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UNIT 16.10 - Z TRANSFORMS 3

THE SOLUTION OF
LINEAR DIFFERENCE EQUATIONS

Linear Difference Equations may be solved by
constructing the Z-Transform of both sides of the equa-
tion.

16.10.1 FIRST ORDER
LINEAR DIFFERENCE EQUATIONS

EXAMPLES

1. Solve the linear difference equation,
Upr1 — 2uy = (3)7",

given that uy = 2/5.
Solution
Using the second shifting theorem,

2
Z{upi1} = z.2{u,} — =

Taking the Z-Transform of the
difference equation,

2
2. Z{u,} — 2 27{u,} = ZZ_1
3



On rearrangement,

2 =z z
ZA{up} = - +

52-2 (2—3)(z—2)

2z —3 3

— - 5 5
_5'2—2+Z z—§+z—2]

oz 3z

z—2 5'2—:1))'

Taking the inverse Z-Transform of this function of z,

u} = -2}

2. Solve the linear difference equation,

Upt1 + Uy = f(”)a

given that
_ (1 when n =0;
fln) = {0 when n > 0.
and ug = b.
Solution

Using the second shifting theorem,

Z{ups1} = 2. Z{u,} — 2.5
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Taking the Z-Transform of the
difference equation,

2. Z{un}t — 5z + Z{u,} = 1.

On rearrangement,

1 5z

Ziu,t = .
{u} z+1+z+1

Hence,

B {5 when n = 0;
{un} = (—=1)" 1 +5(=1)"=4(-1)" when n > 0.

16.10.2 SECOND ORDER
LINEAR DIFFERENCE EQUATIONS

EXAMPLES

1. Solve the linear difference equation,

Up+2 = Up+1 + U,

given that ug = 0 and u; = 1.
Solution

Using the second shifting theorem,

Z{upi1} = 2. Z{u, — 2.0 = z.Z{u, }.
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and
Z{unsoy = 22 Z{u,} — 2.1 = 2°Z{u,} — 2.

Taking the Z-Transform of the
difference equation,

2 7{un} — 2 = 2. Z{u,} + Z{u,}.

On rearrangement,

P4
Z{u,} = R
This may be written
2z
Z{u,t = :
) = )

From the quadratic formula,

1++5

a, B = 5y

Using partial fractions,

1
a—f
Taking the inverse Z-Transform of this function of z
gives

Z Z

Z{un} =

r—a z—0]

1
a—f

4

(w) = {25l - 1],



2. Solve the linear difference equation,

Upro — (Ups1 + 10w, = 16n,

given that ug = 6 and u; = 2.
Solution
Using the second shifting theorem,

Z{uns1} = 2. Z2{u,} — 62
and
Z{upsoy = 22 Z{u,} — 62° — 2z.

Taking the Z-Transform of the
difference equation,

16
22 Z{u,} =622 —22—T[z.Z{u,} — 62]+10Z{u,} = : Zl>2.
Z —_
On rearrangement,
16
Z{un} 2% — T2 +10] — 622 + 402 = ; _Zl>2.
Hence,
16 62 — 40
2w} — z z z

(z—12(z=5)(z—2)  (z=5)(z—2)




Using partial fractions,

4 3 4 O

Z{u,} = z. -
tf =2 z—2 ,2’—5%_(,2—1)2+

z—1|

The solution to the difference equation is therefore
{u,} = {4(2)" — 3(5)" +4n + 5} .

. Solve the linear difference equation,

Up42 T 2u, = Oa

given that vy = 1 and u; = v/2.
Solution

Using the second shifting theorem,

Z{upo} = 22 Z{u,} — 2° — 2V/2.

Taking the Z-Transform of the
difference equation,

2 Z{u,} — 22— V2 +272{u,} = 0.

On rearrangement,

Z{ }_z2+z\@: z+\/§ z+\/§
TR T2 T T 4 V(- V)




Using partial fractions,

Z{u,} = = G2V2(2 — jV2) | —i2v2(z +J\/§)]
=) (1+7)
Z{u,} = 2 2z — iv2) 2z +]\/§)]
Hence
{un} = {;1 —7)vV2)" + ;(1 " ]>(_‘7\/§>n}

= [J(Va) [VEe 7T + VLo |

_ {1(\/§>n+1 lej(2n21)ﬂ. n ej(2n41)771}

= {;(\/5)”“.2 cos 2" ; 1)7?}

_ {(ﬂ)nﬂ cos 27 ; ””} |



