ag(AM).
Let 1mm be the representation of J. \, = Pl(Ag‘E)J,{A given by Proposition n Recall that this
depends only on the group J rln’M, not on the choice of A™.

Following the ideas of [8, §5.2], we show that there is a representation of J); = JJ;(3,A) which
extends 7m m.

Theorem 4.1 (cf. [8, Proposition 5.2.4]). With notation as above, there exists a representation rm
of J,J\r,I which extends Nm M. Moreover, if Ky, is another such representation then Ky, = km ® X, for
some character x 0fP+(A'3"E)/P1(A';"E) which is trivial on the subgroup generated by all its unipotent
subgroups.

We call such a representation xy a 3-extension of ny. Note that the definition of ky is independent
of the choice of A™, since P+(A'3/'E) acts transitively by conjugation on the minimal self-dual op-
orders contained in bo(AM) and the representation 7m m depends only on bg(A™), not on the lattice
sequence A™M.

Proof The proof is essentially the same as that of [8, Proposition 5.2.4] (see also [2, Lemme 6.4])
so we will omit some of the details and refer the reader to loc. cit..

Since J Kr,l normalizes 1y, we can extend my to a projective representation of J ,\+,| This gives rise to
a 2-cocycle a of Jyy in C*. Since the dimension of ny is a power of p, the order of the cohomology
class of this cocycle is a power of p. But 7y admits an extension to J}mM so the restriction of the
cocycle to J }n,M is cohomologous to zero. However, J #’M is a Sylow pro-p subgroup of Ja so the
original cohomology class of « is trivial and hence ny extends to a linear representation A of J ,T,l

Now we compare )‘|J§1,M to 1mm; it is of the form nmm ® ¢, for some abelian character ¢ of

P1(A7,) /Pl(AEAE) which is intertwined by all of P+(A'3AE). By Lemma any such character
extends to a character, also denoted ¢, of P*(A'(\,"E). Then kM = A® ¢! extends Nm,M, as required.
Note also that the final assertion of the Theorem is clear. |

Remark 4.2. The conclusions of Theorem [4.1] are also true without the assumption that bo(AM)
is mazimal, as is the case for G (see [8, Remark, p.170]). However, as for G, this gives many more
extensions than are useful for our purposes — instead, we will define G-extensions in the non-maximal
case by a compatibility property with the maximal case.

4.2 Beta-extensions in the general case

Let [A,n,0, 5] be any skew semisimple stratum, let § € C_(A,0, 3) be a skew semisimple character
and let 77 be the representation of Jt = J!(3, A) given by Proposition We are going to define -
extensions of 7 in the case where by(A) is not necessarily a maximal self-dual og-order, by transfer
from the maximal case of Theorem In order to obtain compatibility bijections, we will see
that we do not want to extend our representations all the way to the group J* (3, A), but rather
to the group J° = J°(3, A) = P°(A,,)J!, the inverse image in J(3, A) of the connected component
of J(B,A)/J (B, A) =2 P(A,,)/P1(Aoy). Nevertheless, we initially define 3-extensions to the group
JT(B, A) and then restrict back to J°(3, A); this is because we need to be sure that our S-extensions
to J° extend to J* (3, A).

Lemma 4.3 (cf. [8, Proposition 5.2.5], [27, Lemme 2.23, Proposition 2.9]). Using the notation
above, let [A™, nm, 0, 5] be a skew semisimple stratum such that bo(A) D bo(A™). Let 0y = 7 Am g(0)
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and let Ny be the unique irreducible representation of JL, = J1(3, A™) which contains 0y,. Then there
is a canonical bijection between the set of extensions km of nm to JH = JT(3,A™) and the set of
extensions k of 0 to J;A =PH(AD I If ag(A) 2 ag(A™) then it is given as follows: given km
(respectively k) there is a unique £ (respectively fim) such that km|y+ and /€|J+A induce equivalent
irreducible representations of P (AL, )P1(A™).

Moreover, if g € GJEC then g intertwines lﬁ;m\m if and only if it intertwines the corresponding ,{I|‘]:A

Note that, in the special case of Lemma [4.3) when bo(A) = bo(A™), we have J* A=IT(B,A).

Proof Case 1 We assume first that ag(A) D ag(A™). The proof of the first statement is identical
to that of [8, Proposition 5.2.5]. Given the simple intersection property Lemma the proof of
the second statement is identical to that of [27, Proposition 2.9].

For the general case, we first need a compatibility condition:

Lemma 4.4 (cf. [8, (5.2.14)]). Suppose [A,n,0,3], [N, n,0,8] and [AM,ny,0, 5] are semisimple
strata such that ag(A) g ag(A') C ag(AM). Let § € C_(A,0,8) and 0/ = TAnr 3, O = Tp Mg,
and let n (respectively ', nu) be the irreducible representation of J*(3,A) (respectively, JYB, N,

JUB,AM)) given by Proposmon Put J+M = Pt (A, )JN (B, AM), JX’M = PT(A,,)J (B, AM)
and JX r =P (Ao )JH(B,A) so JA v S JA, . Then the following diagram commutes, where the
maps are given by (Case 1 of) Lemmau or by restriction:

res

{extensions of nu to JX, M} — {extensions of nu to JX M}

| T

res

{extensions of ' to JT(B,N)} —— {extenszons of n to JL A,} —— {extensions of n to JT(B,A)}

Proof Suppose xn is an extension of ny to JX, v let " be the corresponding extension of 7’ to
JT(B,A), and let x be the extension of n to J*(3,A) which corresponds to #'|;+ . We form the
AN

group P*(A,,)P1(A’) and note that we have

* (Ao )P1(A)

AA’

PT (Ao p)P1(A )Ind F(Mop)Pr(A)

Ind |, Pt (Aey)Pr (A0 g any H

Res ji(ﬁA) ! ~ Resp

AN

since there is only one double coset in the Mackey restriction formula here. Similarly, we have

P (Ao )P1(A)y,  Tar, PH(A, )P1(A) (AL ,)P1(A)
In d B ReSJ%MM/@M ~ ReSP+(AD§)P1(A’)IndJX,M 2 KM
PH(A; L )P1(A) PF(A; ,)P1(A)
~ ReSP+(A0§)P1(A’)I dJ"’(ﬁA/) K,

P¥(heg)Pr(4) N (Aog)P1(A) ,  PT(A, )P1I(A)  PH(AL IPI(A)
Ind 7 Res B = Indpe ey (RS b ag ey 1 a.07)
~ F(Aop)P1(A) FBA) P* (Ao p)P1(A)
~ IndJXA/ Re SJXA/ k' ~1In dﬁ(ﬂ’/g K
Hence « does indeed correspond to km| T via (Case 1 of) Lemma [
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Case 2 We return to the proof of Lemma and consider now the case where by(A) = bo(A™).
Let A = Ag, A1, ..., Ay = A™ be a sequence of self-dual og-lattice sequences given by Lemma [2.10]
so that bo(A;) = bp(A) and either ag(A;) C ag(Ai—1) or ag(A;) 2 ag(Ai—1), for 1 < i < t. For each
i, let 0; = Ta.a, 5(0) and let n; be the representation of J'(3, A;) given by Proposition Then,
using the first case repeatedly (with {A;, A;41} in place of {A,A™}) and composing the bijections
it gives, we get the required bijection between the set of extensions kpy of 1y, to Ji and the set
of extensions k of n to J& , = J*(B,A). The assertion concerning intertwining also follows by
repeated use of the first case.

To prove that this bijection is independent of the choices of the A;, we must use Lemma So
suppose that A = Aj, A7, ..., A}, = A™ is another sequence of self-dual og-lattice sequences such
that bo(AZ) = bo(A) and either Cl()(A;) - ao(A;_l) or ao(A;) D) Cl()(A;_l), for 1 <1 < .

We consider the triangles
[A,Aj, Ajyq], for 1 <i<t—1, and [A,_{,A;,A™], for 1 <i <t —1.

Using Lemma each can be decomposed into smaller triangles [I';, I}, I'/] such that ao(I';) C
ao(I";) € ag(I'}). We write 6, QF;_ , 91“;.’ for the transfers of 6, and nr,, s N for the representations
given by Proposition [3.5] Then Lemma [4.4] gives us commutative diagrams

{extensions of My to JH(B, F;',)}

LT

{extensions of T, to JH(B, Fg)} — {extensions of nr, to JT(8,T;)}

Putting together all these commutative diagrams, we see that the bijection
{extensions of 1 to J*(8,A)} «—— {extensions of nm to J}}

is indeed independent of the choices.

Case 3 Finally, consider the general case bo(A) DO bp(A™). By Lemma there is a self-dual
op-lattice sequence A’ such that by(A’) = bg(A™) and ag(A) D ag(A’). Put 6/ = 7 o 3 and let 7/
be the irreducible representation of J!(3, A’) given by Proposition

Applying Case 2 (with A’ in place of A), we get a canonical bijection between the set of extensions
Km of mm to Jt and the set of extensions x’ of ' to J*(8,A’). Now applying Case 1 (with A’ in
place of A™), we get a canonical bijection between the set of extensions ' of /' to J* (3, A’) and the
set of extensions k of n to J;A =Pt (A’OE)Jl. The required bijection is the composition of these
two and the assertion on intertwining is immediate.

It remains to check that the bijection is independent of the choice of A’. Suppose A” is another
o p-lattice sequence such that bo(A”) = bo(A™) and ag(A) 2 ag(A”), put 8” = 74 a» g and let 1" be
the irreducible representation of J*(3, A”) given by Proposition Then we have a diagram in
which the arrows are given by Cases 1 and 2 of Lemma [£.3]

{extensions of n to J;A} — {extensions of n” to J*(3,A”)}

|

{extensions of n’ to J*(3,A")} {extensions of nm to J}
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The lower right triangle commutes by Case 2, while we can see that the upper left triangle commutes
by splitting [A’, A”, A] into triangles (using Lemma[2.12) and arguing as in Case 2. Hence the whole
diagram commutes, as required. |

We can now define [-extensions for an arbitrary skew semisimple stratum [A, n, 0, 5] and character
6 e€C_(A,0,0).

Definition 4.5. Let [AM,nM,O,B} be a skew semisimple stratum with bo(AM) a maximal self-
dual og-order in B and bg(AM) D bo(A). Let Oy = TpaAM g, let mu be the unique irreducible
representation of Ji, = JY(B, AM) which contains @y, and let xy be a [-extension of ny to Ji =
JT(B, AM), given by Theorem Then the B-extension of n to Jt relative to AM, compatible with
kM is the unique representation s of J* which corresponds to HM\P+( Ao )Tl under the canonical
bijection of Lemma [£.3]

The definition of (-extension, together with Lemma [4.3] immediately gives us a lower bound for
their intertwining

Corollary 4.6. Let k be a -estension of n relative to AM. Then PT(AM) C I+ (k).

Proof Note first that certainly P*(AM ) C I+ (km), since PT(AM ) C Jff. In particular, P+ (AN )
intertwines km|p+( Ao )Tl 505 by Lemma it also intertwines k. n

This is, of course, much less than the situation for simple characters for é, where (-extensions are
intertwined by the whole G-centralizer of 3. When P(AE"E) is a good maximal compact subgroup
of Gg it should also be possible to prove such a result here, using the Cartan decomposition
and imitating the proofs in [8, §5.2]. Alternatively, if G is an unramified unitary group then the
techniques of §5| (see also [27]) may provide a proof of this for any AM. In general, the situation
is much less clear. Although, in we do improve our lower bound for [-extensions, we do not
pursue these strong intertwining results here since we will not need them.

It is useful also to note that we can describe the restriction of a (-extension to the pro-p Sylow
subgroup of J*(3, A) in terms of the representation given by Proposition The proof is identical
to that of [8, Proposition 5.2.6].

Proposition 4.7 (cf. [8, Proposition 5.2.6]). Let [A,n,0,5], [A™,nm,0,5] be skew semisimple
strata with bo(A™) a minimal self-dual og-order in B and ag(A™) C ag(A). Let 6 € C_(A,0,5), let
Om = Tam A,5(0), and letn (respectively nm) be the irreducible representation of J1(8, A) (respectively,
JY(B,A™)) given by Proposition . Put J}mA = Pl(ArU"E)Jl(ﬁ,A), a pro-p Sylow subgroup of
JT(B,A), and let nma be the irreducible representation of Jrln’A given by Proposition applied
with A in place of AM. Then, for any B-extension k of n to J*(B, ),

K|Jr1n,A = TIm,A-

If s is a (-extension of n to J* (8, A) then we say that the restriction £|je(g ) is a B-extension of 7
to J°(B,A). We have a compatibility property analogous to Lemma for extensions to J°(f3, A).
Indeed, the following Proposition shows that this compatibility is a bijection for S-extensions to
J°(B,A), as in [8, (5.2.14)].
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Proposition 4.8 (cf. [8, (5.2.14)]). Let [A,n,0,3] and [A',n/,0, 5] be skew semisimple strata such
that there exists [AM ny,0, 8] a skew semisimple stratum with bo(AM) a mazimal self-dual ogp-
order containing both by(A) and by(A’). Let § € C_(A,0,5) be a skew semisimple character and
let 0 = Tap5(0). Let m, ' be the representations of J*(8,A), J'(B,A) respectively, given by
Proposition [3.5. Then there is a canonical bijection between the set of (3-extensions k' of n' to
Jo(B,\') relative to AM and the set of B-extensions k of n to J°(3,A) relative to AM. If ag(A) C
ao(A') then it is given as follows: given k (respectively k') there is a unique k' (respectively k) such
that H/|PO(A0E)J1(6,AI) and K induce equivalent irreducible representations of P°(Aqs,)P1(A).

We say that k' is compatible with k if they correspond under the bijection of Proposition

Proof We observe first that, using Lemma (or rather, its analogue for J°), we can reduce to
the case where ag(AM) contains both ag(A) and ag(A’): Lemma [2.8 shows that there is a self-dual
op-lattice sequence A” with bo(A”) = bo(A) and ag(A”) C ag(AM) and, by Lemma there is a
canonical bijection between the extensions of 1 to J°(8,A) and the extensions of " to J°(3, A”).
Then we replace A by A” (and similarly for A’).

When ag(A) C ap(A’), from the commutativity of the diagram in Lemma and by restriction,
we get a well-defined surjection

{B—extensions of i to J°(B3, A’) relative to AM} — {ﬁ—extensions of n to J°(B, A) relative to AM} .

(4.9)
To see that we have a bijection, we need the following Lemma:

Lemma 4.10. Let [AM ny, 0, 8] be a skew semisimple stratum with bo(AM) a mazimal self-dual o-
order in B containing bo(A). Let Oy € C_(AM, 0, 3), let nu be the representation of Jiy = J1(3,AM)
given by Proposition and let Kk, Ky be B-extensions of nu to Jﬁ\',l = JT(B,AM), given by
Theorem[4.1, Put I3 = J°(8, AM) and I3y = P°(Aog)J}y. Then

HM|J?\‘M2H;\A’J?\YM — RMyJKA’:&f\AhﬁA.

Proof By Theorem we have kjy = km ® X, for some character x of Gt = P*(AM)/Py(AN)
which is trivial on the subgroup generated by all its unipotent subgroups. If ky| B = Kl Bm
then x is also trivial on P° = P°(A0E)/P1(A'3AE), which is a parabolic subgroup of G°. Hence Y is
trivial on all of G° and km| 3o, Kl go,- The converse is trivial. [ |

Returning to Proposition we see that Lemmas and 4.3 (together with the analogous Lemma
for J°(5,A)) imply that both sides of (4.9) have the same number of elements, which completes
the proof when ag(A) C ag(A’). The general case follows immediately. [

Remark In the simple case for G =GLy (F), all the maximal og-orders in B containing by(A) are
conjugate by Gg so the set of 3-extensions relative to AM is independent of the choice of AM. This
is no longer true in our situation. However, we will see in Corollary that there is some sort of
compatibility between the (-extensions defined relative to different maximal self-dual og-orders in
B. On the other hand, it will be useful in many situations to have a “canonical” choice for AM, as
follows:

Given a skew semisimple stratum [A,n,0, 3], write A = @;A?, with A® an op,-lattice sequence.
Define the og, lattice sequence I} by

M (2r + 5) = ppp A'(s), forr €Z,s=0,1, (4.11)
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and put My = @ﬂﬁﬁ\ Then [9a, nop, 0, 5] is a skew semisimple stratum, for some integer ngpy,
and bo(My) is a maximal self-dual og-order containing bo(A).

Let § € C_(A,0,3) and let 5 be the unique irreducible representation of J'(3, A) containing §. We
call a (-extension of 7 relative to My a standard B-extension.

In particular, if [A,n,0,5] and [A',n',0, 5] are skew semisimple strata with 0, = M,/ then, by
Propositionthere is a bijection between the standard 3-extensions of 1 to J°(3, A) and those of n’
to J°(8,A’), where ' is the unique irreducible representation of J'(3, A’) containing §' = 7 o+ 5(6).

4.3 Analogous results for G

If [A,n,0,[] is a semisimple stratum and heC (A,0,0) is a semisimple character then the results
of the previous sections can be imitated to construct (-extensions k of 77 to j(ﬁ, A). Given Propo-
sition the proofs are identical to those for G and are left as an exercise for the reader. In
this situation the notion of S-extension is independent of the choice of AM such that bo(AM) is a
maximal og-order containing bo(A), the reductive quotient J(3,A)/J(B3,A) is always connected
and there is a canonical bijection between (-extensions, as in Proposition

We will not, in fact, use these results for semisimple characters, but only for simple characters,
when they all come from [8], §5.2].

5 Iwahori factorizations

In this section we imitate the constructions of [8, §7] to get Iwahori factorizations of semisimple
characters. We do this first for G and then, by Glauberman transfer, for Gt and G. We end with
some similar results for G-extensions.

5.1 Iwahori decompositions

Let [A,n,0, 3] be a semisimple stratum with associated splitting V' = @é:l V' and all the other
usual notation. Let V = @;n:l W) be a decomposition of V into subspaces such that

(1) WU = @211 (W(j) N Vi), for 1 < j < m,soalso Vi = @;n:l (W(j) N Vi), for 1 <4<
(ii) W) N Vs an E;-subspace of Vi, for 1 < j<mand1<i<lI.

Definition 5.1. We say that the decomposition V = @;nzl W) is:

(i) subordinate to [A,n,0.0] if, for all r € Z, A(r) = @)L, (A(r) nWW);

(ii) properly subordinate to [A,n,0, G] if it is subordinate to [A,n,0, 5] and, for all » € Z and for
1 < ¢ < I, there is at most one j, 1 < j < m, such that

(A(r) Nw N Vi> > (A(r +1)NnwYn Vi) .

An explanation of how these decompositions arise is in order at this point. We consider first the
case when the stratum [A,n,0, 5] is simple. Let B be an E-basis for V' which splits the lattice
sequence A. If we decompose B as a disjoint union of subsets B;, 1 < j < m, and define W)
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to be the E-linear span of B;, then we obtain a decomposition of V' subordinate to the stratum.
Moreover, any decomposition subordinate to the stratum arises in this way.

For a properly subordinate decomposition, we need to be a little more careful. Writing e = e(A|og)
for the og-period of A, we decompose B into a disjoint union of subsets B;, 1 < j < e, by saying that
a vector w € B lies in B; if and only if there exists r € Z such that w € A(j+7e) \A(j+re+1). Let
W@ be the E-linear space of Bj. Then any decomposition of V' which coarsens the decomposition
V = @;:1 1474%2) (that is, each subspace is a sum of some W(j)) is properly subordinate to the
stratum. Again, any decomposition properly subordinate to the stratum arises in this way.

For the semisimple case we take, for 1 < i < [, a decomposition V¢ = DL, W (9) which is (prop-
erly) subordinate to the simple stratum [A ,n4,0, 8] (and where we allow some of the subspaces
W) to be tr1v1al) Then we get a decomposition of V' which is (properly) subordinate to [A,n, 0, (]
by setting WU @ W (@:d)

Proposition 5.2 (cf. [8, Theorem 7.1.14]). Let [A,n,0, 5] be a semisimple stratum and let V =
@;-”:1 W) be a decomposition as above. Let M be the Levi subgroup of G which is the stabilizer

of this decomposition and let P be any parabolic subgroup with Levi component M and unipotent
radical U .

(i) If the decomposition is subordinate to [A,n,0, 3], then the groups H(B,A) and J*(8,A) have
Twahori decompositions with respect to (M P)

(ii) If the decomposition is properly subordinate to [A,n,0, 3], then the group J(ﬁ, A) also has an
Twahori decomposition with respect to (M P) and, moreover, J(8,A)NU = J'(8,A)NTU

Proof (i) For 1 < j < m, let €9 denote the projection onto W) with kernel D W®). The
definition of subordinate (Definition |5. ( )) ensures that el?) € ag(A). Moreover, the property that
each W) NV is an Ej-subspace of V¥, for 1 < i < I, ensures that e/) € B. Hence el) € by(A).
Now jl(ﬁ A) =1+3%B,A) and, by [32, Lemma 3.10], ~1(ﬁ, A) is a bg(A)-bimodule. In particular,
W31 (3,M)e®) C 31(B,A) so, by [T, Proposition 10.4], J'(3, A) has an Iwahori decomposition with
respect to (M P). The same proof works for H!(3, A).

(ii) Suppose now that the decomposition is properly subordinate to [A,n,0,5]. We start with a
lemma.

Lemma 5.3 (cf. [8, Lemma 7.1.15)). In this situation we have P(Ayy) NU = P1(Agy,) N U.

Proof We prove the corresponding additive statement, which is e(j)bo(A)e(k) Cbi(A), for j # k.
So suppose = € eWbg(A)e®). For any r € Z and for s # k we have z(A(r) N W) = 0. On
the other hand, for any r € Z and 1 < i < [, either A(r)NWE NV = A(r + 1) nWHE NV or
Ar)NWONVE= A(r+1)NWU NV, since the decomposition is properly subordinate. In either
case, we get z(A(r)NWHE NV C A(r+1)Nn WY NV Hence

eA(r) =z (A(r) N W<k>) - eb z (A(r) Aw® n Vi) CA(r+1),

=1

and = € a;(A) as required. [
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Now the same proof as that of [8, Theorem 7.1.14] shows that P(A,,) has an Iwahori decom-
position with respect to (M, P) and that P(A,,) = (f’(AUE) ﬂ]TI) P1(Ao,). Hence J(3,A) =
(IS(AUE) N M) JY(B,A) has an Iwahori decomposition with respect to (M, ﬁ), and the final asser-
tion follows also. [

Let [A,n,0, 3] be a semisimple stratum and let V = @Tzl W) be a decomposition subordinate to

the stratum. We write A for the lattice sequence in W) given by
AD () = AN WY forreZ,

and put 3U) = el 3el) | where el) denotes the projection onto W(j) with kernel @k# W) Then,

since each ViNW ) is an Ej-subspace of V', the stratum [A( ),0 B ] is a semisimple stratum
in AU) = Endp(W0)), for some integer n(J), with splitting W( ) = @Z: (vin W(j)). Note that
some of the pieces of this splitting may be trivial so, strictly speaking, the splitting consists only
of the non-zero pieces. We also write BY) for the centralizer of ) in AW,

Proposition 5.4. Let [A,n,0, (] be a semisimple stratum and let V = EBT:l W) be a decompo-

sition subordinate to the stratum. Let M be the Levi subgroup of G which is the stabilizer of this
decomposition. Then

H'(8,4) N M = [ H' (89, AD),
j=1
and likewise for Jt (B,A). If the decomposition is properly subordinate to the stratum then we also

have
J(3 = H 7AW,

Proof We will prove the additive statement
eV (3, A)el) = §(30), AU)),

The same proof will give the corresponding statement for J(3,A) and the result follows.

Let M denote the stabilizer in A of the decomposition, so that M = M*. We proceed by induction
on ko(3,A), noting that the base case is a null stratum, where the result is clear since H(3,A) =
agp(A). So we turn to the inductive step and put r = —ko (5, A).

Put W) = Vin W) so that Vi = @Tzl W) is (properly) subordinate to the simple stratum
[A% n;,0, 3;]. We choose an E;-basis B; ;j for each W (3) which splits the lattice sequence A7) given
by A@9)(r) = A(r)NW @) and let Y7 be the F-linear span of B; ;. Putting V' = DL, Y (09) | we
get a “generalized (W, E))-decomposition” V¢ = Y*®p E; (see [10, §5.3]), and hence an embedding
tyi : Endp(E;) — A" = Endpr(V?) with image in A% N M.

According to [32, Proposition 3.4], we can choose a semisimple stratum [A,n,r,v] equivalent to
[A,n,r, 5] with v in the image of [[; ty:. In particular, we have v € M so the decomposition is
subordinate to [A,n,r,~| also. Hence, by the inductive hypothesis, we have

e §(v, Ne) = §(1), AW,
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where 7U) = e)yel). The semisimple stratum [AY), n0) 7 ~U)] is equivalent to [AY), nG) . 30)]
so, since ) € by(A), we get

Dg(3,A)eld) = e(j)bo(A) 0) 4 e@ g5+ (4, A)el)
= bo(AS )+53[] L(y0) AG))
H(39), A0,

as required. |

Continuing in the same situation, let P be any parabolic subgroup of G with Levi subgroup M ,
and let U denote its unipotent radical. We define the groups

HL = H'(8,A) (31 (8,A) N 17) . and  JL=H'(8,A) (51 (8,A) N ﬁ) .
If the decomposition is properly subordinate to the stratum, we also put

—H(8,A) (5(5,1\) N ﬁ) .

All these groups have Iwahori decompositions with respect to any parabolic subgroup with Levi
component M.

5.2 Iwahori factorization of semisimple characters

We continue in the same situation, so [A,n,0 ,6’] is a semisimple stratum and V = @m WU is a

decomposition subordinate to the stratum. Let M be the Levi subgroup of G which is the stabilizer
of this decomposition and let P be any parabolic subgroup with Levi component M. Write U for
the unipotent radical of P.

Proposition 5.5 (cf. [8, Proposition 7.1.19]). In this situation, let § € C(A, ) Then the
character 9|ﬁ1(6 A 8 trivial. After identifying H' (8, A) N M with [T Hl(ﬁ @)), we have

a‘ﬁl(ﬁ,A)mM - ® 0,
j=1

where 99 e C(AU) 0, 310)).

In this situation, we shall write 0U) = TA’A(j)7ﬂ(§). By the definition of simple character in [10,
§5], this is consistent with the notion of transfer between different algebras for simple characters.
We do not pursue the functorial properties of this transfer map but note that it gives a map
A gt C(A0,8) — C(AY),0,89) which is not in general injective; this happens if one of the
subspaces W@ NV = {0} but §; # 0.

Proof We proceed by induction on ko(3,A), the base case again being the null case, when the
only semisimple character is the trivial one and the result is clear. So we consider the induction
step and put r = —ko(5,A). We will use again the notation of the proof of Proposition so that
[A,n, 7] is the carefully chosen semisimple stratum equivalent to [A,n,r, ] from there.

Recall that § has the properties:
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i) we have 5~1 x = 52-, for some simple character 671 € C(A%,0, 3;), where Gi = Autp(V? ;
HING;
(ii) glﬁ[%]ﬂ(ﬁ N 90| (5141 A)@Z)ﬁ_w, for some semisimple character 50 € C(A,0,7).

Moreover, these properties characterize the semisimple characters in C(A, 0, 3).

For the first assertion of the Lemma, let M, 3 denote the stabilizer of the splitting V' = @Z L V¥and
let U, 3 be the unipotent radical of some parabohc subgroup Pg with Levi component M, 3. According
to [32, Lemma 3.15(i)], the restriction 9|H1mUﬁ is trivial. Since H'NU has an Iwahori decomposition

with respect to (]Tj 85 ]55), we are reduced to showing that 0 restricts trivially to H'NUNM, 3. But
here we may work block-by-block so the result follows from the simple case in [10, Proposition 5.2].

Now we turn to the second assertion. From Proposition [5.4/ we have that H (8, A) N Aut (W) =
H! (ﬂ( 7) A(J)) so we may consider U) = H\Hl (80) A TO ShOW that it is a semisimple character in

C(AY),0,89)) we need only check that it satlsﬁes the two properties (i), (ii) above.
The splitting of [AU), n@) 0, 30)] is given by WU @ W(W) where W) = VinW0) and we

ignore any trivial pieces of the splitting. We put G( i) = AutF(W( )), let 1) be the projection
from W) to W) with kernel @k# W) and let e(®7) be the projection from V* to W9 with

Kernel @, W04, We put 4 = et9)gelt) = 16:) 301109,
(i) We have H(3U), AW) 0 GUd) = ﬁl(@(j)»/\(i’j)) and

9(”’ﬁ1<ﬁ<ﬂ'>,AU>)n@<m - (9‘ﬁ1(ﬂ7A)méf> A9 AG) 9i|ﬁ1(ﬁfj),A(i’j))’

which, by [10, §5], is the simple character 7: x¢i.) g, (51) in C(A(9), O,Bi(j)).
(ii) The stratum [AY), n(@) 0,~U)] is a semisimple stratum equivalent to [AY), n() 0, 30)] and it is

straightforward that g_ 7] BI+1(50) AG)) = ¢B(j)_7(j). Thus we have
oW, -
0 |H[7]+1(,3<j),/\(j>) - ( H[§]+1 5 A )‘ % +1(5(J) A<J))
_ _ W
- (90’1{ 5,0 ¥8- V)’ B am) 00 IE a0 A0 VI -0
for some 5(()j) e C(AY,0,741)), by the inductive hypothesis. [ |

We continue with the same situation. From [32, Proposition 3.24], the pairing

kj(z,y) = Olz,yl,  xyeT(BA),

induces a nondegenerate alternating form on JL(3,A)/HY(B, A). Likewise, for j = 1,...,m we have
a form kg;) on JLBD, ADY /H (B AW,

Let (71 denote the unipotent radical of the parabolic subgroup opposite P. As an immediate
consequence of Proposition and the Iwahori decompositions for H!(3, A) and J(3, A), we get:

Lemma 5.6 (cf. [8, Proposition 7.2.3]). (i) The subspaces J*NU;/HNU; and J*NU/HNU of
JY/HY are both totally isotropic for the form ks and orthogonal to JInM/H N M.
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(ii) The restriction of kg to the group

J'nM/H' N M = Hjl(g(j)’A(j))/ﬁl(ﬁ(j)’/\(j))
j=1

is the orthogonal sum of the pairings kz;,, where 9l) = A 5(0)-

(iii) We have an orthogonal sum decomposition

JgUo M N N y JnU
H' ['nM \HNU HANU)

Recall that we have defined the group ﬁ}; = H! (B,A) (jl (B,A)N U ), and, similarly, j}s We define

the character 515 of ﬁlﬁ by

05(hj) = 0(h), for h e H'(B,A), j € J'(B,A)NT.
This is well-defined by Lemma As in [8 §7.2], we immediately get

Corollary 5.7 (cf. [8, Propositions 7.2.4, 7.2.9]). There is a unique irreducible representation 13

- ‘
%L(B’A)ﬁﬁ and, for each y € Gg, there is a
P

unique (j}),j}))—double coset in J1(8, A)yJ*(B, A) which intertwines Np-

of 3115 such that 7713|ﬁ}5 contains gﬁ. Moreover, n ~ Ind

Lemma 5.8 (cf. [16, Proposition 2.4]). We have I5(03) = I5(7p) = J5GEJ5.

li’roof We have [ @(5 5) = I5(np) so, by Corollary we need only check that all of G intertwines
05.
Let B; j be an E;-basis for W) = vin W) which splits the lattice sequence A7) and consider

the decomposition
v=p P Ew. (5.9)
%,] ’UEB,L'J
This is subordinate to the stratum [A,n,0, 5] and refines both the decomposition V' = @Tzl W
and the splitting V = @2:1 V? of the stratum. Let Mo denote the stabilizer of the decomposi-
tion (5.9)) and let Py C P be a parabolic subgroup with Levi component M. We write Uy for the
unipotent radical of Py, so Uy 2 U.

Let Py € A denote the Lie algebra of Py. Then Py N bg(A) + by(A) is a minimal og-order in B,
which must be of the form bo(A™), for some og-lattice sequence A™ in V. Then, for a suitable
integer nm, the stratum [A™, nm,0, 8] is semisimple and the decomposition is subordinate to
it. Moreover, P(A7)) is an Iwahori subgroup of G contained in P(A,).

Now, by construction, IS(ATE) = (IS(AUE) N ﬁo)fDl(AoE) - jlg and, since jlg normalizes gﬁ, we need
only show that some set of double coset representatives for IS(AL“E)\G' e/ ﬁ(A[,“E) intertwines 0. By

the Bruhat decomposition, we may take these representatives to be in the G g-normalizer of the
maximal torus My N Gg.
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So suppose y € G B normalizes ]\70 Since ﬁl has Iwahori decompositions with respect to both
(MO, Py) and (MO, Y), the group H1 ﬂyHl has an Iwahori decomposition with respect to (MO, Po)
Moreover, 9 is trivial on both H1 ﬂ Uo and H1 N U Y. Hence, to check that y intertwines 05 B

P’Hl BT But, since My C M and Hlﬁ N M = H! N M, this

which is surely intertwined by y, by Proposition |

need only check that it mtertwmes 0

restriction is just 9|ﬁ1(,8 AT’
We remark that, in the same way as in [8, §7.2], we can describe 7)5 as the natural representation
of J 5 JL on the space of (J1(8,A) N U)-fixed vectors in 7. It is also useful to note that the restriction

ofnP to JlﬁﬂM:J (B,A)ﬂMls given by

m
M5 (B,A)NM = ® 7
7=1

where 79 is the unique irreducible representation of Jt (89, AU)) which contains the character
0U) = TA,A(J'),B(Q)'

5.3 Glauberman transfer

In this section, we consider the case when we have a skew semisimple stratum [A,n,0,3]. We
say that a decomposition V = EB m W) is self-dual if, for —m < j < m, the orthogonal
complement of W) is Drrj Wk ) we allow the possibility that W(® = {0}. Then, immediately
from Proposition we get:

Corollary 5.10. Let [A,n,0,4] be a skew semisimple stratum and let V.= @™ _ WU be a

j=—m
self-dual decomposition _as above. Let M be the Levi subgroup of G which is the stabilizer of this
decomposition and let P be any o-stable parabolic subgroup with Levi component M. Put M+ =
MNGT, Pr=PnNGt and M=MnNG, P=PnNG.

(i) If the decomposition is subordinate to [A,n,0, 3], then the groups H'(8,A) and J'(3,A) have
Twahori decompositions with respect to (M, P).

(i) If the decomposition is properly subordinate to [A,n,0, 3], then the group J*(83,A) also has an
Twahori decomposition with respect to (M, PT) and the groups J(3,A), J°(3, A) have Iwahori
decompositions with respect to (M, P).

Proof Note that, if g € G™ has Iwahori decomposition g = Imu, with respect to some self-dual
(M, P) in G, then also g = [m7u’ so, by uniqueness of decomposition, I,m,u € G*. Now, since
UCQG,if ge G thenl,m,ue G also. [ |

Notice that, in this situation, the involution swaps the blocks e¥) Ae(*) and e(~*) Ae(~7) so that the
stratum [A(O), n©,0, ﬂ(o)] is skew semisimple. From Proposition we get:
Corollary 5.11. Let [A,n,0,3] be a skew semisimple stratum and let V = @;n:_m W) be a

self-dual decomposition subordinate to the stratum. Let M be the Levi subgroup of G which is the
stabilizer of this decomposition and put M+ =M NG, M = M NG. Then

HY(3,A) N M ~H(B ) X HH1 7, A0,
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and there is a similar decomposition for JY(3,A). If the decomposition is properly subordinate to
the stratum then we also have

Jo(B,A) N M ~ J°(3 H 9, AW,

and similar decompositions for J*(8,A) N M™* and J(3,A) N M.
Note here that H!(3%), A¥) has been identified with
{(k, h) e (3D, ACD) x H(3Y), AD) such that hk = 1}

(Recall that the involution ~ swaps the blocks V) Ael) and e(~7) Ae(~9).)

We can also form the groups H}, = ﬁlﬁ NG =HY3,A) (Jl(ﬂ7 A)n U) and, likewise, J} and (when
the decomposition is properly subordinate to the stratum) J5 = H'(3,A) (J*(3,A) N P), and Jp,
J%.

Now, using the Glauberman correspondence, we transfer the results of to the case of skew
semisimple strata. We recall briefly the nature of the correspondence, for details of which (in our
situation) we refer the reader to [30}, §2].

Let K be a o-stable pro-p subgroup of G and K = K the group of o-fixed points. Then o
acts on the representations p of K by p° (k) = p(k7), for k € K. There is a bijection, denoted
p < p = g(p), between (equivalence classes of) irreducible representations of K with 57 ~ 5 and
(equivalence classes of) irreducible representations of K. Further, this correspondence commutes
with irreducible restriction and irreducible induction. Recall also that the representation p = g(p)
is characterized as the unique component of p|k appearing with odd multiplicity; in particular,
if p is a character then p = p|k. Moreover, for ¢ € G, we have that dim I,;(p) is odd if and
only if dimIy(p) is odd; in particular, if p is a character, or if all the intertwining spaces are
one-dimensional (as is often the case for us), then I+ (p|K) = I@(ﬁ|1~() NGT.

Let [A,n,0,3] be a skew semisimple stratum with a subordinate self-dual decomposition V =

D .. W@, Let M be the stabilizer in G of this decomposition and let P be a o-stable parabolic

subgroup with Levi component M.Put M=MnNGand P=PnNG.
Let & € C_(A,0,/) be a skew semisimple character of H'(3,A), so that 6 = 5]H1 3,0, for some
o-stable semisimple character 8 € C(A, 0, 8). From Corollary and Proposition we have

Olir (s.a)nar = 00 ® (a(j)>2,
=1

for some (0 € ¢_(A® 0,39) and gU) e C(AY),0,80)). Notice that we have ﬁl(ﬁ(j),A(j)) =
~ . . ~ 1\ 2 . .
H'(280), AU)) and (9(J)> € C(AY),0,231)), as in [3, §4.3 Lemma 1].
We define the character 0p of HL = HY(3,A) (Jl(ﬂ,A) N U) by
0p(hj) = 0(h), for h € HY(B,A), j € J{(B,A) N U

Then 0p = 65 |H1 and is the Glauberman transfer of 6. 5
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Let n be the unique irreducible representation of J 1(B,A) containing # and let 77 be the unique
irreducible representation of J'(3, A) containing #. Then n = g(7}). Let 7} 5 be the unique irreducible

representation of JL containing 5§, given by Corollary and define the representation np of

Jp =HY(B,A) (J1(B,A) N P) by np = g(ij5). Then Corollary and Lemma together with
the properties of the Glauberman correspondence, give us

Lemma 5.12. The representation np is the unique irreducible representation of J}D such that np]H})

contains Op. We have n ~ Ind ji(B’A)np. Moreover, for each y € GE, the coset J}gyJ}D 1s the unique
P
(IL, JL)-double coset in JL(3, A)yJ (B8, A) which intertwines np and

1 ifge J};GJECJ}D;
0 otherwise.

dim I, (np) = {

Proof The statement about the dimensions of the intertwining spaces comes from the correspond-
ing statement for 1, which is Proposition [3.5 |

As above we can describe np as being the natural representation of J% on the space of (J1(3, A)NU)-
fixed vectors in 7 and the restriction of np to J}D NM = JYB,A)N M is given by

m

nplnnynn ~ 00 @ ®77(j),
=1

where 7(© is the unique irreducible representation of J! (6 0, A(O)) which contains the character 6
and, for j non-zero, 77) is the unique irreducible representation of Jl(ﬂ(j),l\(j)) =1J 1(2B(j),A(j))

N2
which contains the character (0(9 )) .

We continue in the same situation and suppose from now on that the self-dual decomposition
V= @;n:_m W) is properly subordinate to the skew semisimple stratum [A,n,0, 5]. Let & be a

B-extension of 1 to J¥(3,A) (relative to some AM). We can form the natural representation rp
of J5 on the space of (JT(3,A) NU) = (J1(B8,A) N U)-fixed vectors in k. Then /@p|J11D = np S0,
in particular, kp is irreducible. As in the proof of [8, Proposition 7.2.15], the Mackey restriction
formula gives:

Proposition 5.13 (cf. [8, Proposition 7.2.15]). We have Ind ji(ﬁ’A)Hp ~ K.
P

As for np, we can describe the restriction of kp to J5 N M = J*(3,A) N M. Since KP|3+(8,0)nM
restricts further to np|yi(g.a)nnr, it is irreducible and

m

HP|J+(/37A)QM =0 g ®7{(j),
j=1

where £(©) is some irreducible representation of J* (B A©) which extends 7(®) and &U) is some
irreducible representation of J(5), AU)) which extends 777).

We will see below in Proposition that, at least in certain circumstances, £ is a 8(0) extension
and &) is a 25(3)—extension for1 <7< m.
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We can also make the same constructions for the restriction x| Jo(,), and we clearly obtain the
restriction kp| 3o, Moreover, we have

o A A
Ind igfﬂ’ Y(kpli) = Alpeay  and  Indy Y (mplin) 2 Kl a)-

Indeed, these are special cases of Lemma below. We also have

KPlyo(8,0nM = “(0)|J°(B(0),A(0>) ® ®E(j)‘
j=1

6 Intertwining and supercuspidal representations

The aim of this section is two-fold. First we seek to improve the lower bound for the intertwining
of B-extensions from Corollary in particular for standard (-extensions. In order to do this we
need first to define certain Weyl group elements. Secondly, we seek to bound above the intertwining
of representations of the form «|j ® p, where & is a standard [-extension and p is a cuspidal repre-
sentation of the reductive quotient J°/J!. This will use both the lower bound for the intertwining
of k and, critically, the result of Morris, Lemma [1.1

6.1 A Hecke algebra isomorphism

Let [A, n,0, 8] be a skew semisimple stratum and let § € C_(A, 0, 3) be a skew semisimple character.
We use our usual notation. Let 7 be the unique irreducible representation of J*(3, A) containing 6

and let x be a (-extension of 7 (relative to some AM).

Let V = @;”:_m W) be a self-dual decomposition which is properly subordinate to [A,n, 0, 5]. As
in let M™ be the Levi subgroup of G which stabilizes the decomposition V = @Tzfm W)
and let PT be a parabolic subgroup with Levi component M, and unipotent radical U. We use
all the other related notation from

The following Lemma will be useful in several situations.
Lemma 6.1. Let K be a compact open subgroup of G with J1(8,A) C K C J*(B3,A), such that K
has an Iwahori decomposition with respect to (M ™, PT). We write

KnMt =K x J[TKY
j=1

Let p be the inflation to K of an irreducible representation of K/JY(3,A), and put A = x|k @ p. Let
Ap denote the natural representation of Kp = HY(3,A) (KN P) on the space of J1(3,A) N U-fived
vectors in A. Then

(i) Ap is @rreducible and X ~ Ind EP Ap.
(ii) We have Ap ~ kp ® p, considering p as a representation of Kp/J5h =2 K/J1(3,A).

(iii) Aplkry = A9 @ KL, A9 where A©) = KOk ® pO is a representation of KO and
AU = E(j)]f{(j) ® pY) is a representation of K(j), for1 <5< m.
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(iv) There is an algebra isomorphism
H(GT, Ap) = H(GT,\)

which preserves support: if ¢ € H(GT,\) has support KyK, for some y € GE, then the
corresponding function ¢p € H(G,\p) has support KpyKp.

Proof (i), (ii) and (iii) are clear. We deduce from (ii) and [8, Proposition 4.1.3] that we have an
algebra isomorphism H(GT,Ap) = H(GT,\). Moreover, if ¢ € H(GT,\) has support KyK, for
some y € G, then [8, Corollary 4.1.5] shows that the corresponding function ¢p € H(G™, Ap) has
support on a union of double cosets KpxKp contained in KyK. Using the Iwahori decomposition
for K, we may assume further that x € (KN U)y(KNU;) € JH(B,A)yJ (3, A), where U, is the
unipotent radical of the parabolic subgroup opposite PT.

Since Ap| J is a multiple of np, we also have that = intertwines np. Meanwhile, by Lemma
JLyJh is the unique (J1,JL)-double coset in JH(3, A)yJ (B, A) which intertwines np. Hence x €
J};yJ}g and, since J}g C Kp, we have KpzKp = KpyKp. Hence ¢p has support KpyKp, as
required. Since

Supp H(G T, A) C I+ (ATH(B, A)) = Ig+ (13 (8,A)) = JH(B, NG LI (8,A) = KGEK,
we are done. [ |

Corollary 6.2. Let k be a (3-extension of n to J*(B,A) (relative to AM). Then PT(AM) C
IG(kp|Tp).

Proof Let y € P*(A';"E). By Corollary y intertwines k so the result follows by applying
Lemma [6.1] with K = J*(3,A) and A = k. [ ]
We write .
’iP|J+(/6,A)ﬁM = /q/(o) ® ®%(])’
j=1
as before.

Proposition 6.3 (cf. [8, Corollary 7.2.16]). (i) Suppose bo(A(?)) is a mazimal self-dual o g-order
in BO). Then k) is a O)-extension of n© to J+H(5©), A0),

(i) If1<j<m, WO CV?, for some i, and bo(AY) is a mazimal op,-order in BY), then %)
is a 269 -extension of 7U) to J(BW), AW)).

Note that this Proposition is clear when |kp| > 3, since then any extension of n(©) to J* (3, A(®)

is a B(®-extension in this maximal case and, for j # 0, any extension of 77 to j(ﬂ(j), A(j)) is a
2(3)-extension (the latter only requires |kp| > 2).

Proof For i = 1,...,1, let A%, be an og,-lattice sequence in V* such that by(A%,) is a minimal
self-dual og,-order contained in bg(A?) and such that the self-dual decomposition

Vi= @ vinw®

j=—m
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splits AL, Put A™ = @é:l A, a self-dual o g-lattice sequence in V' such that P(AJ)) is an Iwahori
subgroup contained in P(A,,) and such that the self-dual decomposition V' = @T:_m w0 is
(properly) subordinate to [A™, nm, 0, 5].
For j = — ,m, set BU) = [ﬂ(J ]. We also form the opy;)-lattice sequence A™Y ip W), given
by

Am(j)(r) = A"(r) N W), for r € Z.

Then bO(Amm) is a minimal (self-dual, in the case j = 0) 0y)-order contained in bo(AY)). In
particular, we can think of the pair (A”‘(J) ,AU)) in the same way as the pair (A™, A), and make the
constructions analogous to those below in these cases too.

We form the group Jrln,A = P1(A].)J' (8, A) and let nm x be the unique extension of 7 to J1m7A which
is intertwined by GE (using Corollary [3.11)). Recall that, by Proposition we have k|51 L= TmA-

Notice that, since P1(Ag),) € P(Aoy) and P(Aoy )NU = P1(Aoy )NU, we have J1m7AﬂU = J1(3,AM)NU.

Then we can form the natural representation r]g’A of J}mA,P = HY(B,\) (J}n,A N P) on the space
of J}(3, A) N U-fixed vectors in nm A. By applying Lemma we have

I A m,A
A~ Ind ’
Im, Jrln,A,PnP

It is irreducible and we can describe its restriction to

m

1 1 T1
Ta M =316 o0 % [T T a0
j=1
(0) T €] ] 1 .

where J! ) o) = PrAT IO AO) and TL ) ) = Py(A7 ' >)J1(5(]),A(J)), for j=1,...,m
We have

A A A ~(J)
np o = 0= n(°)®®n :

where 71(9) is the restriction of x(®), and 77( ) the restriction of &), for j = 1,.
By Lemma (iv), GE intertwines nP so certainly GE N M intertwines 7 = 77P \ I M- Then

the uniqueness in Corollary [3.11{shows that #(9) is the unique extension Tn(©) A0 Of 7 to J iﬂO), A©

which is intertwined by all of G o = GTNAut (W), But then, if P+ (A(O)) is a maximal compact
50 the construction of (-extensions in Proposition shows that k(© is a ﬂ
extension of 77( ), since it restricts to Tm (0) A(0) - The same argument works for rU ) for j =1,.
using the uniqueness in Proposition [3.12] whenever W@ C Vi and P(Ang)) is a maximal compact

subgroup of éEm = AutEi(W(ﬂ')), -

subgroup of G,

We also record the following for later use, which follows from the application of Lemma in the
proof above:

Corollary 6.4. The intertwining of ng’A s given by

1 ifge Jrln,A,PGngln,A,P;
0 otherwise.

dim I, (np") = {
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Proposition [6.3] motivates the following definition:

Definition 6.5. Let [A,n,0, 3] be a skew semisimple stratum. We say that a self-dual decompo-
sition V = @;n:_m W) is ezactly subordinate to [A,n,0, (] if it is minimal amongst all self-dual
decompositions which are properly subordinate to [A,n, 0, 5] — that is, no refinement of the decom-
position is properly subordinate to the stratum.

A properly subordinate decomposition is exactly subordinate to [A,n,0, 5] if and only if ag (A(O)) N
B is a maximal self-dual og-order in B9 and, for each j # 0, there is an i such that W) is
contained in V? and ag(A¥)) N BY) is a maximal op,-order in BY). In particular, Proposition
can be applied to all blocks when the decomposition is exactly subordinate.

6.2 Some Weyl group elements

Let [A,n,0, 8] be a skew semisimple stratum and let V' = EB;”:_m W) be a self-dual decomposition
which is subordinate (but not necessarily exactly subordinate) to the stratum. We also assume,
throughout this section, that each W) is contained in some V', for j # 0, and that ag(A(j))ﬁB(j) is
a maximal og,-order in B (). In particular, this hypothesis is satisfied whenever the decomposition
is exactly subordinate.

It will be useful to have a fixed ordering for the subspaces in the decomposition — in effect, this is
giving a preferred choice of the parabolic subgroup P whose Levi component M is the stabilizer of
the decomposition. For each j # 0, write ¢ = i, for the unique integer such that W) C V. Since
ao(A@))N BY) is a maximal o g,-order, for each j # 0 there is a unique integer ¢; = ¢;(A) such that

(i) —ei/2 < qj < e;/2, where e; = e(A|og,);
(i) A(g;) "W 2 Ag; + 1) n W),
(ili) for j >0, gj > —e;/2; for j <0, ¢j < e;/2.

By duality, we have i_; = i; and ¢_; = —q;, for j # 0. In particular, by swapping the numbering
of W@ and W(9) if necessary, we may, and do, assume that gj = 0 for 7 > 0. We put

v(j) = v(j,A) = (ij, q5) € Z*.

Then, for j > 0 we order the subspaces W) lexicographically according to v(j) — that is, by
reordering if necessary, we assume that, for 0 < j < k < m, either i; < i, or ¢; = it and ¢; < gi.
(If v(j) = v(k) then we may order them either way.) The order for j < 0 is then determined by
duality.

We remark also that this ordering depends on the ordering of the pieces in the splitting V' =
@2:1 V', which may be put in any convenient order.

We now need to define certain elements of GJE“, which are essentially Weyl group elements. We use
the block decomposition for A given by the decomposition V = @;nzfm W), ordering the blocks
according to v(j). For each j > 0 we choose an ordered o,-basis BY) = {v, 1, ..., v;,4; } for the lattice
AY)(0) which splits the lattice sequence AU), where i = i;. (Indeed, the second condition follows
from the first since bo(A)) is a maximal og,-order.) Note that then BY) C AU)(g;) \ AU (g; + 1).

Recall from 3. that we have a nondegenerate e-hermitian E;/E; o-form f; on V? such that the
duality of lattices in V* induced by f; coincides with that induced by the restriction of the form h.
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On WU @ W9 we have the nondegenerate e-hermitian form which is the restriction of f;, and
we take the ordered basis B = {v_j1, ..., v_jd,} of W) for which

w; ifs=t,

(Vs V_ip) =
Jilwis0=50) {O otherwise,
where w; is a (fixed) uniformizer for E; such that @; = (—1)¢Fi/Fio)=lg, By duality, this
basis is an og,;-basis for the lattice A(_j)(l) and splits the lattice sequence A=9); indeed B(—9) C
A(_j)(ei —q;)\ A(_j)(ei —gj +1). Finally, for each i = 1,...,l, we choose a (possibly empty)
self-dual E;-basis B#0) for W0 = W0 0 V% which splits A0 = e(D AL
Suppose j,k # 0, are such that i; = i = 7 and dim EiW(j) = dim EiW(k). Then we write I, for
the element of B* which sends the ordered basis B%*) to the ordered basis BY) and all other basis
elements to 0. Note that, in the case j = k, we have [; ; = el9), the projection onto W@ . We also
have the following properties, which are immediate from the definitions:

Lemma 6.6. For j,k,s,t # 0 such that I, and I ; are defined, we have

. Ly, ifk=s;
i) Liglse =4 " ’
(@) Lirls {0 otherwise.

(ii) if j,k >0 then I = I_g_j and I; _; = e(—1)Fi/Bo) =11,

(i) T, € { "0 (M) \ by; g +1(A) if j,k >0,
7 bg;—gr—ei (A) \ bg;—g—e,+1(A) if j >0, k <O.

We remark that, if the decomposition is exactly subordinate then: for j > 0, we have 0 < ¢; < e;/2:
and, for j 7& k‘, if ij = Zk then q; 7& qk-

We are now ready to define our Weyl group elements. If j, £ > 0 are distinct, such that i; =i, =1
and dim g, W) = dim g, W) then we put

sik = Lig + Do+ Lopj + Ijor+ ) I
t£+j,+k
Then s;j, exchanges the block e Ael) with e®) Ae(¥) and the block e(=) Ae(=9) with (%) Ae(—F).
Note also that Lemma implies that s, = s;x = s;,i, so that s; € GE; indeed, we have
sjk € G since det g/p(sjx) = 1.
For j > 0, we put

t£+]
57 = w g tewilij+ ) I
t£+]

These elements exchange the blocks e) Ael?) and e(~7) Ae(~7). Again, Lemma implies that

$j, 85 € G}E. Indeed, except in the case when E; = F = Fy, ¢ = 1 and dim F(W(J)) is odd, they lie
in Gg.

From Lemma [6.6[(iii), we also get:
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Lemma 6.7. If j,k > 0 are distinct, such that i; = i, = i and dim EiW(j) = dim EiW(k), then:
(i) sjr € PT(Aoyp) if and only if ¢;(A) = gi(A);

(i) s; € PY(Aoy)  if and only if ¢j(A) = €;/2;
ii
s¥ € PY(Aoy)  if and only if g;(A) = 0.

We continue in the same situation. Let AM be an opg-lattice sequence in V such that bo(AM) is a
self-dual op-order containing bo(A). Then the decomposition V = 7L W) is subordinate to
AM and, for j # 0, ag(AM)N BU) = ay(A) N BY) is a maximal op,-order in BY), where i = i;; hence
we can define the integers g; (AM), as above. In particular, this has the following consequences:

(i) if j > 0 then AM(0)NWU) = A(0) N W),
(ii) if j > 0 then g;(AM) > 0;
(iii) if j > &k > 0 then ¢;(AM) > q,(AM).

Then (ii)(iii) imply that the ordering of the terms in the decomposition V' = @. W) is also
a good ordering for AM, and, having fixed such an ordering, (i) implies that the elements s;, s;

and s;” are the same for A and AM.

Definition 6.8. We say that two blocks W and W), with j,k # 0, are companion with respect
to AM if both are contained in the same subspace V?, dim EiW(j) = dim EiW(’“) and, for r € Z,

AMAHAWYD =AM+ 1) N —=  AME) nwW® =AM+ 1) Nk,

So, in the notation above, W) and W) are companion with respect to AM if and only if iy =i =1,
dim g, W) = dim g, W®* and ¢;(AM) = g (AM) (mod eM), where eM = e(AMi|op, ).

Lemma then says that, for j, k > 0 distinct, W) and W®*) are companion with respect to AM
if and only if s, € P+(A2/'E), while W) and W(=9) are companion with respect to AM if and only
if either s; or s¥ lies in PT(AM).

Finally, suppose that AM is such that bo(AM?) is a maximal self-dual og,-order, for some (fixed)
i. Then, with our numbering (in particular, AM(r)# = AM(1 — 1)), the lattices AM(0) N V? and
AM(1) N V? determine all the lattices in the image of AM? (they are all E;-multiples of these two
lattices). Then we see that

AMH0) 2 AT (1) = o= AMI(/2) 2 AN (e 2+ 1) = - = AMI(e)).

[Note that the converse of this is not quite true: if precisely one of these containments is proper
then bo(AM?) is necessarily maximal, but if both are proper then bo(AM?) can be the “Siegel”
order.]
In particular, for j > 0 with i; = i, we have ¢;(AM) € {0,eM/2} so W) and W(=9) are companion
with respect to AM, and

sTePT(AY)) = ¢(AM) =0; s, ePT(AY) = ¢(AM) =¢€)/2.

1
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6.3 Intertwining of beta extensions

We continue with the notation of the previous section and, throughout this section and the next,
we suppose that the self-dual decomposition V = @;”:_m W) is ezactly subordinate to the skew
semisimple stratum [A,n,0, 5], with the numbering as in the previous section. In particular, we
are in a special case of the situation of

Using the Weyl group element s;, we can define an involution o; on GU) = Aut (W) as follows.
Identifying GU) with the subgroup {(g!,g) € G- x GU)} C M NG, we put, for g € G,

oi(g) = sjg(s;) "

Lemma 6.9. (i) If1<j <k <m and WO =2 W& a5 E;-vector spaces (for some i = i; = iy,)
then conjugation by s; . induces an isomorphism J(BD, AWD)) = J(pk) AR,

(ii) For 1< j <m, the group J(BY,AD) is stable under the involution 0j.

Proof Suppose 1 < j < m. We can identify ) with g;, for i = ij. Since the decomposition is
exactly subordinate, the o, -order bo(AY)) is maximal in Endg,(W)). Moreover, AY) is the unique
(upto translation of index) og,-lattice sequence of period e(A'|og,) whose associated op,-order is
bo(AY)).

(i) If W) = W) as F;-vector spaces then conjugation by s;j, identifies an op,-basis for A1) (0)
with an op,-basis for A®)(0), so we get an isomorphism bg(AY)) 2 bo(A®)) of 0p,-orders. By the
uniqueness above, this must then identify AY) with a translate of A®). In particular ar(A(j)) is
identified with a,(A®), for all r € Z, and, since ) is identified with ) via (;, we have an
isomorphism j(ﬂ(j),A(j)) = j(ﬂ(k), A(k)).

(ii) As in (i), conjugation by s; stabilizes j(ﬂ(j),A(j)) X j(ﬂ(*j),A(*j)), swapping the two factors.
Since s; € G, taking intersections with G gives the result. |

Let AM be an op-lattice sequence in V such that by (AM) is a maximal self-dual og-order containing
bo(A) and let s be a B-extension relative to AM. Let M be the Levi subgroup of G which is the
stabilizer of the decomposition and let P be a parabolic subgroup with Levi component M. We
form the representation xp of J% and write

Kp|senm = k(0) ®jLq R0,
We recall that, since the decomposition is exactly subordinate to the stratum, k(@ is a B(9)_extension
and ®U) is a 26U)-extension, for j = 1,...,m, by Proposition

Corollary 6.10. (i) If1<j <k <m and WU is companion to W*) with respect to AM then
conjugation by s; . induces an equivalence RO ~ ),

(i) For 1 < j < m, conjugation by s; induces an equivalence 7)o oj rU),
Proof (i) In this situation s;; € PT(AM ) so, by Corollary sj intertwines kp. Moreover,

it normalizes J% N M so, since the restriction of xkp to this group is irreducible, it normalizes
Kp]| JoNM = kKo ® ®;”:1 %), The result is then clear, from Lemma

(i) If s; € PT(AM ) then the proof is the same as for (i). Otherwise 57 € PT(AM ) so we get an
equivalence &U) o oj ~ @iz, But #UY) is normalized by w; and the result follows. |
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Corollary 6.11. For 1 < j < m, there exists a 28U _extension &) which is oj-stable.

Remark 6.12. Once we have such a oj-stable %), it follows (using [8, Theorem 5.2.2]) that all
oj-stable 23U)_extensions are of the form &) ® Y o det 9), where:

e det V) : Endg, (W) — E; is the determinant; and

e Y is the inflation of a o;-invariant character of £}, , where o; is the involution z — (Z)~! on
T

/f}f;i and ~ is the Galois involution on kg, with fixed field kg, ,.

If E;/ E; o is ramified, then there are only two such characters: the trivial character and the quadratic

character. If E;/Ej; ¢ is unramified, then there are |k, ,| + 1 such characters.

Since I€P|J0 AM = k0 ] K,(j) and kp is trivial on both J% NU and J% NU;, this observation gives
us the followmg useful corollary

Corollary 6.13. Let AM, AM" be op-lattice sequences in V. such that bo(AM) and bo(AM) are
mazximal self-dual op-orders containing bo(A). Let k be a [-extension of n relative to AV, and
let k' be a ﬂ extensz'on of 77 relative to AM". There are o;-invariant chamcters X of /ﬁ?E and a

character x(O of Jo(BO, A©) /71 (5O AO)Y such that, writing x = x© ® ® o det( ) w
have .
k" = Ind g%(ﬁ’A)(lip ® X)-

Moreover, if WU) is companion to W*) with respect to both AM and A then X9 = 5k,

Corollary can also be applied to get more information about the intertwining of kp (and hence

of k). Suppose that  is a standard (-extension, so AM = M. If j,k # 0 and W) ~ wk)

as Ej-spaces, for some i, then W) and W®*) are companion with respect to 9ty. Moreover, by

Lemma [6.7(ii), we have s; € P(M o).

For each i, write B! = B0 U Uj:ij_Z BY, where BY) is the Ej-basis for W) chosen in the previous

section and B0 is the basis for Vin WO, Then B! is an Ej-basis for V' which splits the lattice

sequence At We write TE for the maximal split torus in G £, which corresponds to the basis B¢ —

that is, T, is the stabilizer in G g, of the decomposition V* = Do Eiv.

We write T = HileVEi and put T3 = TVEQGE and T = T NGg. We also put NT = NG+(TE)
E

and N = Ng,(Tg) = NTNG.

Proposition 6.14. Let w € N* be such that w normalizes P°(Ao,,) N M. Then w normalizes
’€P|J°(57A)QM and intertwines /fp\yl)),

Proof Suppose w € N normalizes P°(A,,) N M. In particular, it then permutes the blocks of
the decomposition V' = @;n:_m W), Moreover, since w is fixed by the involution o, we have that

wW @ = W) if and only if wW (9 = WK | In particular, this implies that w stabilizes W(© and
its orthogonal complement € 40 W), But then the 0-component w(®) = e(@we® of w normalizes

P°(Ag(2) so, since bg(A()) is a maximal self-dual og-order in B(®), we have w(®) ¢ P(A( )) and w(©)
certainly normalizes £().

The remaining part of w can be written as the product of:

e a block diagonal element z with z(9) = el)ze() a non-zero scalar in E; ; for 1 < j <mjand
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e a block permutation matrix s which, in turn, can be expressed as a product of the matrices
sjk and s;, for 1 < j <k <m.

Since k is a standard [-extension, Corollary implies that s normalizes kp|jo(g ) = k0 @

®§”:1 %), On the other hand, z(9) certainly normalizes 9, since it is a 25“ )-extension. Hence w
normalizes kp|yo(3,0)nnrs @S Tequired.

To show that w also intertwines rplje,, we imitate [27, Théoreme 2.19]. Since J°(3,A) has an
Iwahori decomposition with respect to both (M, P) and (M, P"), the group J% N *J% also has an
Iwahori decomposition with respect to (M, P). Now let ® be a non-zero intertwining operator of
HP’JO(ﬂ}A)QM with “kpljog - For g € Jp N™WIE we write g = Imu, with | € U, m € M and
u € U. Then

Do kp(g) = B o kp(m) = “kp(m) o @,

It remains only to check that I, u € ker (Yxp) or, equivalently, that I, u" € ker (kp).

By elementary row and column operations (cf. [27, Lemme 2.20]) we have U* = (U NU)(U*NU))
so, by uniqueness of Iwahori decomposition, U¥ = (U¥Y NU)(U* N U;) and u® C UU;. Moreover,
since u" € J%, the uniqueness of the Iwahori decomposition again implies " C (J$NU)(J$NU;) C
ker (kp). The same argument applies for [*. |

Write Ny = {w € N : w normalizes P°(A,,) N M}. It will be useful to understand this group in
terms of the notation of Morris in If P°(A,,) is a maximal parahoric subgroup of Gg (so the
decomposition is just V = W and M = P = G) then we have Ny C P(A,,), since this is the
normalizer of P°(A,,) in Gg. Otherwise, the group called M in §1]is just M N Gg (because the
decomposition is exactly subordinate) and the group M ; N Pj is just P°(A,,) N M. In particular,
our group Ny is just the group written Ny (9; N Py).

6.4 Intertwining and supercuspidal types

We continue with the notation of the previous section so that we have: a self-dual decomposition
vV = @;n:_m W) ezactly subordinate to a skew semisimple stratum [A, 7,0, 8], numbered as
usual; a semisimple character § € C_(A,0, 3); a standard (-extension k to J°(3,A) of the unique
irreducible representation 7 of J'(3, A) containing 6; and a parabolic subgroup P of G’ whose Levi

component M is the stabilizer of the decomposition.

The following proposition bounds the intertwining of a pair (J%, Ap), where A\p = kp ® p and p is
(the inflation of) a cuspidal irreducible representation of J%/JL = P°(A,,)/P(A,y).

Proposition 6.15. We have Ig(Ap|J%) € JSNAJS.

Remark The proof, which is a variant of the proof of [8, Proposition 5.3.2], is inspired by [3, page
553] (using Proposition in place of op. cit. Lemma 4.2).

Proof Suppose g € G intertwines \p = kp ® p, so that g € Ig(np|Jb) = JISGEIS, as p is trivial
on J};. Thus we may assume ¢ lies in Gg.

Now let A™ be a self-dual og-lattice sequence such that bg(A7,) is a minimal self-dual og-order con-
tained in bo(A,) and put J3, y p = P(A])Jp and J} y p = P1(Afy)Jp. Then GgNJ% = P°(A,,)
is a parahoric subgroup of G'g containing the Iwahori subgroup P°(AJ, ). Thus we may further

assume that g is a distinguished double coset representative for P°(Aq, )\Gr/P°(Aq,) (see §I).
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Since dim I4(np,J5) = 1, we can imitate the proof of [8, Proposition 5.3.2] to show that any non-
zero intertwining operator in I;(kp ® p,J%) has the form S ® T, with S € I;(np,J5) and T an
endomorphism of the space of p.

Now, by Lemma and Corollary the operator S also intertwines the restriction kp|j p

o, again as in the proof of [8, Proposition 5.3.2], it follows that 7" belongs to Ig(P|Jr1n,A,P)- In
particular, g intertwines the restriction of p to J}, \ » NGp =P1(A].). But Pi(A]) is the radical
of an Iwahori subgroup of Gg so, by Proposition and the remarks following it (see also the end
of the previous section for a translation of this into our notations here), g € Ny, as required. W

Corollary 6.16. Put Nx(p) ={g € Na :9p ~ p}. Then Ig(Ap|J%) € JSNA(p)I%.

Proof By Proposition we need only show that In, (Ap|J%) € JBNA(p)J%. So suppose
g € N, intertwines Ap. As in the proof of Proposition [6.15] any non-zero intertwining operator in
I,(kp ® p,J%) has the form S® T, with S € I,(np,J%) and T an endomorphism of the space of p.

Now, by Proposition ¢ intertwines kp so, by Lemma the operator S also intertwines

kp and it follows that T" belongs to I4(p|J%). In particular, g intertwines the restriction of p to
% NG =P°(Aoy). Then, by Theorem [1.2] g € P°(Ao,)Na(p)P°(Asy), as required. [

In the case when P(A'QAE) is a maximal compact subgroup of Gg we can now obtain supercuspidal
representations from this construction:

Let [AM,n,0, 8] be a skew semisimple stratum with bg(AM) a maximal self-dual og-order in B. Let
O be a skew semisimple character in C_(AM, 0, 3), let gy be the unique irreducible representation
of Ji, = J1(B, AM) and let Ky be a B-extension of gy to Jy = J(8,AM).

Put Am = kM ® 7, for 7 an irreducible cuspidal representation of Jy/J; =~ P(AE/'E)/Pl(Ag"E).
Recall that P(AM)/P1(AM ) is not, in general, connected: by an irreducible cuspidal representation
we mean an irreducible representation whose restriction to the connected component contains an
irreducible cuspidal representation p. Write J§;, = P°(A2"E)J "

Definition 6.17. We call a pair (Jpm, Am) as above a mazimal simple type for G.

Proposition 6.18. Let (Jum, Am) be a mazimal simple type for G. Then Ig(Am|Im) = Im.

Proof Suppose g € G intertwines Ay = km ®@ 7, so that g € Ig(num|Jy) = IMGEJm, as 7 is trivial
on J ,1\,| Thus we may assume g lies in Gg. Now k| ge, 1s irreducible and is normalized by Ju. If p
is an irreducible cuspidal component of 7| Je, then, by Clifford Theory, the restriction of Am to Jy,
takes the form
/\|\/||J§\>/| = mZFLM QTP ~ mZ(FdM ®p)p,
p p

where m € N is a multiplicity and the sum is taken over a set of representatives for P(A'QAE) /Npam (7).
°F

Since g certainly intertwines Ay| Je,» we see that there exist p1,p2 € P(A'QAE) such that p;gps inter-
twines Ky ® p and, since p; € Jyv, we may assume that g intertwines xpy ® p. But then, since
Na(p) C Ng,, (PP(AN)) =P(AY ), Corollary implies that g € Ju, as required. [

From Proposition together with [13, Proposition 1.5] and [9, Proposition 5.4], we immediately
get:
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Corollary 6.19. Let (Jm, Am) be a mazimal simple type in G. Then m = c-Ind JGM/\M 8 an irre-
ducible supercuspidal representation of G- and (Jm, Am) is a |G, 7|g-type.

We will show in the following section that all irreducible supercuspidal representations of G arise
from this construction.

7 Exhaustion

In this final section, we show that any irreducible supercuspidal representation of GG contains a
maximal simple type. In particular, every irreducible supercuspidal representation of G arises from
our constructions. We do not, however, address any unicity issues — for example, we do not have
an intertwining implies conjugacy result for maximal simple types, so we do not know when two
apparently different maximal simple types might induce to equivalent irreducible supercuspidal
representations of G.

7.1 A Hecke algebra injection

Let [A,n,0, 8] be a skew semisimple stratum and let € C_(A, 0, 5) be a skew semisimple character.
We use our usual notation: V = @221 V' is the splitting associated to [A,n,0,0], E = F[3] =
@, Ei, B=Endg(V)=@®._, B, Gg=BnG =[], Gg,, etc.

Let [A’,n/,0, 5] be another skew semisimple stratum, with bo(A) C bo(A’) and let 8" = 75 o+ g(0).
Let r (respectively k') be a [-extension of J°(3,A) (respectively J°(8,A’)) such that «,x’ are
compatible. Let p be the inflation of some irreducible representation of J°(3,A)/J'(3, A) and put
¥ =kK® p. Set

G = J°(B,A) /I (B, ) = HP° A%, )/Pi(AG,)

and write p = ®._,p;, for p; the inflation of an irreducible representation of the finite reductive
group G2 = P°(A3Ei)/P1(Af,Ei).

We put J3 ,/ = P°(A,,)J (8,A’); then we can identify JKA,/Jl(ﬁ,A/) with P°(Aoy)/P1(Ag,),
which has P°( os)/P1(Aoy) as a quotient. Hence we can view p as a representation of J3 ,,. We
define ¥ to be the (irreducible) representation of J} A given by

/
v = ( ‘J?\ A’) “p-
Proposition 7.1 (cf. [8, Proposition 5.5.13]). There is a canonical algebra isomorphism
H(G, V) = H(G, V)

which preserves support: if ¢ € H(G,9) is supported on J°(B, N)yJ°(B,A), for some y € Gg, then
the corresponding function ¢' € H(G, V") has support J ,yJS A/-

Proof Suppose first that ag(A) C ag(A’). Given the simple intersection property from Lemma
the proof in this case is identical to that of [8, Proposition 5.5.13].

In general, by Lemma there is an op-lattice sequence A” with bo(A”) = bo(A) and ag(A”) C
ap(A). By Lemma we have a sequence Ag = A, Aq,...,A; = A" of og-lattice sequences such
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that, for each 7, bo(A;) = bo(A) and either ag(A;) € ag(A;—1) or ag(A;) 2 ag(A;—1). For each i, let
k; be the [-extension of J°((3, A;) compatible with x and put 9¥; = k; ® p, where we use the fact
that Jo(8, A;)/IH(B, A;) =2 J°(B,A)/JL(B, A) to view p as a representation of J°(3, A;).
Applying the first case with {A;_1, A;} in place of {A, A’}, we see that we have support-preserving
Hecke algebra isomorphisms

H(G,¥i—1) = H(G,9;),

for 1 <4 < t. Again applying the first case, with A” = A; in place of A, we have a support-preserving
Hecke algebra isomorphism
H(G,9) = H(G, V).

Putting these together gives the required isomorphism. |

Proposition 7.2 (cf. [8, (5.6.2), Lemma 5.6.3]). Thinking of p as an irreducible representation of
P°(A,,), there is an algebra isomorphism

HI(B,A),0") = H(P(A,,), p)

which preserves support: if ¢ € H(J(B,A'),?") is supported on IS \yJ} x/, for some y € P(Ay,),
then the corresponding function ¢ has support P°(Aq,, )yP°(Aoy)-

Proof Asin [§, Lemma 5.6.3], the irreducibility of #'|p( Ao )T (BA) implies that we have an algebra
isomorphism H(J(8,A'), p) = H(J(B, A'), ), given as follows: map ¢ € H(J(B,A),p) to k¥ @ ¢ €
H(J(B,A"),9"), where ¥ denotes the contragredient. The isomorphism with H(P(A} ), p) follows
by reduction to J(3,A’)/J'(B,A) = P(A, )/PL(A]). [ ]

et V = ) be a self-dual decomposition which is properly subordinate to [A,n, 0, 5]. As
Let V mo WO b 1f-dual d hich ly subord A,n,0,6]. A

j=—m
in 31 let M be the Levi subgroup of G which stabilizes the decomposition V = @gr;*m W) and
let P be a parabolic subgroup with Levi component M, and unipotent radical U. We use all the
other related notation from

By definition, the representation p is trivial on J!'(3,A) so we can apply Lemma with K =
J°(B,A) and A = 9 = kK ® p to obtain Iwahori factorization results for 9. In particular, we get a
support-preserving Hecke algebra isomorphism

H(G,Yp) = H(G, V).
Putting all this together, we see that there is an injective algebra map
H(P(Ag,), p) 2 HI(B,A), ) — H(G, ) = H(G,9) = H(G,Ip) (7.3)

which preserves support: if ¢ € H(P(A},), p) has support P°(A,,, )yP°(A,y), for some y € P(A] ),
then the corresponding function ¢p € H(G, ¥ p) has support JpyJ%.

7.2 Covers

Let 7 be an irreducible representation of G and suppose that there is a pair ([A, n, 0, 5], 0), consisting
of a skew semisimple stratum [A, n, 0, 5] and a skew semisimple character 6 € C_(A, 0, 3), such that
T|p1(g,a) contains 6.
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Among all such pairs, for fixed 3, we choose one for which the order by(A) = ap(A) N B is minimal.
Since there is a unique irreducible representation n of J! = J!(3,A) containing #, = must also
contain 1 and hence some irreducible representation ¥ of J° = J°(3,A) containing 7. Since 7
extends to J°, we see that ¥ = k ® p, where x is some standard [-extension of n and p is the
inflation of some irreducible representation of J°/J!. As above, we put

l
Go = Jo/3t = T Pe(AL, )/P1(AL)
=1

and write p = ®._,p;, for p; the inflation of an irreducible representation p; of the finite reductive
group G2 = Pe(AL, ) /P1(A, ).

Lemma 7.4. In the situation above, all the representations p; are cuspidal.

Proof Suppose, for contradiction, that p; is not cuspidal. Then there exists a proper parabolic
subgroup P{ of G, with unipotent radical Uy, such that 7|y, contains the trivial character. Let A’ !
be a self-dual o0;-lattice sequence in V! such that by(A’") C bo(A') and the image of P°(A"1,1) under
the quotient map P°(A2;1) — Gy is PP. Such a lattice sequence A’ !'is obtained as a refinement of
A': P is defined by a self-dual kp,-flag in A'(0)/AY(1), kg, -flags in A*(r) /Al (r+1), for 1 <r < &,
where e = e(A']01), and a self-dual kg,-flag in A'(| <22 ) /A (|§]+1); then the image of A" consists
of all the lattices which are inverse images of these flags, their duals, and their E;-scalar multiples.
We put A’ = A"' & @2:2 A% so that bg(A’) C bo(A). By Lemmam7 we can choose A” an op-lattice
sequence so that bo(A”) = bo(A’) and ag(A”) C ag(A). Then [A”,n”,0,0] is a skew semisimple
stratum in A, for a suitable integer n”. Let 0” = 74 r» 5(0) be the transfer of 6 to H'(3,A”) and
let " be the unique irreducible representation of J!'(3, A”) which contains 6”. We show that 7
contains 7", and hence also 6", contradicting the minimality of bg(A).

Since P1(Aj,) projects onto Uy under the projection map J° — G, p|P1(A/U/E)J1 contains the trivial

character so 7 contains the restriction of x to P1(A}_)J'. The lemma now follows from:

Lemma 7.5 (cf. [8, Lemma 8.1.6]). The representations of P1(A”) induced by n" and by Klpy Ay, )0
are irreducible and equivalent to each other.

The proof of Lemma is identical to that of [8, Lemma 8.1.6]. This also finishes the proof of
Lemma [74 [

We continue with the same situation, so that the semisimple character § contained in 7 has bo(A)
minimal for this property and hence the representations p; are all cuspidal. For the remainder of
this section, we also make the following hypothesis:

(H) There is no skew semisimple stratum [A’,n/, 0, 3] with by(A’) a maximal self-dual og-order in
B such that 7 contains a representation of the form ' ® p’, where £’ is a standard (-extension
and p' is a cuspidal representation of P°(A; ).

In particular, hypothesis (H) implies that bo(A) is not a maximal self-dual og-order in B. Let
[A’,n',0,0] be another skew semisimple stratum with 9y, = MMy and bo(A’) D bo(A). We let
0" = 7aar 50 be the transfer of § to H'(3, A’) and let i/ be the unique irreducible representation of
JY(B,A") containing #’. Let ' be the unique standard 3-extension of 7/ compatible with x and let
o' be the inflation to J°(3, A’) of an irreducible component of

PO(AG ) /P1(Ag )

Ind o,y /paag )P
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Definition 7.6. With notation as above, we say that a representation of the form ¥ = &' ® p’ lies
over 9 =K Q p.

Note that, thinking of p as a representation of J$ ,, = P°(A,,)J (3, ) trivial on J}(3,A’), the
representations lying over 1 are precisely the irreducible constituents of

Jo(B,A Jo(B,A
Ind Jo(f, ) (’i/|J(/)\,A/ ® p> = K‘,l ® IIld Jo(ﬁ )p.

A, AN

Lemma 7.7 (cf. [8, Proposition 8.3.5]). Let ¢ and A" be as above and let w be an irreducible smooth
representation of G. Then m contains 9 if and only if it contains some ¥ lying over 9.

Proof We can think of p as a representation of P°(A,,)P1(A) trivial on P;(A). Notice also

that Ind ?:((9 j\’”; JP1(A) k is irreducible and restricts irreducibly to the representation Ind Jpll((é\ )/\)77 of
P°(Ao 5 )P1(A))

P1(A). Since p is irreducible, but trivial on P;(A), we deduce that (Ind Jo(8.0) H) ® p is also
irreducible.

Suppose first that we also have ag(A’) 2 ag(A). Then, by the compatibility of x and ', we have

P°(Ao,)P1(A)
(Ind s m) ®p

P°(Ao, )P1(A)
<Ind T B HI|J?\’A,> ® p

~ Ind ?:(AUE)PI(A) (ﬁ'ht}\ v ® P).

AN

PO(AUE)PI(A)ﬂ

Ind Jo(B,0) ~

1

Since these representations are irreducible, 7 contains ¥ if and only if it contains /| 3 ©p But
this is the case if and only if 7 contains some representation lying over 4. 7

For the general case, by Lemma there is an og-lattice sequence A” with bg(A”) = bo(A) and
ap(A”) C ap(A). By Lemma we have a sequence Ag = A, Aq,....,A; = A” of og-lattice
sequences such that, for each i, bo(A;) = bg(A) and either ap(A;) C ag(Ai—1) or ap(A;) 2 ag(Ai—1).
For each i, let k; be the S-extension of J°(8, A;) compatible with k£ and put 9¥; = k; ® p.

Applying the first case with {A;, A;_1} in place of {A, A’}, we see that 7 contains ¥; if and only if
it contains ;1. (Note that, when ag(A;) C ag(A;—1), we have Jj’\iinil = J°(B,Aj—1) so ¥;_1 is the
only representation lying over 9;, and vice versa.)

Applying the first case again with A” = A; in place of A, we see that 7 contains ¥; if and only if
it contains some representation ¥’ lying over ;. Since P°(A,,) = P°(A]_), these are precisely the
representations lying over ¥ = 9y, and the result follows. |

We continue under the hypothesis (H), so that bg(A) is not a maximal self-dual og-order in B.
Indeed, we can suppose moreover that P(A,,) is not a maximal compact subgroup of Gg; for, if
it were, then there would exist a self-dual og-lattice sequence A’ such that bg(A’) is a maximal
self-dual og-order in B containing bg(A) and P(A}, ) = P(A,); then, by Lemma [7.7| and using the
notation there, 7 would also contain the unique representation ¢ of J°(3, A’) which lies over ¢, and
we have ¢ = £’ @ p, contradicting (H).

We may also make another assumption from now on, namely that the subspaces V* are numbered
so that 8; # 0, for i > 1 — that is, if any block of the semisimple stratum [A, n, 0, 3] is a null stratum
then it is the 15¢ block.
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Let V = @T:fm W) be a self-dual decomposition exactly subordinate to the stratum [A,n,0, ).
Since the order bp(A) is not maximal self-dual, this decomposition is non-trivial (that is m > 1).
We use the usual numbering for exactly subordinate decompositions (see §6.2)). Then we have

3°(8,M) /31 (8, A) = P°(AY) /Py (AY) x HP 0y /Py (AD) (7.8)

and we can write

50 & é z(j)’

J=1

where we can interpret p\@) as an irreducible representation of P(A( )) orJ (5( 7) A(j)), as appropri-
ate.

Suppose that 0 < 7 < m — 1 is such that i; = 4,41 =i and p 79 *~ [)( A ). Since the decomposition

is exactly subordinate we have 0 < ¢j(A) < gj1+1(A) (see the remarks following Lemma [6.6). We
write e; = e(A'|og,) and define another self-dual og-lattice sequence A’ in V', of the same o p-period
as A, by

A(ke; + 1) if —ei/2<r< —gjp1, or —q; <71 <gqj, or gjp1 <r < ef2;

N (kei+r) = wFAD (g5) @ wFAUTD (gj11) ® By j g ALY (Rei + 1) if ¢j <7 < gjy1;

A1 —g)) e b AT V(1 —gj) @ Drsj_j AD (ke; + )
if —gjs1 <1< —g;

Then [A’,n,0, ] is a skew semisimple stratum, the decomposition is exactly subordinate to this
stratum, and

a(N)=q(A) forO<t<jorj+l<t<m,
qj(A) = gj1(A), gj+1(A) = g;(A).

In particular, for the standard numbering relative to A’, the j® and (j + 1)*® blocks have been
exchanged (and likewise for —j and —j —1). Note also that we have 9ty = 9ys so there is a unique
standard (-extension ' to J°(3, A’) compatible with x.

We have

J°(8,A") /318, ') 2= J°(8, A) /1 (B, A)
(where the j* and (j + 1)™ terms in the decomposition (7.8)) have been interchanged) and we
denote by p’ the inflation to J°(3,A’) of p. We put ¥ = k' ® p'.

Lemma 7.9 (cf. [8, Proposition 8.3.4]). The representation 7 contains ¥'.

Proof We define a third self-dual opg-lattice sequence A” in V', of the same op-period as A, by

A(ke; + 1) if —ei/2<r< —gqjp1, or —q; <7 <@, or gj41 <71 <ef2;

N (kei+r) = @A (g;) & WAV () & g 0 AV (Res +7) if q; <71 < qjin;

PN (1 - gj) @ AT V(1 - gj) @ Dizj_j1 A® (ke; + 1)
it —gj41 <7< —g;.
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Then [A”,n,0, (] is a skew semisimple stratum but the decomposition is no longer exactly (or even
properly) subordinate. We have

a(AN")y=q(A) forO<t<j, j+1<t<m,
¢;(A") = gj+1(A") = gj1a (D).

Now the self-dual og-order bo(A”) contains both bo(A) and bg(A’). Moreover, P°(A,,,)/P1(A7,) is a

maximal parabolic subgroup in P°(A} )/P1(A},), and P°(A;,)/P1(A;,) is the opposite parabolic.
=N (i1

Z)(J) % ﬁlj )

Since , the induced representation

PO(AY,)/P1(AY, )
Id po(r, )/ (4,
is irreducible and there is a unique irreducible representation ¥ of J°(3,A”) lying over ¥. By
Lemmal7.7] 7 therefore contains 9. But this representation also lies over ¥’ so, again by Lemmal[7.7]
7 contains 1. [

In particular, this means that we may repeat this process several times and hence we may (and do)
assume that:

(A) if k>4 >0andi; =i (so ¢ < qx) then dim g,(WU)) < dim g, (W®H).

7.2.1 The case p#£poo

We suppose first that there is some index k such that the representation ﬁ(k) of j(ﬁ(k), A(k)) is not
fixed by the involution oy (see &) For j > 0 we define p=7) = pl) o o; (a representation of
J(BY), AW))) and set

J={-m<j<m:p¥ ~ 50y

Note that, since ﬁ(k) is not fixed by oy, if 7 € J then —j € J. Put —J = {j : —j € J} and
Jo=A{j:+j & J}; then we set

Y, = @W(j), Y, = @ W(J’)’ Y | = @ w).

jeJ J€Jo je—J

The decomposition V' =Y @ Yy @ Y_; is then properly subordinate to the stratum [A,n,0, 3]. Let
M’ be the Levi subgroup of G which is the stabilizer of this decomposition, and let P" = M'U’ be
a parabolic subgroup with Levi factor M’. Let M be the Levi subgroup of G which stabilizes the
decomposition V = @;”:_m W@ and let P = MU be a parabolic subgroup with Levi factor M
such that P C P’. We can then form the representation Jp of J%, as in Lemma

Proposition 7.10. The pair (J%,9p) is a cover of (JENM’, 'lgP’J(IDDnM/). In particular, any smooth
wrreducible representation w of G which contains 9 is not supercuspidal.

Proof By the choice of the subspaces Y7, Yy, Y_1, we have Np(p) C M’, where we recall Ny(p) =
{g € Nj : g normalizes p}. By Corollary we get I(9p) C JSM'J% and it follows from [9, The-
orem 7.2] that any smooth irreducible representation 7 of G which contains ¥/ p is not supercuspidal.
However, 7 contains 9 if and only if it contains ¥p, by Lemma [6.1] [ |

49



7.2.2 The case p~pooc

We suppose now that pU) o oj ~ p¥), for all 1 < j < m. Let M be the Levi subgroup of G
which stabilizes the decomposition V = @;”:_m WU, We fix, throughout this section, a choice of
parabolic subgroup P with Levi component M, namely the stabilizer in G of the self-dual flag

k m
{O}QW(fm)g---Q @ wWc...c @ wo) = v.

j=—m j==m
Let U bet he unipotent radical of P, and Uj its opposite relative to M.
According to the numbering of im = 1 so that W™ C VI For t = 0,1, we define a self-dual

o, -lattice sequence imi in V! as follows: if t = 1,
@i A (1 —¢/2) forr =0,

M (2k + 1) =
i ") {wl]"’Al(el/2) for r = 1.

if t = 0 then recall that, again according to the numbering of §6.2} ¢, > 1 is the greatest integer
such that Al(g,) 2 Al(e;/2) and we put

wrA(1 - gy)  forr =0,

ML (2k 4 1) =
ol ) {wlkAl(qm) for r =1;

Then the by(9Mi) are maximal self-dual op,-orders containing bo(A?). For each t, we put MM; =
M & Dy.si AP,

We recall the elements s, and s&% of Note that s, € PT(9My) and s& € PT (M), by
Lemma, We define U™ = smUs,jl1 and U/" = smUls;nl.

Lemma 7.11. We have:
(i) JISNM,JINUNU™ and IS NU NU™ are stable under conjugation by sp, and by sy ;
(i) sm(ISNUNU™)st CISNUNU™;
(iti) (sZ)"'(ISNUNUM)sT CISNUNU™;
In particular, J5smJpshdp = JpsmsmJ%.
Proof We prove the corresponding statements in G and the Lemma follows by taking fixed points

under o. Recall that, since the decomposition is properly subordinate, J(3, A) can be decomposed
as

IBN= P eD3(8,0)e",

—m<jk<m

and similarly for (3, A). We can also write, for example,

Un smﬁs;ll =1+ Z el 4ek).
—m<j<k<m
Then the properties from Lemma imply that the conjugations by s, and by s% are trivial on
UNspUs;,tand (i) follows easily.
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Parts (ii) and (iii) are rather similar so we will only address (iii). We have
jﬁ NU N spuUps;t =1+ Z ™38, A)e + Z D36, A)e™.
—m<k<m —m<j<m
For —m < k < m, we have

(s=)tel"™3(6, A)e™sT

m

@I, —me ™36, N)e®) I ),
= e(m)wllm,—mg(ﬁyA)e(k)
c ey, A)e®

since, by Lemma [6.6] 6.6, @i Im,—m € b1(A) and, by [32, Lemma 3.11(ii)], b1(A)J(8,A) € H(8, A). But
1+e™§(B,A)e® C J 5, as required. The situation for the other blocks is similar.

The final assertion is immediate by the Iwahori decomposition of J3: we have
smIps, = (sm(Jp N U)sp') (sm(Ip NV M)sp ) smsty ((s57) 7 (39 NU)sE) C© Tpsmsi I,
by (i)—(iii). [
We put ¢ = sp,s7,, so that J%s,,J%s57J% = J%(J%.
Corollary 7.12. For k > 0, we have:
(i) ¢*JenU)*CIenU;

(i) C*IBN U C IS N U

(iii) ¢*(Je N M)+ =IoN M.
In particular, for ki, ks > 0,

TpCMIpcrIp = Jpch TG,

Proof This is immediate from Lemma For example, we have J3 NU = (JNUNU™)(ISN
UNU™) and certainly ¢ ¥ normalizes the first factor here. But, noting that s,,,s% differ from their
inverses only by an element of J% N M, by Lemma |7.11{(iii),(ii) we have

CASNUNUMC! Csn(ISNUNT™)s L C(ISNTUNTM),

as required. |

Now we will construct certain invertible elements of H(G,9p). We assume for now that s, sy, are
elements of G. We will treat the other case below.

For t = 0,1, let k; denote a [-extension of n compatible with some standard [-extension of
Jo(B,9m;). By Corollary we have

°(B.A)

Kt NIndJo Kp & Xt,

for some self-dual character y; = Xt ®® odet (4), We write Pt = POX; L'so that ¥ = k; ® Dt

Since the character Xgm) is self-dual, we still have that [)§ ™~ ﬁim) ooy, and, since it factors through

the determinant det (™), the representation f)ﬁm) is still cuspidal.
By (7.3)), we have support-preserving injective algebra maps
H(P(mt,oE)7 Pt) — H(G> ﬁP)

The former has structure understood by the results of Morris |21, Theorem 7.12]. In particular:
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e when ¢ = 0, it has an invertible element with support P°(A,,)smP°(A,,) and we denote by
T the image in H(G,¥p) of this, so that T" has support J%s,,J%.

e when ¢ = 1, it has an invertible element with support P°(A, ) wP°(A0E) and we denote by
T the image in H(G,¥p) of this, so that 7% has support J% s J%;

Now we define S = T+ T¥. By Lemma [7.T1} it is supported on the single double coset J3¢J% and
it is invertible, since both T" and T® are.

Finally, put S’ = Se(El/ F). Then S’ is invertible and, by Lemma- it has support J%(¢ (Ei/F) J%
We also put Y1 = W™, ¥y = @, .1, WO and Y, = W™,

Now we turn to the case when s,,, siv are not elements of G. Recall that this means that £} = F' =
Fy, that € = 1, and that dim W™ is odd. In particular, this means we have §; = 080 i = iy, = 1
and V¥ C WO for k > 1, by our ordering of the blocks V?; in particular, P(A’;Ek) is a maximal

compact subgroup of Gg,, for £ > 1.

Moreover, J(3(™ A} = P(A(™) and x(™ is just the trivial character (not the quadratic charac-
ter, since that does not extend to PT(A(™)). The involution o, is transpose-inverse for the basis
B, chosen to define s,,. In particular, the conditions that p(m) be cuspidal and stable under o,
imply that dim W™ = 1 (see for example [I, Theorem 7.1]). But then, by our ordering of the
subspaces W), (see assumption (A) above) we have dim p(W©)) =1, for all j = 1,...,m

We have two distinct cases here:

(i) VINW© £ {0}. In this case there is an element p € P*(A(UO)) \P(A(0 ) such that p? = 1. (In

fact, pc PT (A(olEO)), in the notation of 2. Then we replace s, and s7 by ps,, and ps%,
respectively, which lie in G. (Note that p commutes with s,, and s%.) The argument is then
as above and we obtain an invertible element S’ of H(G,Jp) supported on JR(J% (we have

e(E1/F) =1). We define the subspaces Y; = W™ Yy = @ ittm WU and Y1 = W™ a
above also.

(ii) VI N WO = {0}. In this case, the first observation to make is that m > 1; for if m = 1 then
G, is a 2-dimensional special orthogonal group, which is just F*, so P(Aél) is certainly a
maximal compact subgroup of Gg,. But then, P(A,,) is a maximal compact subgroup of
G g, contradicting hypothesis (H).

Hence m > 2 and we may imitate the constructions above but with the elements s,,8,,—1
and s& s | in place of s, and s& respectively. (Note that the element ( does change in
this case.) Then the analogue of Lemma holds in this situation (with U™ replaced by
SmSm—1U S;nlils%l) and the argument is again as above. So we obtain an invertible element
S" of H(G,9p) supported on JS(JS. In this case we put Yy = W g wm-D vy, =
Bjsim rim 1y W and Yo = W™ @ wi-m),

Finally, we suppose we are in any of the cases — that is s, € G or not . The decomposition
V =Y, @Yy Y_; is properly subordinate to the stratum [A, n, 0, 5]. Let M’ be the Levi subgroup
of G' which is the stabilizer of this decomposition, and let P’ = M’'P, a parabolic subgroup with
Levi factor M’. We again form the representation Jp of J%.

Proposition 7.13. The pair (J%,Up) is a G-cover of (Jp N M’,ﬁp]J%mM/). In particular, any
smooth irreducible representation w of G which contains ¥ is not supercuspidal.
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Proof Certainly (J%,9p) has the Iwahori factorization properties required, since U’ C U. It
remains only to observe S’ € H(G,9p) is invertible with support J$¢¢F/F)Je, = J9,¢'J%, for ¢/ a
strongly (P, J%)-positive element of the centre of M’. The result now follows as in Proposition
by appealing to [9, Theorem 7.2] and Lemma |

7.3 Conclusions

Let 7 be any irreducible supercuspidal representation of G. We know from [32, Theorem 5.1] that =
contains some semisimple character § € C_(A, 0, 3), where [A,n,0, 5] is a skew semisimple stratum.
As in §7.2] it contains some representation ¥ = k ® p of J°(3,A), with x a standard [-extension
and p cuspidal.

If hypothesis (H) were satisfied then either Proposition or Proposition would give us a

contradiction. Hence 7 contains some such ¥ = k ® p with bo(A) a maximal self-dual og-order in
J(B,A)
Jo(B,A

(B-extension and 7 some irreducible component of Ind Jﬁﬁ A) p. Such a 7 is cuspidal so (J(8,A), A) is
Jo(8,A)

a maximal simple type and, by Corollary c-Ind JG)\ is irreducible with 7 ~ ¢-Ind JG)\. We have
proved our main result:

B. Then 7 contains some irreducible component A of Ind )19, and we have A =k ® 7, for k a

Theorem 7.14. Let m be an irreducible supercuspidal representation of G. Then there exists a
mazximal simple type (Jm, Am), in the sense of Deﬁm’tion such that m ~ c-Ind S;M)\M.

In particular, this verifies, for the group G, the folklore conjecture that all irreducible supercuspidal
representations are irreducibly compact-induced from compact (mod-centre) subgroups.

References

[1] J.Adler, Self-contragredient supercuspidal representations of GL,, Proc. Amer. Math. Soc.
125(8) (1997) 2471-2479.

[2] L.Blasco, Description du dual admissible de U(2,1)(F) par la théorie des types de C.Bushnell
et P.Kutzko, Manuscripta Math. 107(2) (2002) 151-186.

[3] C.Blondel, Sp(2N)-covers for self-contragredient supercuspidal representations of GL(N), Ann.
Sci. Ecole Norm. Sup. (4) 37(4) (2004) 533-558.

[4] C.Blondel, Propagation de paires couvrantes dans les groupes symplectiques, Representation
Theory 10 (2006) 399-434.

[5] P.Broussous, B.Lemaire, Building of GL(m, D) and centralizers, Transform. Groups 7(1) (2002)
15-50.

[6] P.Broussous, S.Stevens, Buildings of classical groups and centralizers of Lie algebra elements,
Preprint, February 2004, arXiv:math.GR/0402228

[7] C.J.Bushnell and G.Henniart, Local tame lifting for GL(N) I: simple characters, Publ. Math.
Inst. Hautes Etud. Sci. 83 (1996) 105-233.

[8] C.J.Bushnell and P.C.Kutzko, The admissible dual of GL(N) via compact open subgroups,
Annals of Mathematics Studies 129, Princeton, 1993.

53



[9] C.J.Bushnell and P.C.Kutzko, Smooth representations of reductive p-adic groups: structure
theory via types, Proc. London Math. Soc. (3) 77 (1998) 582-634.

[10] C.J.Bushnell and P.C.Kutzko, Semisimple types, Compositio Math. 119 (1999) 53-97.

[11] F.Bruhat and J.Tits, Groupes réductifs sur un corps local I. Données radicielles valuées, Publ.
Math. Inst. Hautes Etud. Sci. 41 (1972) 5-251.

[12] F.Bruhat and J.Tits, Groupes réductifs sur un corps local II. Schémas en groupes. Existence
d’une donnée radicielle valuée, Publ. Math. Inst. Hautes Etud. Sci. 60 (1984) 5-184.

[13] H.Carayol, Représentations cuspidales du groupe linéaire, Ann. Sci. Ecole Norm. Sup. (4) 17
(1984) 191-225.

[14] J-F.Dat, Finitude pour les représentations lisses de groupes p-adiques, Preprint, July 2006,
arXiv:math.RT/0607405

[15] F.Digne and J.Michel, Representations of finite groups of Lie type, London Mathematical
Society Student Texts 21, Cambridge University Press, 1991.

[16] D.Goldberg, P.Kutzko and S.Stevens, Cowvers for self-dual supercuspidal representations
of the Siegel Levi subgroup of classical p-adic groups, Int. Math. Res. Not., to appear,
arXiv:math.RT/0610785

[17] R.Howe, Some qualitative results on the representation theory of Gl,, over a p-adic field, Pacific
J. Math. 73(2) (1977) 479-538.

[18] J-L.Kim, Supercuspidal representations: an exhaustion theorem, J. Amer. Math. Soc. 20 (2007)
273-320.

[19] L.Morris, Tamely ramified supercuspidal representations of classical groups I: Filtrations, Ann.
Sci. Ecole Norm. Sup. (4) 24(6) (1991) 705-738.

[20] L.Morris, Tamely ramified supercuspidal representations of classical groups II: Representation
theory, Ann. Sci. Ecole Norm. Sup. (4) 25(3) (1992) 233-274.

[21] L.Morris, Tamely ramified intertwining algebras, Invent. Math. 114(1) (1993) 1-54.
[22] L.Morris, Level zero G-types, Compositio Math. 118(2) (1999) 135-157.

[23] A.Moy, Representations of U(2,1) over a p-adic field, J. Reine Angew. Math. 372 (1986)
178-208.

[24] A.Moy, Representations of G Sp(4) over a p-adic field I, Compositio Math. 66(3) (1988) 237—
284.

[25] A.Moy, Representations of G Sp(4) over a p-adic field II, Compositio Math. 66(3) (1988)
285-328.

[26] A.Moy and G.Prasad, Jacquet functors and unrefined minimal K -types, Comment. Math. Helv.
71(1) (1996) 98-121.

[27] V.Sécherre, Représentations lisses de GL(m, D), II: [(-extensions, Compositio Math. 141
(2005) 1531-1550.

54



[28] V.Sécherre and S.Stevens, Représentations lisses de GL(m, D), IV: représentations supercus-
pidales, J. Inst. Math. Jussieu, to appear, arXiv:math.RT/0607298

[29] S.Stevens, Double coset decompositions and intertwining, Manuscripta Math. 106(3) (2001)
349-364.

[30] S.Stevens, Intertwining and supercuspidal types for classical p-adic groups, Proc. London Math.
Soc. (3) 83(1) (2001) 120-140.

[31] S.Stevens, Semisimple strata for p-adic classical groups, Ann. Sci. Ecole Norm. Sup. (4) 35(3)
(2002) 423-435.

[32] S.Stevens, Semisimple characters for p-adic classical groups, Duke Math. J. 127(1) (2005)
123-173.

[33] J-K.Yu, Construction of tame supercuspidal representations, J. Amer. Math. Soc. 14(3) (2001)
579-622 (electronic).

Shaun Stevens

School of Mathematics
University of East Anglia
Norwich NR4 7TJ
United Kingdom

email: Shaun.StevensQuea.ac.uk

95



	A variant of a result of L. Morris
	Notations and preliminaries
	Strata
	Buildings

	Semisimple characters and Heisenberg extensions
	Semisimple characters
	Heisenberg extensions
	Characters of Sylow subgroups
	Analogous results for G"0365G

	Beta extensions
	Beta-extensions in the maximal case
	Beta-extensions in the general case
	Analogous results for G"0365G

	Iwahori factorizations
	Iwahori decompositions
	Iwahori factorization of semisimple characters
	Glauberman transfer

	Intertwining and supercuspidal representations
	A Hecke algebra isomorphism
	Some Weyl group elements
	Intertwining of beta extensions
	Intertwining and supercuspidal types

	Exhaustion
	A Hecke algebra injection
	Covers
	The case 
	The case 

	Conclusions


