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1. Introduction

Economic and social interactions in which playexpesd costly resources in order to
win a prize are often portrayed as contests. Stheeseminal papers of Tullock (1980) and
Lazear and Rosen (1981), a number of contests baee introduced, e.g. Skaperdas (1992),
Kaplan et al. (2002), and Baye et al. (2005), tme@a few. Each of these studies investigates
different aspects of contests such as interdepeydagtween prizes and resource expenditures,
endogenous prize valuation, and the effect of ®mils. For example, Skaperdas (1992)
describes a contest where the final payoff depemrdshe residual resources and the prize.
Kaplan et al. (2002) study a contest with efforpeledent prizes. Baye et al. (2005) study
litigation contests where, depending on the litmasystem, players might compensate rivals for
a portion of their legal expenditures. This crea#iser negative or positive spillover effects of
one player’s expenditure on another.

In this paper we use a Tullock-type contest moolshiow that intuitively and structurally
different contests can be strategically and revesguevalent to each other. We consider a simple
two-player contest, where outcome-contingent payaf€ linear functions of prizes, own effort,
and the effort of the rival. Under this structunes identify strategically equivalent contests that
generate the same family of best response funcindsas a result, the same equilibrium effort
expenditures and the same revenue. We also shawthteatwo strategically and revenue
equivalent contests may yield different equilibripayoffs.

A number of studies have previously tried to essibtommon links between different
contests in the literature. For example, Che aneé G&00) provide a link between a rank-order
tournament of Lazear and Rosen (1981) and an wllgpation of Hillman and Riley (1989).

Chowdhury (2009) shows the connection betweenagllgquctions (Siegel, 2009) and capacity-



constrained price contests (Osborne and PitchiB6lSheremeta et al. (2009) provide a link
between a rent-seeking contest of Tullock (1980) anrank-order tournament. Similarly,
Hirshleifer and Riley (1992) show how, with somewasptions on the distribution of noise, an
R&D race between two players which is modeled asn&-order tournament is equivalent to a
rent-seeking conte$tFinally, Baye and Hoppe (2003) identify conditiamsder which research
tournament models (Fullerton and McAfee, 1999) paidnt race models (Dasgupta and Stiglitz,
1980) are strategically equivalent to the rent-segkontest. These duality results permit one to
apply results derived in the rent-seeking contistature to the innovation, patent race, and
rank-order tournament models, and vice versa.

It is important to emphasize that all studies nwred above establish links between
different families of contests, such as all-paytmumns, rent-seeking contests, and rank-order
tournaments. The main finding of this paper is emteally different from findings of the
previous studies. In particular, we show that ewathin the same family of Tullock-type
contests, different types of contests might prodheesame best response functions and the same
revenue. This is an important finding for a numbkreasons. First, from the point of view of a
contest designer, if a simple contest generatesdhee revenue as a more complicated contest,
then the administrator can reduce operational bgsteplacing the more complicated contest
with a simpler equivalent contest. Second, a cortesigner seeking Pareto improvement may
choose a contest that generates the same revemues the same cost, but results in higher
expected payoffs for contestants. Also, it is dassihat, although equivalent, two contests can

be affected differently by factors such as risk raim, loss aversion, or joy of winning.

! This result was implicitly demonstrated earlier byury (1979).Recently, Jia (2007) extended the result of
Hirshleifer and Riley (1992), by proving a more geal equivalence between the rank-order tournaraedtthe
rent-seeking contest. Fu and Lu (2008) also shdhatthe rent-seeking contest could further incladetions with
pre-investment (Tan, 1992).



Therefore, one contest may be preferred over anbtmeed on the importance of these external
factors. Finally, certain contests may not be fdasio implement in the field due to regulatory
restrictions, or due to the possibility of collusiamong contestants. However, such restrictions

may not apply to other equivalent contests.

2. Theoretical M odel

Consider a two-player contest with two prizes. Pleyers are denoted liyand;. Both
players value the winning prize B5 > 0 and the losing prize ds> 0. To promote incentives,
we assume that the winning prize provides highénaten than the losing prize, i.B > L.
Players simultaneously expend irreversible andyestorts x; > 0 andx; > 0. The probability
of playeri winning the contest is described by a lottery eshsuccess function:

_ Xi/(xi+x]') lfxl+x]-7t0
pi(xi’xj) _{1/2 if X =Xj =0 (1)
Contingent upon winning or losing, the payoff fdayeri is a linear function of prizes,
own effort, and the effort of the rival:

W+ aix; + Bax; with probability pi (xi, %) )
T %) =\ 4 gy, + Bx; with probability 1 — p; (x;, ;) (2)

wherea,, a, are cost parameters, afd 3, are spillover parametefsWe define the contest
described by (1) and (2) &¢i,j,Q), whereQ = {W, L, a;, a,, B, B,} IS the parameter space. All
parameters il along with the contest success function (1) amaroon knowledge for both
players. The players are assumed to be risk netheakfore, for a given effort paix;, x;), the

expected payoff for playérin contest'(i, j, Q) is:

2 The generalized contest defined by (1) and (2pmthe majority of contests in the literature. Mbsllock-type
contest studies assume the case of two risk-nealagrs with lottery contest success function. liinear structure
of the model provides the essential intuition farstfield applications.



Xi x]

E(ni(xl-,xj)) = (W + ayx; + ,B’lxj) + e (L + ayx; + ﬁzxj) (3)

Playeri’s best response is derived by maximizB’(gri(xi,xj)) with respect to;:

BRF _ _ ..
i - J

(4)

X 4 \/{(al—az)—(ﬁl—ﬁz)}x;—{W—L}xj

ay
We restrict the parameters appropriately as spgekiin Chowdhury and Sheremeta

(2009) to obtain a unique symmetric equilibridm:

xi=x =x= W=L)
PO T —(Bag+an)—(B1—B2)

(5)

]

Note that equilibrium effort (5) depends on «a,, the difference betweesy andg,, and
the spread between the winning and the losing pteations: All comparative statics results
have sound economic interpretations. For exampk equilibrium effort expenditures increase
in the value of the winning priz&/, and decrease in the value of the losing piiz&imilarly,

the effort expenditures decrease if the marginal obwinning,a,, increases.

3. Equivalent Contests

In this section, we discuss different contdXisj, Q) that are strategically and revenue
equivalent to each other. Some of these contestalao payoff equivalent. Therefore, we start
by providing basic definitions of strategic, revenand payoff equivalence.

Definition 1: Contests are strategically equivalent if theyegate the same family of
best response functions.

Definition 2: Contests are revenue equivalent if they resuthénsame equilibrium rent

dissipation.

® The needed restrictions on the parametersagrec 0, a, < 0, 8, —a; =0, —(3a; + a,) — (B, — B,) > 0 and
(5a; —az) — (B — B2) <0.

“ From (5) one can derive the expected equilibriwayoff asE* () = —L2—)W=b 4

-Baytaz)—(B1-B2) )



Definition 3: Contests are payoff equivalent if they generagesame expected payoffs.

Note that, according to the definition, strategiguigalence also implies revenue
equivalence. The following Proposition formalizBstresult.

Proposition: Any strategically equivalent contedtg, j, (1) are also revenue equivalent.

The proof of the Proposition is trivial. Since (S)derived from (4), two contests that
have the same best response functions (4) bouexhibit the same equilibrium rent dissipation
(5). Obviously, contests that generate the samalimgqum efforts also generate the same
revenue, since the revenue of a contest desigrem@y a summation of all individual efforts
(Baron and Myerson, 1982; Moldovanu and Sela, 2001)

Strategic equivalence is a stronger condition tiemenue equivalence because it requires
different contests to generate exactly the same t@sponse functions, and thus the same
equilibrium efforts. Hence, the concept of strategguivalence portrays a sufficient condition to
achieve revenue equivalence. It is well known #sablishing revenue equivalent contests may
not be easy, since it requires obtaining the dayiulin first. Strategic equivalence, on the other
hand, requires obtaining only the best responsetifurs, without solving for the equilibrium.
Given the Proposition, one can find sufficient dtinds for two contests to be revenue
equivalent by simply comparing the best responsetions generated by these contéstae
definition of strategic equivalence, however, donesimply payoff equivalence. As we show in
the next section, depending on the cost and spillparameters ifl, one contest can generate
higher payoff than another strategically equivatsaritest. Nevertheless, the majority of contests

that we will discuss are both strategic/revenue@aoff equivalent.

® It is important to emphasize that contests thaleggte the same revenue do not necessarily gertemtsame
individual efforts. This can happen when playes lagterogeneous or, even with homogeneous playbes there
are multiple equilibria (Chowdhury and Shereme@9). Therefore, strategic equivalence always iegptevenue
equivalence but the opposite is not always true.



When trying to find a strategically equivalent gesttto a particular baseline contest, we
propose a two-step procedure. First, we derivédod® response function of the baseline contest.
Second, from the best response function of thelibaseontest we derive the restrictions needed
for a more general family of contests to generagesame best response functions. This simple
and useful procedure is used throughout our arsalyie begin with the original contest of

Tullock (1980).

3.1. Original Tullock Contest

In the standard contest defined by Tullock (198@)y¢ is no losing prize and regardless
of the outcome of the contest both players comiyiétego their efforts. In such a cadé€, > 0,
a; = a, = —1, and the other parameters (inare zero. The payoff for playérin case of
winning or losing is:

W — Xi with probability Di (Xl', x])

—x; with probability 1 — p;(x;, x;) ©)

Ty (X, %) = {

Using our notation, the Tullock contest is definasil'(i, j, {W,0,—1,—1,0,0}). The
resulting best response function in such a cofvegtiayeri is:

xp = —x; +/Wx;. (7)

For a generic contesE(i,j,{W,L,a;,as, B1,82}) to be equivalent to a contest
I, j,{w,0,—1,—-1,0,0}) we need to impose the following restrictioé:— L = W, a; = —1,
andp, — f; — a, = 1. Such restrictions guarantee that the best resplumgtion (4) is exactly
the same as the best response function (7). Therddp definition these contests are equivalent.
This equivalence result incorporates a well knoagt fn the rent-seeking literature that increase

or decrease of the winning and the losing prizeatadns by the same amount does not affect the



equilibrium. Hence, if we define a contest with iige losing prizel = A and winning prize
W =W+ Aasl'(i,j,{W + A,A —1,—-1,0,0}), then the best response function and equilibrium
expenditures will be the same as in the origindloEl contest.

One patrticularly interesting case arises when wefyther restrictiond =0, ; = —1,
anda, = B, = 0. In such a contesk(i, j, {W, 0,—1,0,—1,0}), the new payoff function is:

W —x; — x; with probability pi (X3, x;)

T[i(xi’xj) = {0 ! (8)

with probability 1 — p;(x;, x;)
Note that in (8), the winner fully reimburses tlusdr. It can be easily shown that the
unique equilibrium for contests defined by (6) af@) is the symmetric equilibrium with

x; = x; = W /4. Moreover, the expected payoff in both contestexiactly the same;* () =

]

W /4. Therefore, contests (6) and (8) are both streddlygi and payoff equivalent. This
equivalence is surprising, since the two contestsrduitively and structurally very different. In
(6) the winner and the loser completely forgo treffiorts. On the contrary, in (8) only the
winner has to pay all effort expenditures by bathtestants.

It is also straightforward to show that the ‘inmgillover’ contest of Chowdhury and
Sheremeta (2009), where the effort expended byepjayartially affects playei and vice versa,
is equivalent to the original Tullock contest. Tispillover contest can be defined as
r'd,j,{w,0,—-1,—-1,8,B}), wherep € (—1,1) is the input spillover parameter. From (4), one
can see that for any value @f the resulting best response function is exadiyes as in (7).
Hence, the input spillover conteBti,j,{W,0,—1,—1,5,B}) is equivalent to the original
Tullock contest'(i, j,{W,0,—1,—1,0,0}). This equivalence is again surprising, given thet f
that both contests conceptually are very differéftis result suggests that if an R&D
competition is modeled as a lottery contest, thenexistence of symmetric spillovers may not

affect the equilibrium. However, the ‘input spillewv contest is not payoff equivalent to the



original Tullock contest. Specifically, a positiyregative) spillover provides a higher (lower)

payoff to the players than the Tullock contest.

3.2. Modified Tullock-Type Contests

Economists often use modified payoffs in Tullocktssts in order to address specific
research questions. There are instances in thatiite where two different Tullock-type contests
are equivalent to each other. In this subsectiobnefly discuss some of these examples.

Chung (1996) assumes that the value of the winphige depends on the total effort
expenditures in the contest. A simple linear veroabthe Chung (1996) model would generate
the following payoff function:

W+a(x; +x) —x with probability pi (xi, x;)

(X, x;) = { — X with probability 1 — p;(x;, x;) ©)

Hence, (9) can be described I8, j,{W,0,a — 1,—1,a,0}), wherea € (0,1), and the best

response function is:

x; =—x; +/Wx;/(1-a) (20)
Lee and Kang (1998) study a contest with exteiigalitin their model the cost of effort
decreases with the total effort expenditures. Thigest can be captured by:

W —x; + b(x; + x7) with probability pi (xi, x;)

—x; + b(x; + x;) with probability 1 — p;(x;, x;) 1D

T[i(xi’xj) = {

Hence, (11) can be describedl'gs j,{W,0,b — 1,b — 1, b, b}), whereb € (0,1), and the best

response function is:



It is clear that whem = b the best response functions (10) and (12) an@dldibrium
effort expenditures in the two contests are exatttyy same. This result indicates that some
contests with endogenous prizes, as in Chung (188&)equivalent to contests with externalities,
as in Lee and Kang (1998). Also note that, althobgth contests are strategically equivalent,
they are not payoff equivalent. In particular, @sttdefined by (11) results in higher expected
payoff than contest defined by (9), providing aacl®areto ranking between the two contests.
Hence, a benevolent contest designer, such atlergnent trying to maximize the total social
welfare, may opt to choose a contest that elibkssame level of expenditures and, at the same
time, results in Pareto improvement.

Next, we consider a ‘limited liability’ contest moduced by Skaperdas and Gan (1995),
where the loser’'s payoff is independent of the rigfexpended. The authors motivate this
example by stating that contestants may be entrepre who borrow money to spend on
research and development and thus are not legaponsible in case of a loss. The loser of such
a contest is unable to repay the loan and goespainln such a cas&’ > 0, a; = —1, and the
other parameters i are zero. The payoff is:

W —x; with probability pi (xi, %)

ni(xi’xj) = {0 (13)

with probability 1 — p;(x;, x;)

The best response function for playés:

x; = —xj + /sz + Wx; (14)

Under the symmetric equilibrium we gef =x/ =W/3. This contest has one

distinctive feature — it is not affected by rislefarences. So, if one were to relax the assumption
that players are risk averse, the contest defiygd ®) would be unaffected (Skaperdas and Gan,

1995).

10



For a contest to be equivalentii@, j, {W, 0,—1,0,0,0}) we need to impose the following
restrictions:L =0, a; = =1, andp, —f; —a, = 0. When we impose further restrictions
a, = —1,, = —1 andpB; = 0 we obtain a contest with the following payoff ftioa:

W —x; with probability pi (xi, x;)

—X; — Xj with probability 1 — p;(x;, x;) (15)

i (xg, xj) = {

This contest can be interpreted as a ‘full liapildontest, since the loser has to pay in full
the expenditures of both players. Note that altho(I$) is strategically equivalent to (15), a
‘full liability’ contest is (by definition) more gky than a ‘limited liability’ contest. In (13)
players do not have to worry about what happerthencase of loss, since they are not legally
responsible. In contrast, the loser in (15) hasayp the expenditures of both play&fEherefore,
equivalence between (13) and (15) holds only uttteassumption of risk neutrality.

Alexeev and Leitzel (1996) study a ‘rent-shrinkimgntest'(i, j, {W,0,—1,—1,—1,0}),
where the winning prize value decreases by the éftart expenditures. An equivalent contest
would require the restrictiong; = -1 and 8, —f; —a, =2 . A ‘lazy winner contest
I'(,j,{w,0,—1,-2,0,0}) of Chowdhury and Sheremeta (2009), in which thegmal cost of
winning (@; = —1) is lower than the marginal cost of losing, (= —2), definitely satisfies these
restrictions. Moreover, the two contests are abff equivalent. The equivalence between the
‘rent-shrinking’ and ‘lazy winner’ contests enabteg designer to achieve the same equilibrium
rent dissipation using two alternative contestsvétiheless, the ‘lazy winner’ contest is easier to
implement and it is less susceptible to the cadlugroblem mentioned in Alexeev and Leitzel

(1996).

® As a result, the expected payoff in a ‘full liatyil contest is*() = 0 and in a ‘limited liability’ contest it is
E*(mr) =W/3.

11



In many cases a contest designer, such as thergoegat, can use different policy tools
to implement a certain contest. Using the sameguoha® as before it can be shown that under
certain restrictions, contests with endogenous atelos (Amegashie, 1999), contests with
differential cost structure (Chowdhury and Sheremn@009), and contests with taxes (Glazer
and Konrad, 1999), are equivalehthis latter equivalence conveys another imponaessage.

It shows that the designer can either use poliolsiasuch as taxes, or contests with alternative
cost structure to achieve the same objective. M@easince the three contests are not payoff
equivalent, a contest designer, such as the gowsrirying to maximize the social welfare, can

also achieve a Pareto improvement by choosing fspeontest structurg.

3.3. Contest with Complementarities

Next we describe a contest that captures the conguitarity between prizes and
resource expenditures (Skaperdas, 1992; GarfimiceSkaperdas, 2000). In such a contest there
are two players and;j with limited endowments of; andE;. Both players are competing to win
the contest. The winner of the contest receivestime of resource endowmenk$,+ E;, minus
the sum of efforts expended by both playeyst x;. It is also assumed that the conflict destroys
a fraction(1 — ¢) € (0,1) of the total payoff. This contest can be interpdeds a war between
two countries, where each country possesses agbdwoiman capitalfy; andE;. A portion of the

human capital is used as soldiersandx;, to fight with the other country for a piece ohda

" Glazer and Konrad (1999) study a cont&stj, {(1 — t)W,0,—(1 —t),—1,0,0}), in which a part of the rent
seeker’s non-negative profit is taxed. Amegash®9@) studies a contekgi, j, {W, 0, —(1 — m),—1,0,0}), in which
the winner's prize value is a linear function ofroeffort spent. Chowdhury and Sheremeta (2009)ysaucontest
I, j,{W,0,a,,a,,0,0}), in which the marginal cost of winning is loweraththe marginal cost of losing, i.e.
|a,] < |as|. Note that whew; — @, =t = m anda; =t — 1 = m — 1 then the three contests are equivalent.

® The equilibrium payoff (under the restriction afagegic equivalence) in Glazer and Konrad (198%*{(n) =

(1 —t)?W/(4 — 3t), in Amegashie (1999) it E*() = (1 — t)W/(4 — 3t), and in Chowdhury and Sheremeta
(2009) itisE*(m) = (1 —t)W/(2 — 3t).

12



The winner then uses the residual human cag#fak- x;) and(E; — x;), as farmers to produce
output on the land. To generate such a contesteed to impose the following restrictions:
W =¢(E; +E), a, =B =—¢, and the other parameters (nare zero. Thus, the payoff
function is:

7 15) = {gb(El- —x;) + ¢(Ej — x;) with probability p; (X, x;) (16)

B with probability 1 — p;(x;, x;)

The best response function in such a conféstj, {¢(E; + E;), 0, —¢p, —¢, 0,0}), is:

x; = —x; +./(E; + Ej)x;. (17)

AlthoughE; andE; can be different, the equilibrium efforts for piagi andj are the
sameyx; = x; = (E; + E;)/4. Note that the equilibrium effort expendituresrid depend on the
destruction parametep, but only on the resource endowmerfis,and E; (Garfinkel and
Skaperdas, 2000).

For the contest to be equivalent R¢i,j, {¢(E; + E;),0,—¢p,—¢,0,0}) we need to
impose the following restrictiond¥ — L = E; + Ej, a; = —¢, andf, — pf; —a, = ¢. One
interesting case arises when we impose furthericeshsW = ¢E;, L = —¢E;, p, = ¢, and
B1 = a; = 0. In such a contesk(i, j, {pE;, —pE;, —¢, 0,0, $}), the payoff function is:

_ ¢(El — xi) with probablllty Di (xi, x])
i (%0, %) = —¢(E; — x)) with probability 1 — p; (x;, ;)

(18)

This contest can be interpreted as a ‘harmful tediccontest, where the winner gains
from his residual human capitgi(E; — x;), and also uses it to destroy the property of tisenp
party,—¢(E; — x;). A real life example of such a contest is the i8hed Earth’ policy used in

several war including American Civil War, Boer Wakjorld War 1l and Gulf War. In these

examples, the winning forces destroyed the civilperties of the defeated countries, instead of

13



using them. Such strategy would serve two purpoBest, it directly harms the rivals, and
second it indirectly benefits the winners since tilvals lose the resources to fight back in the
future. It is again very interesting to note thith@ugh contests defined by (16) and (18) are very
different in nature, they are strategically equivef Moreover, the expected payoff in both

contests is exactly the sant& () = ¢(E; + Ej) /4.

4. Discussion

In this paper we define strategically equivalenttest as the contests that generate the
same family of best response functions. We deriorditions for strategic equivalence of
different contests and show that strategically eajent contests are also revenue equivalent. A
simple two-step procedure is described to idergifpategically equivalent contests. Using this
procedure, we identify contests that are stratdlgieguivalent to the original Tullock contest,
show equivalent contests under prize-effort completarity, and provide new examples of
strategically equivalent contests. This equivalerise an important finding because it
demonstrates that different contests can be usachieve the same objective. We also show that
the two strategically equivalent contests may yiditferent equilibrium payoffs. Hence, a
contest designer has the option to choose betwaaests that elicit the same equilibrium rent
dissipation, but have different Pareto ranking.

An important question one needs to address is aigathe critical conditions needed for
the equivalence to hold. The answer lies in thectiire of our model. Following the majority of
the rent-seeking contests in the literature, wesictan a two-player Tullock-type contest with

linear cost and spillover structure under risk redity. The simple equivalence results may not

° One could also construct a more general modelraytiestead of equal destruction rates as in th&)destruction
rate is different for the winnep, than for the losey.

14



hold if we relax one or more of these assumptibirst, the assumption of risk neutrality might
not hold in many applications and, therefore, omghtrexpect the equivalence not to hold in the
case of risk aversion. Second, we assume that Ipitityeof winning is defined by a lottery
contest success functiop;(x;, x;) = x;/(x; + x;). However, it is likely that the equivalence
results of some contests may not hold if a moreeg#gncontest success function is applied:
pi(xi, %) = xi /(x; +x7), with 7 = 1,. We also assume that a contest is between layers.
One may expect changes in the equivalence resultsei case of more than two players (with
single or multiple winners). Finally, there are greal applications when costs are convex and
spillovers influence the payoff function non-linsarA different analysis of equivalence would
be required in such cases. Nevertheless, the cobatepuivalence and the two-step procedure to
obtain equivalent contests will still be relevaat uch analysis. Using the two-step procedure
one could, for example, find equivalence conditianth n-players, single (multiple) winner(s),
risk aversion, and non-linear cost/spillover stuoet

This study covers a broad area of the literatuck @ovides an important argument. We
acknowledge, however, that the equivalence exampla$rayed in this study are only
representative and not exhaustive. Hence, our salgy demonstrates a need for further
theoretical and empirical investigation of equivdleontests. Other than finding out equivalence
condition under different structure, one could atesign an experiment as in Sheremeta
(2009a,b) to test whether equivalence results haoldl whether risk aversion, loss aversion, or
joy of winning play an important role in sustainisgch equivalence. For example, one can
design an experiment to test the equivalence betwked liability’ and ‘limited liability’
contests. As we discussed in Section 3.2, the atgnee between these two contests holds only

under the assumption of risk-neutrality. However,has been documented in laboratory
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experiments that the majority of people are riskrag (Holt and Laury, 2009), and that risk
aversion is correlated with bids in Tullock-typentests (Sheremeta, 2009a). Therefore, one may
expect for the ‘limited liability’ contest to gera#e higher revenue than the ‘full liability’
contest. Similar laboratory experiments can begoeréd to test other equivalences described in

this study. We leave these questions for futureaes.
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