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Some sums make no sense

An infinite sum might not make sense as a number, for example:
1424344+

or

1-2+3—4+5—6+7—---
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Four examples
1) The harmonic series:

1+l
23" 4

2) The square root of six times the sum of square reciprocals:

61+Hﬁ+i+i+
9 ' 16

3) The sum of cube reciprocals:

1+1+1—%1+
8 64

4) The sum of prime reciprocals:

T U I S R
273577111317
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Convergence of positive series

Assume that every term a, is positive.

This means that the partial sums
a, a1+ az,a1+ax+as,. ..

get bigger and bigger.
So for such a series there are two possibilities:

Convergence: there is some number M with the property that ALL
the partial sums are smaller than M (that is, the partial sums are
bounded).

Divergence: there is no such number; equivalently the partial sums
eventually become larger than any chosen number (the partial
sums are unbounded).
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A geometric series

Consider the geometric series 1 + % + % + % + Tls + -
By working with partial sums, we can do simple arithmetic: for
any N,
S —1+1+1+1+-~+i
N= T2 4 78 2N’
Sso
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A geometric series

Consider the geometric series 1 + % + % + % + Tls + -
By working with partial sums, we can do simple arithmetic: for
any N,

sy=14+i4ip 1
N=2To737"g N’

SO
1 1 1
2SN:2+1+§++W:2+5N_27N’

and therefore
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A geometric series

Consider the geometric series 1 + % + % + % + 1—16 4.

By working with partial sums, we can do simple arithmetic: for
any N,

1 1 1 1
=14+ -4+
Sv=14o 4ttt og

2 8
so
1 1 1
2SN:2+1+§++W:2+5N_27N’
and therefore )
Sy=2— —«
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A geometric series

Consider the geometric series 1 + % + % + % + 1—16 4.

By working with partial sums, we can do simple arithmetic: for
any N,

1 1 1 1
=14+ -4+
Sv=14o 4ttt og

2 8
so
1 1 1
2SN=2+1+§+---+2N_1:2+5N—2—N,
and therefore )
5N:2_2W
We can write this as follows:
1 1 1
1+ -4 -4 =4...=2
+2+4+8+
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Sometimes we can ‘see’ why the partial sums are bounded.
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The same proof in pictures

Sometimes we can ‘see’ why the partial sums are bounded.

The green area is
j,l,tto1 111 111
2 4 8 16 32 64 128 256 512 1024

=
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The harmonic series 1+ 3 + 2+ 24+ 2 4 -
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Nicole d’Oresme (1323-1382) noticed the following:

NlR =
VoV
N[ N[
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The harmonic series 1+ 5 + 2+ 1+ 2 4 -

Nicole d’Oresme (1323-1382) noticed the following:
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1

1

2

1 1

313

1 1 1 1

5Tt 718

1, 1 1 1 1 1 1 1
stiotatonttTatistie
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Nicole d’Oresme (1323-1382) noticed the following:

1

1

2

1 1
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1, 1 1 1 1 1 1 1
stiotatonttTatistie
1 1 1
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The harmonic series 1+ 5 + 2+ 1+ 2 4 -

Nicole d’Oresme (1323-1382) noticed the following:

1 > 1
>
I+% = 3 (2terms as big as 7)
T+i+1i41 > l(4asbigasi
sttt t st ts+s = 5 (8asbigas &)
i+ +L > 1l(16asbigasd)
sttt > 1(32asbigas )

and so on.
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The harmonic series 1+ 5 + 2+ 1+ 2 4 -

Nicole d’Oresme (1323-1382) noticed the following:

1 > 1
1 1
3 2 2
I+% = 3 (2terms as big as 7)
Lol > 1(4ashigas i
stet7Ts 2 2 £35 3
1 1 1 1 1 1 1 1 1 ; 1
st T Tttt = 3 (8asbigas )
i+ +L > 1l(16asbigasd)
sttt > 1(32asbigas )
and so on.
In fact, we have1+%+%+...+2lk>§,sothe harmonic series

diverges to infinity.
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We'll leave the sum of reciprocal primes (any suggestions?) and
look at the sum of reciprocal squares.

<>

1 1/2 /4 18

This grouping of terms shows that 1 + % + % + 1—16 + .- converges
to some number smaller than 2.
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The Basel problem (posed by Pietro Mengoli in 1644)

Can the sum 1+ % + é + 1—16 + - -+ be described in terms of known
constants?

Euler gave the following non-rigorous argument.

Imagine we have a polynomial which can be written in the form

a-9)6-%

N——
/
[y
2%,
N——
Il
[y
|
X
N
—~
=
_|_
Bl
_l’_

~—|—%)—|—X4('-~)

60



The Basel problem (posed by Pietro Mengoli in 1644)

Can the sum 1+ % + é + 1—16 + - -+ be described in terms of known
constants?

Euler gave the following non-rigorous argument.

Imagine we have a polynomial which can be written in the form

/
[a=Y
|
%
——
—
—
I
IS8
N—
/
[E=Y
|
¥
~——
Il
—
I
X
N
—~
=
_|_
ENTE
+

~—|—%)—|—X4(~~)

Euler also knew the Maclaurin expansion

sin Tx 1 mx2  atx*  7Ox6

e T T TR
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The Basel problem (posed by Pietro Mengoli in 1644)
Can the sum 1+ % + é + 1—16 + - -+ be described in terms of known
constants?

Euler gave the following non-rigorous argument.
Imagine we have a polynomial which can be written in the form

a-9)6-%

Euler also knew the Maclaurin expansion

N——
/
[y
2%,
N——
Il
[y
|
X
N
—~
=
_|_
Bl
_l’_

~—|—%)—|—X4(~~)

SinTx 1 mx?  wx*  7x
e T TR
and that the zeros of 5';}% occur at +1,+£2, 43, .... (What

happens at x = 07)
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of writing the infinite product
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of writing the infinite product

sin Tx 2 2 2
-2 a-%) (%)
o < 1 1 9
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and if this still behaves like a polynomial, then perhaps the x2
coefficients should match up:
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The bad news...

Euler's beautiful result

PRTIE S S
1797166

is correct, but takes a lot of work to justify. The key step is to
prove that the infinite product converges, and Euler did this nine
years later, in 1744,

Q2
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Sum of reciprocal cubes

One question is easy: since n3 > n?, we have (for any N)

1+1+i+i+ i<1+1+3+i+ +i
8 27 64 N3 4 9 16 N2’

so the partial sums must be bounded, so the series converges.
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Euler tried to express the sum

1+l Tl
8 ' 27 ' 64

in terms of other constants and failed, and we still don’t know
much about it.

He did find a way to express the sum of reciprocal 4th, 6th, 8th,...
powers in terms of m, but failed with the odd powers.

Roger Apéry proved that the sum is not a rational number (that is,
cannot be written as a fraction § with a and b whole numbers)...

(using methods Euler knew)
. in 1977!

It is still not known if the same is true for the sum of reciprocal 5th
powers.
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Some conclusions

An infinite sum a; + a» + - - - does sometimes make sense.
If the terms a, don't get small the sum makes no sense.

If the terms a, become small fast enough (like 1/n? for example)
then the series converges to some number.

If the terms a, become small, but not very fast (like 1/n for

example) then the series can diverge to infinity even though the
terms are going to zero.
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Sum of reciprocal primes

We left the sum

1+1+1+1+1+1+
2 3 5 7 11 13

of reciprocal primes.

The nth prime is much bigger than n, so its reciprocal is much
smaller, so perhaps this has a better chance of converging than the
harmonic series (which does not converge)...

on the other hand, the nth prime is much smaller than n?, so

perhaps it is less likely to converge than the sum of reciprocal
squares...



It's a bit like having a bowl of porridge that is hotter than one that
is too cold, and colder than one that is too hot...
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It's a bit like having a bowl of porridge that is hotter than one that
is too cold, and colder than one that is too hot...

so it might be too hot, or too cold, or just right.

We have learnt nothing from the two comments!
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To get the sum bigger than 2.8, you need to add up the prime
reciprocals for primes up to 314723...
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In fact the sum of reciprocal primes diverges to infinity... very
slowly.

The sum of the reciprocals of the primes less than N is roughly
log log(N).

To get the sum bigger than 2.8, you need to add up the prime
reciprocals for primes up to 314723...

1 1. 1 1 1
e R D = TS

235711 314723 — 2-800000376...

This is not an easy result — if anyone wants to see an account
there will be one added to the slides for this talk on my webpage.
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1

The graph represents / —dx = log4.
1 X
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The harmonic series again

4
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The graph represents / —dx = log4.
1 X
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The green boxes show that

1—|—1—i-1<|o4
2 73748

while the red boxes show that

1 1
14+ =+ = >log4.
+2+3 og
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This idea allows us to show that

1 1 1 1
log(N +1 1+ -+-+-4+--+—=<1+logh.
og(N+1) < totgtgt oty <ltlog

That is, another proof that the harmonic series diverges to infinity,
and some idea of how fast it does so.
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A proof that the sum of reciprocal primes diverges

We use X to denote sums:

N
Zan:31+32+“'+aN

n=1
always makes sense.

We also write
oo
Za,,:al+ag+a3+~-'
n=1

to denote what happens as we let N go to infinity.
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Write p,, for the nth prime, so the sum we are studying is

o0

1
— Pn
We argue by contradiction: assume that the sum converges.

Then the tail of the sum can be made as small as we please: there
is some number k with

<1 1
Z; 2
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It follows that

. x X
x — N(x) < — <5
T Pn
)
X k
> <N(x) <2 VX
for all x.

This is impossible, so the assumption that the series converges
must have been wrong.



