THE NUMBER OF DISTINCT EIGENVALUES OF ELEMENTS IN
FINITE LINEAR GROUPS

A. E. ZALESSKI

Abstract Let G be a finite (non-abelian) irreducible linear subgroup over the
complex numbers, and let g be an element of G' of prime order p. Suppose that g
does not belong to a proper normal subgroup of G. We show that the number of
distinct eigenvalues of g can only be p,p—1,p—2,(p+1)/2 or (p — 1)/2. Moreover,
we provide a full classification of such groups G provided g has at most p — 2 distinct
eigenvalues.

1. INTRODUCTION

Let C denote the field of complex numbers and GL(n,C) the group of all (n x n)-
matrices over C.

Theorem 1.1. Let G be a finite irreducible subgroup of GL(n,C) and n > 1. Let
g € G be an element of prime order p. Suppose that g does not belong to a proper
normal subgroup of G. Then the number of distinct eigenvalues of g can only be

pp—1Lp—2,(p+1)/2 0or (p—1)/2.

Let Z(G) denote the center of a group G. In fact we obtain full classification of
finite irreducible subgroups G C GL(n,C) generated by the conjugacy class of an
element ¢ such that ¢ € Z(G) and g has at most p — 2 distinct eigenvalues. To state
the result we need some notation.

For a matrix g denote by Spec g the set of all distinct eigenvalues of g, disregarding
the multiplicities, and by degg their number. (As g is of finite order then degg is
exactly the degree of the minimum polynomial of g.) Let € be a primitive p-root of
1. Set v, = {&'} where i runs over non-quadratic residues modulo p, and p, = {¢'}
where ¢ runs over quadratic residues modulo p. We also set v, = v, U1, fi, = p, U1,
and p) = {l,e,...,e?7"} \ {e/,e77} where 0 # j < p. Our notations for classical
groups and for groups of Lie type are standard. The alternating group of order n!/2
is denoted by A,, and Js is a sporadic simple group of order 604800.

Theorem 1.2. Let G be a finite irreducible subgroup of GL(n,C) and, for a prime
p > 3, let g € G with ¢g° € Z(G). Suppose that () = G and degg < p — 1. Then
one of the following holds:
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(A) degg=n=(p—1)/2 and G/Z(G) = PSL(2,p); in addition, Specg =« - v, or
a -y, for some o € C.

(B) degg = (p+ 1)/2 and one of the following holds:

(1) G/Z(G) = PSp(2k,p), gZ(G) is a transvection in G /Z(G); furthermore, either
k>1andn=p"+1)/2 orelsek=1andn=(p+1)/2;

(2) G/Z(G) = Fg’“ - Sp(2k,p), a semidirect product of Sp(2k,p) and the additive
group of the natural Sp(2k, p)-module Fp%, k > 1, the projection of g into Sp(2k,p)
is a transvection and n = p*;

(3) G/Z(G) = Ag = PSL(2,9), p=5 and n = 3;
(4) G/Z(G) = A7, p="T and n = 4.

(5) G/Z(G) = Jo, p =5 and n = 6;

(6) G/Z =2 As X A5, p=>5 and n = 4.

In addition, Specg = « - 1, or « - fi, where « is as above.

(C)degg =n=p—2,G/Z(G) = SL(2,q) for q even. In addition, Spec(g) = - p}
for some j with 1 < j < (p—1)/2.

Remarks (1) The set gl coincides with 75 or fis. (2) The list above does not
indicate all isomorphisms between simple groups, for instance, SL(3,2) for p = 7
appears as PSL(2,7) in case (A).

Theorem 1.2 extends some earlier results. If G is p-soluble, or more generally,
contains a non-central normal p’-subgroup then a similar result essentially belongs to
Hall and Higman [10]. The estimate deg g > (p—1)/2 under assumptions of Theorem
1.1 has been obtained by Robinson [16]. For the particular case where n < p the
result of Theorem 1.2 can be extracted from [28].

Our proof uses the classification of finite simple groups. The best result not using
the classification is that of Robinson [15].

Notation p is a fixed prime integer (usually p > 3). If H is a group then H' is
the commutator subgroup of H and Z(H) is its center. For a,b € H we set [a,b] =
aba"'b~!. We denote by py the regular character, the regular representation of H
or regular H-module; similarly, 15 denotes the trivial character, the one-dimensional
trivial representation of H or the trivial H-module. The symbol ¢ € Irr H means that
¢ is an irreducible character, irreducible representation or irreducible CH-module. If
K C H are finite groups, M is an H-module and L is an F'H-module, we denote by
M|k the restriction of M to K, and we write L € M|k (resp., L ¢ M|k), in order to
say that L is (resp., is not) a submodule of M|, (and the same for representations).

The meaning of the symbols Spec h, deg h, 1, v, [y, Vp, p), 1s defined prior Theorem
1.2. The greatest common divisor of integers m,n is denoted by (m,n).
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Our notation for sporadic simple groups agrees with [2]. For a group H we say
that H is a finite algebraic group if there is an algebraic group G and a Frobenius
endomorphism F' of G such that H = {g € G : F(g) = ¢g}. We say that H is reductive
(respectively, connected, simply connected) if G is reductive (respectively, connected,
simply connected). For uniformity purposes, we use symbols GL?(n,q) with ¢ = £1
to refer to group GL(n,q) ife =1 and U(n, q) if ¢ = —1. Similar meaning is assigned
to the symbol SL®(n,q).

2. PRELIMINARIES AND SOME KNOWN RESULTS

Theorem 2.1. [26] Let G be a quasi-simple finite group with cyclic Sylow p-subgroup.
Let M be a non-trivial irreducible CG-module. Let g € G be an element of order p
such that deg g|y; < p — 1. Then one of the following holds:
(1) G = SL(2,q),q > 4iseven, p = q+1,dim M = degg = p—2 and Spec g|»; = p}
for some j;
(2) G/Z(G) =2 PSL(2,p), dim M =degg = (p — 1)/2 and Spec g|p = 1, OF vp;
(3) G/Z(G) = PSL(2,p), dim M =degg = (p+ 1)/2 and Spec g|yr = fi, or Uy;
(4) G/Z(G) = Ag =2 PSL(2,9), p=>5 and dim M = deg g = 3 and Spec g|y = [is
or s;

(5) G/Z(G) = A7, p="T and dim M = deg g = 4 and Spec g|p = fi7 or ;.

Theorem 2.2. [27]| Let G be a non-trivial covering of the alternating group A, where
n>7 Let 1 #60 € Irr G. Then degf(g) > p — 1.

Remark. If n < 7 and p > 3 then Sylow p-subgroups of GG are cyclic. This case is
contained in Theorem 2.1.

Lemma 2.3. Suppose that G/Z(G) is a simple group with cyclic Sylow p-subgroup.
Let M be an irreducible CG-module of dimension greater than 1 and let g € (G '\
Z(@)). Suppose g* € Z(G) and deg gy < p— 1. Then G/Z(G) is as in cases (1)
- (5) of Theorem 2.1 and there is a root of unity « such that o - Spec g|y is as in
Theorem 2.1.

Proof. Observe that G = G'Z(G) and G/Z(G) = G'/Z(G"). Therefore, there
is a p-element h € G’ such that gh € Z(G). As Sylow p-subgroup of G/Z(G) are
cyclic, |Z(G")| is coprime to p (see for instance [26, Lemma 3.3]). Therefore, h? = 1.
Obviously, degg|y = degh|y so h satisfies the hypothesis of Theorem 2.1 which
yields the lemma.

Theorem 2.4. Let g € G where G/Z(Q) is a simple group of Lie type in characteris-
ticp and g® = 1. Let 0 € Irr G, and 1 < degf(g) < p—1. Then G/Z(G) = PSp(2n, p),
n>1,dim6 = (p"£1)/2 and g is a transvection. In addition, Spec6(g) = af, or
av, for some o € C unlessn =1 and dim @ = (p—1)/2 in which case Spec§(g) = o,
or av,. Moreover, there exists 0 satisfying the above conditions.
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Proof. It is well known that (|Z(G)|,p) = 1 for p > 3. So the result is available
from [23] (see also [24]) except for the dimension of §. These have been determined
in [24] for cases (i) - (iv), for case (v) this has been done in [19].

Lemma 2.5. [11] Let X be an irreducible cyclic subgroup of GL(n,q). Then |X|
divides ¢" — 1. If | X| = p then n = m,(q).

Lemma 2.6. [11] Let V' be a vector space endowed by a non-degenerate bilinear
or quadratic form, and let I(V) denote the group of isometries of V. Let X be an
irreducible cyclic subgroup of I(V'). Then one of the following holds:

(¢) I(V) =U(n,q), n is odd, | X| divides ¢" + 1;

(it) 1(V) = Sp(2n,q) and | X| divides ¢" + 1;

(t3i) I(V) = O~ (2n,q) and |X| divides q" + 1.
In addition, if | X| = p then n = m,(¢*).
Lemma 2.7. (Hall-Higman) Let T = RH be a finite linear group where H = (h) is
a cyclic p-subgroup and R is a normal p'-subgroup. Suppose that [h, R] # 1. Then
degh >p—1.

Proof. Let ¢ be a representation of 7" over an algebraically closed field of charac-
teristic p obtained from T by reduction modulo p. Then ©|g is faithful and degg >

deg(g). By a theorem of Hall and Higman (see [5, VII.10.2]) deg(g) > p— 1. So
the lemma follows.

Lemma 2.8. [8, §13.2] Let H be a finite connected algebraic group, R a parabolic
subgroup of H and U the unipotent radical of R. Then Cy(U) = Z(H) - Z(U).

Lemma 2.9. (Borel-Tits, see [8, §13.1]) Let H be a finite reductive algebraic group
in characteristic r and g € G. If g normalizes an r-subgroup of H then g belongs to
a parabolic subgroup of H.

Lemma 2.10. Let G be a finite reductive group in characteristic r # p and let
g € G\ Z(G) be a p-element. Let ¢ be an irreducible representation of G and
dim¢ > 1. If g € G normalizes an r-subgroup in G then deg¢(g) > p — 1.

Proof. By Lemma 2.9, g belongs to a parabolic subgroup P of H. Let U be the
unipotent radical of P. By Lemma 2.8, Cy(U) = Z(G) - Z(U). Hence [g,U] # 1 so
the lemma follows from Lemma 2.7.

Lemma 2.11. Let G = SLf(n,q) and h € H = GL*(n,q) be a semisimple element.
Then H = Cy(g)G.

Proof. Suppose first that ¢ is irreducible. Then |Cy(g)] = ¢" — ¢ (where n is
odd if e = —1). It is well-known that the mapping Cr(g) — GL*(1, q) defined for
g € Cu(g) by g — det g is surjective. Therefore, |Cy(9)G/G| = q¢ — € and the result
follows. The general case can be easily reduced to this one.
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Lemma 2.12. Let T a Sylow p-subgroup of GL(n,q) where (p,q) = 1.

() (see [8, §10]) If T contains an irreducible subgroup of order p then T is cyclic.
In addition, |T| is the p-part of ¢" — 1 and n is the minimum positive integer such
that p divides ¢ — 1.

(i7) Express g — 1 in the form p®l. If T contains an irreducible cyclic p-subgroup
C = {c) such that 1d # ¢ € Z(GL(n,q)) then n = p and |c| = p*™'. In addition,
IT| = p®*! and some conjugate of T consists of monomial matrices.

(i70) (see [21]) If T is irreducible and primitive then either T is cyclic orp =n = 2.
Proof. Claim (ii) can be easily deduced from [21].

In Lemma 2.13 below p, denote the set of all p-roots of unity and A, = p, \ 1. The
meaning of the symbols 1, v, fip, ¥, is defined in the introduction. The symbol p,v,
means the set {ab: a € p,, b € 1,} (ignoring repetitions).

Lemma 2.13. (1) If p = 1(mod4) and p # 5 then v} = (i = pp = [iplty = Dplp,
HpVp = [ipVp = Uplip = Ap.
(2) If p=3(mod 4) and p # 3 then v} = p2 = Ay = Jiplty = Dpvy and vyppl, = py =
vy = [ir.
(3) If p = 5 then p2 = s, V2 = [is, psVs = X5 = [isVs = [50s, Ii = U3 = ps,
3 _ .3 A
Hs = Vs 5
(4) If p=3 then p3 = vs, V3 = ps, pisvs = {1}, fisvs = U3, D3V = [ig, JisDs = p3 =
iz = 73.
Proof. It suffices to determine ,uf,, 1/5 and p,v, as other cases easily follow from

these. Let A (resp., B) denote the subset of all squares (resp., non-squares) in
Fy = F,\ 0. Fix § € B. Then
:“129 ={c": i=2* 4+ 1,y € Frl, V; ={e": i=p*+9?), n,y € Iy,
ppvy = {e": i =2+ By?, m,y € Fr}.

In order to determine ufg, l/z and p,v, consider a vector space over F), of dimension 2
with basis e1,e5. Let W' denote the subset of vectors proposional to neither e; nor
ey. Define on W three quadratic forms by setting (e, e5) = 0 and

(1) (e1,e1) = (e2,€2) = 1;

(2) (e1,e1) = (e2,€2) = 5;

(3) (61761) = 1, (62,62) = /6
Set T; = {(w, w) }wewr where i = 1,2,3 and (w, w) is computed in cases (1), (2), (3),
respectively. Obviously, p2 = {<*: i € Ti}, vy = {c': i € Ta}, ppvp = {e’: i € Ts}.
Asaw € Wit w € W', a € F}, we observe that AT; = T;. Hence A C T; (resp.,
B CT;)if and only if 1 € T; (resp., § C T5).

It is well-known that AU B C {(w,w) },ew. Therefore, it suffices to decide when
1,8 € T;. Let Wy denote the subset of W\ W' of vectors w such that (w,w) =1 or
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B. Clearly, Wy consists of 4 vectors +ey, +ey, and for all them (w,w) = 1 in case (1),
(w,w) = [ in case (2), while in case (3) two vectors w = te; satisfy (w,w) = 1 and
two vectors w = ey satisfy (w,w) = §. The total numbers of vectors w € W with
(w,w) =1 (or (w,w) = ) is equal to |O(W)|/4, and |O(W)| =2(p+£ 1) (where sign
— has to be chosen if W is anisotropic). Hence we arrive the condition p+1 > 8 in
cases (1), (2), and p+1 > 4 in case (3) to guarantee that AU B C T;. The cases
p < 8 can be easily inspected.

By using the character tables given in [2] one can easily establish Lemmas 2.14 and
2.15 below:

Lemma 2.14. ([2]) Let G/Z(G) be a sporadic simple group and let 6 € Trr G. Suppose
that ¢* = 1 and 1 < degb(g) < p— 1. Then G/Z(G) = J5, dimf = 6, p = 5,
SpecO(g) = fis or s and every eigenvalue of g is of multiplicity 2.

Lemma 2.15. Let G be the universal covering of one of the following groups: SL(4,2),
PSL(3,4), PSU(6,2), SU(4,3), Sp(6,2), Q7(8,2), Q(7,3), G2(4). Let g € G be of
prime order p. Let € Irr G and dim 6@ > 1. Then degf(g) > p — 2.

Proof. All these groups are available in [2] and the result can be deduced by
inspection. (In view of Theorem 2.1 one has only to inspect primes p for which Sylow
p-subgroups of G are not cyclic.)

3. CLASSICAL GROUPS
In this section we prove the following theorem.

Theorem 3.1. Let G be a group such that G/Z(G) is classical, that is, there is
a subgroup Z C Z(QG) such that G/Z is isomorphic to a group H such that either
SLé(k,q) € H C GL*(k,q) or Sp(k,q) € H C CSp(k,q) or Q(k,q) € H C O(k,q)
with k > 5 odd or Q*(k,q) C H C O*(k,q) with k > 6 even. Let 6 be an irreducible
representation of G of dimension greater than 1. Let g € G be a semisimple element
of prime order p. Then either deg@(g) > p — 2 or case (C) of Theorem 1.2 holds.

Lemma 3.2. Let H = GL*(n,q) and H C G C H. Lett € H be a semisimple
element and let m(t) be the least natural number k such that t* € Z(G). Suppose that
1 < dego(t) < m(t) for some representation ¢ € Irrp G. Then there is 7 € Irr H
such that 1 < deg7(t) < m(?).

Proof. Let 7 be an irreducible representation of H such that ¢ is a constituent of
7|g. By Clifford’s theorem, 7|q = @;¢; where ¢; are irreducible and conjugate to ¢

by elements of H. By Lemma 2.11, every coset hG contains an element from Cpy (t).
Therefore, Spec ¢;(t) = Spec ¢(t) as desired.

Lemma 3.3. Let ¢ > 3 and SL*(3,q) C G C GL*(3,q). Let g € G be a semisimple
element of order p > 3. Let 6 € Irr G where dim@ > 1. Then deg(g) > p — 2.
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Proof. We can assume that G = GL*(3,¢) by Lemma 3.2. As the characters of G
are known, one could compute the eigenvalue multiplicities of ¢ in every irreducible
representation of G. (In a more conceptual way one can argue as follows (sketch).
For ¢ = 1 the lemma follows from Theorem 2.1 and Lemma 2.7. Let ¢ = —1. If
(p,q + 1) # 1 then the lemma follows from Theorem 2.1. Otherwise, g = hz where
z € Z(G) and h is contained in a subgroup H of G isomorphic to SU(2, q). Tt follows
from Theorem 2.1 that ¢ is even and all non-trivial irreducible constituents of 0|y
are of dimension ¢ — 1 and are equivalent to each other. By [20, Theorem 1.4], 6 is a
Weil representation of G. In this case the irreducible constituents of |y are known
and at least two of them are non-equivalent.

Lemma 3.4. Let F' be an arbitrary field. Let p be a prime and let a,b € GL(r, F) be
semisimple matrices such that a? and [a,b] # Id are scalar. Then degb = p - degb?,
and Spec b consists of all p-roots of the elements of Spec b”.

Proof. Observe that [a, 0] = [a,b]P = [a?,0] = Id. In particular, [a,b] = w - Id,
where w is a primitive p-root of 1 in K Let W be the natural module for GL(r, F), A €
Spec b? and W) the A-eigenspace of 0P in W. Obviously, aWW, = W, and bW, = W,.
As [a,b] # 1d is scalar, [a, b]|w, # Id. Let § be an eigenvalue of b in W) and denote
by Wys the [-eigenspace of b in Wy. Observe that 87 = A. Pick 0 # w € Wy3. We
have ba'w = [b, a‘]a*bw = w'Ba*w. This means that a’w belongs to the w'3-eigenspace
of bin Wy (i=2,...,p—1). Hence 8,wp,...,wP 13 are eigenvalues of b in W).

Lemma 3.5. Let p > 2 be a prime and SL*(p,q) C X C GL*(p,q). Let x € X be
an irreducible p-element such that x¥ = o - 1d.

(1) There exists matrices d,dy € X such that & = di =1d, [d,dy] =1d, [dy,z] = d
and [d,x] = w - Id where w # 1 is p-root of 1.

(2) Let F be an algebraically closed field of characteristic f with (f,pq) = 1. Let
¢ be an irreducible representation of X with dim¢ > 1. Then deg¢(x) = p and if
¢(2P) = e - 1d then Spec ¢(z) consists of all p-roots of e.

Proof. Since z is irreducible, o # 1. As « is a p-element, p divides ¢ — . Let
V' denote the natural GL?(p,q)-module. (1) Let 0 # v; € V and v; = zv; ; for
t=1,...,p—1. Then zv, = av, and detx = a. As z is irreducible, vq,...,v, is a
basis in V. If ¢ = —1, there is v; € V such that the basis vy, ..., v, is orthonormal.
(This is well-known and can be easily deduced from the fact that |GL*(p,q)| =
p-|GL*(1,q)].) As X contains SL?(p,q) and « # 1, we conclude that X contains all
matrices of determinant o' for every integer . Let 1 # w € F -2 with w? = 1.
Set d = diag(w,w?,...,wP™",1) and d; = diag(...,w™=D/2 ) where we indicate
the term on the ¢-th position. Then d,d; € X. One can straightforward check that
[z,d1] = d and [d, 2] = w - 1d.

(2) Let d, d; be as above. Let A # 1 be an eigenvalue of ¢(d) and W the eigenspace
of A. Then dimW < dim¢ and Cx(d)W = W so ;W = W. If [¢(d), ¢(x)] =
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o([d, x]) # 1d then (2) follows from Lemma 3.4. If [¢(d), ¢(x)] = Id then ¢(z)WW =W
and there is an eigenvalue p # 1 of ¢(dy)|w (as ¢([d1, z]) = X -1d) and let Wy be the
p-eigenspace of d; in W. Then W; # W and again the result follows from Lemma
3.4.

Lemma 3.6. Theorem 3.1 is true if SL*(n,q) C G C GL%(n,q) and (p,q —¢) # 1.

Proof. Let V be the natural module for G. Let W be a minimal non-degenerate
g-submodule of V' of dimension at least 3 such that g|y is non-trivial. To justify the
existence, let L be a minimal g-submodule of V. Then dim L is either p or 1, see
Lemma 2.12. In the former case choose W = L. In the latter case g is diagonalizable
(under an orthogonal basis if G is unitary). Therefore, as dim V' > 2, we can choose
W to be non-degenerate of dimension 3. By Lemma 2.11 it suffices to prove the
lemma for G = GL%(n,q). Let Xy = {zv € G : z|pr =1d} and X = (X, g). Let K
be the kernel of the restriction homomorphism 1 : X — X|y. Obviously, K C Z(X)
and X = Xy - K. Therefore, ¢ = g19» where ¢y € Xy and go € K. Let 7 be an
irreducible constituent of #|y of dimension greater that 1. Suppose the lemma is
false. Then deg7(g) =deg7(g:) < p—1. If dim W = 3, this contradicts Lemma 3.3.
(The case ¢ = 2 is irrelevant as p > 3.) If dim W = p, this contradicts Lemma 3.5.

Let V be a symplectic, orthogonal or unitary space of dimension m. Then we
denote by I(V) its group of isometries.

Lemma 3.7. Let h € H = 1(V) be an element of prime order p > 2. Suppose that h
stabilizes no isotropic (singular) subspace of V.

(1) There is an orthogonal decomposition V.=V, & --- @V, as a direct sum of
h-submodules such that hly, # 1d and V; is irreducible for all i <1—1, and dimV} =
- =dimV,_y. In addition, either hly, is irreducible and dim V; = dim V; or hly; = 1d
and V} is anisotropic (non-singular).

(2) If a Sylow p-subgroup of H is not cyclic then gy, # 1d, except, possibly, when
V' is unitary of dimension 2 and p divides q+1 or V' orthogonal of dimension at most

4.

Proof. (1) Let V; be an irreducible submodule of V. By Maschke’s theorem, we can
choose V| with hly, # Id. By assumption, V; is non-degenerate, hence so is V- If
hlyv, # 1d, the claim follows by induction. Otherwise, V] is anisotropic (non-singular).
The assertion on dimension follows from Lemma 2.12.

(2) By Lemma 2.12(i), [ # 1. Suppose gy, = Id. By (1), V; is anisotropic, so V' is
not symplectic, dim V5, < 2 if V is orthogonal and dim V5, < 1if V is unitary. Let N be
the normalizer of (h) in a Sylow p-subgroup S of H that contains ~. Then NV, = V5.
If N|y, # Id then N|y, has an element of order p whence dim V; < dim V5. So if V' is
orthogonal then dimV < 4. If V is unitary then dim V' < 2, as required. Therefore,
we are left with the case where N|y, = Id. Then we can apply this argument to
N; = Ng(N) to conclude that N1V, =V, and Ny, = Id. It follows that SV, = Vs
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and S|y, = Id. Then SV; =V} and by Lemma 2.12(i) S is cyclic, which is not the
case.

Lemma 3.8. Let dimV = m and either SL(m,q) C G C GL(m,q) or (V) C G C
I(V). Let g € G be an irreducible element. Then g is conjugate in G to m distinct
elements ¢' unless V is orthogonal and G # I(V) in which case g is conjugate in
G to at least m/2 distinct elements of shape g'. In particular, if m > 2 then g is
conjugate to some g* with i # 1, —1.

Proof. Let X be the group generated by g, and let K be the span of X in End V.
Then K is a field by Schur’s lemma. As K is irreducible, dim K = dimV = m. In
addition, Cz(g) = K NG. Therefore, the number in question is equal to the order of
[' :== Ng(X)/Cq(X). As T is a subgroup of the Galois group of K, it is cyclic. Let
a € Ng(X) be such that aCg(X) is a generator of T'. It is well known that |I'| = m if
G =I(V)or GL(m,q). (The case of orthogonal groups in characteristic 2 is discussed
in detail in [12, Lemma 4.3.15].) So we are done in the symplectic group case. For
groups G'L*(m, q) observe that GL*(m,q) = Care(n,g)(g) - SL*(n,q) (Lemma 2.11) so
a can be found in SL(n,q). For an orthogonal space I(V)/Q2(V) is of exponent 2,
hence a? € Q(V) and the result follows.

Lemma 3.9. Let V' be an orthogonal space and let V- =V, ® V5 where Vi, Vs are non-
degenerate subspaces of V' of equal dimension 2m orthogonal to each other. Suppose
that g € G = Q(V') preserves Vi, V5 and acts irreducibly in each of them. Then g is
conjugate to g' for at least 2m distinct § with 1 < j < |g.

Proof. Set g; = ¢|V; for i = 1,2. By Lemma 3.8 that there is an element z; €
Nrwy)({g1)) such that z]giz7” contains 2m distinct elements. Let v be the spinor
norm of x;. Both Vi, V5 are of Witt index m — 1 as they contain irreducible elements
(Lemma 2.6). Therefore, V},V; are isomorphic as orthogonal spaces, so one can fix
bases in Vi, V, with the same Gram matrix. As g; is irreducible, Sylow p-subgroups
S; of Q(V}) are cyclic (Lemma 2.12). In view of Sylow’s theorem, we can assume that
Sy and S consist of the same set of matrices (under above bases), as well as their
subgroups 7 of order p. Therefore, this also holds for N; := Nyw;)(13). It follows
that N, contains an element x5 of spinor norm » which induces an automorphism of
order 2m on Ty. Then the spinor norm of a = diag(xy, z5) is 1, that is, a € Q(V).
As we can assume T; = (g;), the lemma follows.

Proof of Theorem 3.1. Suppose the contrary. Let M be the module afforded
by 6 and V the natural module for H which we also view as a G-module. In view
of Theorem 2.1 and Lemma 2.3 we can assume that Sylow p-subgroups of H are
not cyclic. Hence we can also assume that & > 2. Then g is reducible as otherwise
Sylow p-subgroups of G are cyclic (Lemma 2.12). If H is orthogonal, we can assume
that H = Q(k,q) as ¢ € G’ in this case. By Lemma 2.7, if g normalizes an r-
subgroup of G then g centralizes it. It follows from Lemma 2.8 that h, the projection
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of g in H, cannot belong to a parabolic subgroup of GL(k,q), U(k,q), Sp(k,q) or
Q(k, q), respectively. As the unipotent radical of any parabolic subgroup in each of
these groups belongs to H', we conclude that g stabilizes no isotropic (or singular)
subspace of V. As ¢ is reducible, H' # SL(k, q).

Let V be the natural module for H. We can express V =V} ® V5 where V7, V5 are
non-degenerate g-stable subspaces of V' and g|y; # Id is irreducible. Suppose first
that dim V; = 1. Then V is a unitary space and p divides ¢ + 1. This case has been
settled in Lemma 3.6.

Suppose that dimV; > 2. Observe that I(V]) is not solvable. (Indeed, as g; is
irreducible, we have to inspect only the case where I(V}) = U(3,2) which group has
no element of order p > 3.) Let X; = {z € G : 2|, = Id}. As g|Vi is irreducible, p
does not divide ¢+ 1. Hence g € G’ so we can assume that G = G'. Set X = (X1, g).
It is easy to observe that X = X{Z(X;) so thereis y € X; of order p such that g = yz
with z € Z(X), 2 = 1. Let M be the module afforded by # and N an irreducible
submodule of M|x of dimension greater that 1. Then deg(g|nx) < p — 2. Obviously,
deg(g|n) = deg(h|y) which contradicts Theorem 2.1 unless X|/Z(X]) = PSL(2,q)
with ¢ even or ¢ = 9. This is only possible when X| = Q7(4, ¢) where ¢ is even and
p = ¢ + 1. (The case with ¢ = 9 is realized only for 3 - PSL(2,9) which cannot
occur here.) So V is an orthogonal space. (This settles the case of unitary groups
as dim V4 is odd for them.) Moreover, degh|y < p — 1 implies that Spec(h|n) = p.
As Sylow p-subgroups of G are not cyclic, g|y, # 1 by Lemma 3.7. So there is a
non-degenerate g-submodule V3 C V5 such that g|y, is irreducible and non-trivial.
Observe that dimV3 = 4 asp = ¢+ 1. Set W = V; ® V3 so dimW = 8. Again
set Xy = {z € G : z|]W' =1d} and X = (Xw,g). Then g = hz where h € Xy
and z € Z(X). Let now N denote an irreducible constituent of the restriction M|y
and we can assume dim N > 1. Then deg(g|y) = deg(g1|n) and Spec(gi|n) = pl.
Therefore, Spec(g|n) = a - p) for some o € C with o = 1. This contradicts Lemma
3.9 applied to Q(W).

Let dim V; = 2. Then p divides ¢ + 1 so ¢ > 3. Suppose first that V' is symplectic,
k =4 and ¢ > 4. Let X be the stabilizer of Vj in G. Then X = X;X, (a direct
product) where X; 2 Sp(2, q) for i = 1,2. Clearly, g € X and g = g1g2 where 1 # ¢; €
X; and ¢’ =1 for i = 1,2. If ¢ is an irreducible constituent of 6|x then ¢ = ¢; ® ¢
where ¢; is an irreducible representation of X;. Therefore, ¢(g9) = ¢(g1) @ ¢(g2).
Then degf(g) < p — 1 implies deg ¢(g) < p — 1 and degp;(g;) < p— 1 for i = 1,2.
By Theorem 2.1, this is impossible unless ¢; is trivial or ¢ is even and p = ¢+ 1, and
in this case Spec ¢;(g;) = p) for some j. By Lemma 2.13, deg(¢(g1) ® ¢(g2)) > p — 1
if both ¢; are non-trivial and p > 5. As ¢ > 4, we observe that p > 5. So either
@1 or ¢9 is trivial. This is true for every irreducible constituent ¢ of #. As 1 € p{;,
it follows that Spec(g;) = p). However, g; belongs to a parabolic subgroup of ¢
which is a contradiction as shown above. Let ¢ = 4 so p = 5. Using the character
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table of G = Sp(4,4) one can easily show that deg@(g) > 4. Let dim V' > 4. Then ¢
stabilizes a non-degenerate subspace W of V' of dimension 4. Let Y be the stabilizer
of Win G. Then Y =YY, where Y] = Sp(4,¢q) and Y2 = Sp(k — 4, ¢). In addition,
g €Y and g = g9, where g; € Y; are of order p. So the argument used for X; leads
to the conclusion that degf(g) > p — 2.

Let V' be orthogonal. Then dimV > 6 so g stabilizes a non-degenerate subspace
W of dimension 6 and g|w is non-trivial. Again, define Y to be the stabilizer of W in
G. Then g € Y and Y’ = V1Y, where Y] 2 Q*(6,¢) and Y, = Q*(k — 6,¢). Express
g = q19o for g; € Y;. As above, consider an irreducible constituent ¢ of 6]y such that
&(g1) is not identity. Then ¢ = ¢y ® ¢po where ¢; is an irreducible representation of
Y; for i = 1,2. Therefore, ¢(g) = ¢(g1) ® ¢#(g2). Observe that Y;/Z (Y1) = PSL(4, q)
or PSU(4,q). This cases have been already settled. Hence deg¢1(g1) > p — 2 so
deg ¢(g) > p — 2 and the result follows.

4. EXCEPTIONAL GROUPS OF LIE TYPE

Throughout this section G denotes a simply connected finite quasi-simple group of
Lie type. This means that there is a simple symply connected algebraic group G and
an algebraic group endomorphism F : G — G such that G = {z € G : F(z) = z}. As
above, p is distinct from the defining characteristic of G, and we always assume p > 2.
In this section we assume that G is not classical. We study the minimum polynomial
degrees of elements of order p > 3 in G and in related groups. The groups ?Bs(q)
and 2G4(q) are not discussed here as their Sylow p-subgroups are cyclic for p > 3.
We denote by S a Sylow p-subgroup of G. A subgroup A of G and the meaning of
the symbol 7, are introduced in Lemma 4.3 below. C} denotes the cyclic subgroup
of order k. In this section we prove

Theorem 4.1. Let G be a quasi-simple group of exceptional Lie type and let g € G
be a semisimple element of order p. Let 8 be a non-trivial irreducible representation

of G. Then degf(g) >p — 2.

Lemma 4.2. [8, §10.1] Let ®,,,(x) denote the cyclotomic polynomial for m-th roots
of 1, and 1197 (x) a polynomial associated with G, see [8, Table on page 111]. Then
S is cyclic if and only if there is exactly one m such that p divides ®,,(q) and r,, = 1
for this m.

Observe that ®1(q) = ¢— 1, ®2(q) = ¢+ 1, D3(q) = >+ ¢+ 1, P4(q) = ¢* + 1,
D5(q) = ¢*+ P+ +q+1, D6(q) = ¢*—q+1, Dg(q) = ¢*+1, Pio(q) = ¢*—*+¢*—¢+1,
Pio(q) =¢*— @+ 1, Pis(q) =¢® — ¢+ 1, Poulq) = ¢ — ¢* + 1.

Lemma 4.3. [8, §10.1] Let G be a quasi-simple group of Lie type and 11®]™(x) the
polynomial associated with G, see [8, p. 111]. Let p > 2 be a prime and S a Sylow
p-subgroup of G. Then S contains a homocyclic normal subgroup A of rank ry,, and
exponent e, = |®p, (q)|, where |n|, denotes the p-part of a natural number n.
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Table 1 gives an information about the group A in Lemma 4.3 provided 7, > 1
(equivalently, S is not cyclic, see [8, §10.1]). It is extracted from [8, Table 4.1]
and [13]. The first column of Table 1 contains the groups of exceptional Lie type
that contains a non-cyclic Sylow p-subgroup for a prime p > 2. The algebraic group
notation makes no difference between quasi-simple and simple groups but this yields
no confusion in our use of Table 1. (The reader can consult [13] for more details.)
The second column gives @ (q) with r,, > 1. For the primes p such that m = m,
the third column gives the index of A in S, provided it is greater than 1. The last
two columns contain an (incomplete) list of subgroups H of G containing A. In Table
1 the sign x stands for the direct product. By X oY we denote a central product of
X and Y. In general, X oY differs from X x Y, however, the equality may happen
for certain values of ¢. For the groups 2By(q) and ?F}(q) we assume that ¢ = 227!
with ¢ > 0, as in [8].

TABLE 1
G In(q) S:A H
Tm > 1,
Ga(g)  ®i(q) 3 SLs(q)
Ga(q)  P3(q) 3 SUs(q)
*Dy(q) ®3(q) 9 SLs(q)
*Da(q) ®3(q) 9 SUs(q)
3D4(Q) CD%(‘]) SLz(q) x Ce g1
*Dy(q) Pi(q) SUs(q) x Cz g1
Fy(q)  @1(q) 9 SL3(q) o SLs(q), Ba(q)
Fi(q)  ®5(q) 9 SUs(q)o SUs(q), Ba(q)
Fi(q)  ®3(q) SLs(q) o SLs(q)
Fi(q)  ®3(q) By(q)
Fi(q)  ®%(q) SUs(g)o SUs(q)
*Fu(g)  ®3(q) Cs(q)
*Filq)  ®3(q) 3 SUs(q)
*Fulq)  Pi(q) ?Bs(q) x *Ba(q)
Eg(q)  @%(q) 81,5 SLe(q) o SLa(q)
Ee(q)  ®5(q) 9 SL(q) o SLa(q), Ds(q)
Es(q)  ®3(q) SLs(q) o SLs(q) o SLs(q), Fi(q)
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Eg(q)  ®3(q) Ds(q)

Eg(q)  ®5(q) Fi(q), SUs(q)o SUs(q)

2Ee((]) CI)%(Q) 9 SUG(C]) © SLQ(C]), 2D5(q)

*Fe(q) ®5(q) 81,5 SUs(q) © SLy(q)

*Fe(q) ®3(q) SLs(q) o SLs(q)

*Fs(q)  ®3(q) *Ds(q), Fi(q)

*Es(q)  23(q) SUs(q)o SUs(q)o SUs(q)

E:(q)  @i(q) 81,57  SLs(q)

Ez(q)  ®i(q) 81,57  SUs(q)

Er(q)  ®3(q) Es(q), SLe(q) 0 SLs(q)

Er(q)  ®i(q) SLg(q)

Er(q)  ®i(q) ?Fe(q), SUs(g)o SUs(q)

Es(q) @%(q) 35,25,7  SLs(q) o SLs(q), SLy(q)

Es(q)  @3(q) SLs(q)o S Ls(Q) 0 SLs(q) o SLs(q)
Es(q)  @i(q) 5 SUs(q%), Ds(q),

Eg (Q) (DE(Q) 5L5(Q) o SL5(Q)

Es(q)  ®i(q) SUg(q) 0 SUs(q) o SUs(q) o SUs(q)
Eg(q)  ®%(q) Ds(q)

Eg(q)  ®%(q) SUs(q)o SUs(q)

Es(q)  ®3,(q) 3Dy(¢?)

Lemma 4.4. Let G' be a group given by the 1-st column of Table 1. Suppose that
p > 3 divides the number in the 2nd column. Then S is contained in one of the
subgroups listed in Table 1, except when p =5, G = Es(q) and ms = 1, 2.

Proof. Observe that ®'™(q) divides |H| except when H is a product of groups with
common center. More precisely, if H in Table 1 is a central product H; o ... o H
then ®]m(q) divides |H,|- - - |Hy|. Therefore, p™ divides H unless p divides the order
of the common subgroup of Hy--- H,. As p > 3, this happens only when p = 5,
G = Eg(q) and ms = 1,2, see Table 1. Therefore, with this exception, |A| divides
|H| and the result follows provided S = A. Suppose that S # A. In all other cases
in Table 1 where A # S one observes that |S| divides |H| and the lemma follows.

Lemma 4.5. Let r denote Lie rank of G and p > 3. Then every p-element g € G' of
order at most e, is conjugate to an element in A.

Proof. Suppose first that 7,, = r. Observe that A is a subgroup of a maximal
torus 7" in G, see [8, §10] or [1, Section 3]. Let G' be an algebraic group associated
with G, and let T" be a maximal torus of G containing 7". It is well-known that ¢ is
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conjugate in G to an element g € T. Set e = ¢,. Let Ag be the subgroup of elements
a € A with a® = 1. Then |A¢| = €" (as r = 7,,,). Therefore, Ay coincides with the
subgroup of elements ¢ € T of exponent e, s0o § € 49 C A C T C G. By [17, Part
E, Ch.I, 3.4], the elements g, g are conjugate in G if Cg(g) is connected. As G is
simply connected (which is assumed everywhere in this section unless the opposite is
stated), Cz(g) is connected, see [17, Ch. II, 3.9].

Let r,, < r. For classical groups the result stated is well-known. Let G be
exceptional. If Sylow p-subgroups of G are cyclic, they are conjugate to A. Otherwise,
inspection of Table 1 leaves us with the case where G = Eg(q) with p = 5 and ms = 4
(here ms # 1,2 as we assume that ms; < r = 8). In this case S is contained in a
group isomorphic to SU (5, ¢*). For this group the lemma is true, so it is true for G.

Lemma 4.6. Suppose that p > 3 and S s not cyclic.

(1) S is contained in a proper semisimple subgroup of G except, possibly, when
G =°Dy(q), my, = 3,6 or G = Eg(q), p=>5 and ms = 1,2.

(2) S is contained in a proper quasi-simple subgroup of G except, possibly, when
G = 3Dy(q) and m, = 3,6 or G = *Fy(q), my = 4 or G = Eg(q), m, = 1 or
G =2Fs(q), my, =2 or G = Fg(q), m, =5,6,10 or p=>5 for ms = 1,2.

(3) S is contained in a central product of classical groups except, possibly, when
G =3Dy(q), mp = 3,6 or G =2Fy(q), my, =4 or G = Es(q), mp =12 or m, = 1,2
for p=5. In addition, at least one of the factors is not of type Ai(q).

(4) Let g € S be of order p. Suppose that g is not contained in a parabolic subgroup
of G. Then there is a quasi-simple classical subgroup X not of type A1(q) and v € X
of order p such that x7'g € Cg(X) except when G = ?Fy(q) and m, = 4. In the
exceptional case X can be chosen of type Bs(q).

Proof. Item (1) - (3) follows from Lemma 4.4 by straightforward inspection of
Table 1. Consider (4). Observe that g centralizes no unipotent element (hence no
non-trivial semisimple subgroup (see Lemma 2.9)). If we are not in an exceptional
case of item (3) then g is contained in a subgroup H = XY where X is a quasi-
simple classical subgroup not of type A;(¢) and Y is a product of classical groups.
If G is of type 3Dy(q) then H = XY where X is of type SL(3,q) or SU(3,q) and
Y is abelian. Using this, one observes that if G is of type Es(q) and m, = 12 then
g € H >3Dy(q?) hence g € XY where X is of type SL(3,¢*) or SU(3,¢?) and Y is
abelian. If G = 2F,(¢) and m, = 4 then H = XY where X and Y are of type ?Bs(q).
Observe that X does not centralizes g and (|Z(X)],p) = 1 (see Table 1; observe that
if p =5 then m, < 4). Therefore, g = g1¢92 where g; € X and ¢, € Y are of order p.
Then g, 'g centralizes X as required. If p = 5, G = Eg(q) and ms = 1,2 then A is
contained in a subgroup H isomorphic to SL(9,¢) or SU(9,q). By Lemma 4.5 g is
conjugate to an element from A.

Lemma 4.7. Theorem 4.1 is true if G is a central extension of Fy(2) or 2Fg(2).
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Proof. If G/Z(G) = Fy(2) then one can inspect the character table of G in [2].
Let G be a central extention of 2Eg(2) and N = G/Z(G). One can assume that G is
universal. Then |Z| = 12. Let Z; be the subgroup of order 4 in Z. Then X = G/Z,
is isomorphic to the universal Chevalley group ?FEs(2). Let g be the projection of g
into N. As ¢ = 2 here and p > 3, the cases with m, = 1,2,6 can be ignored. By
Table 1, g is contained in a group H isomorphic to Fy(2) if m, = 3, and to 2D5(2)
if m, = 4. In the former case the lemma follows from the above. Group ?Dj5(2) has

trivial Schur multiplier. Therefore, if m, = 4 then the lemma follows from the result
for 2D5(2) =2 Q (10, 2).

Proof of Theorem 4.1. Let S be a Sylow p-subgroup of G. If S is cyclic, the
result follows from Theorem 2.1. Suppose that S is not cyclic. In view of Lemma
4.7 we can ignore exceptional central extensions of G/Z(G). By Lemma 4.6, there
is a quasi-simple subgroup X of G which is either of type ?By(g) or of classical in
the same characteristic and of rank greater than 1 such that g can be expressed as
g = q192 where g; € X and [go, X] = 1. Set Y = (X, ¢g) (so go € Z(Y)). Let ¢ be a
non-trivial irreducible constituent of #|y-. Suppose the contrary, that degf(g) < p—2.
Then deg ¢(g) < p — 2 and deg ¢(g1) < p — 2. This contradicts Theorem 3.1 if X is
classical. If X = ?B,(q) then Sylow p-subgroups of X are cyclic so the result follows
from Theorem 2.1.

5. ALMOST SIMPLE GROUPS

A group H is called almost simple if H' is quasi-simple. (Commonly, one requires
Z(H) = 1 but we prefer to drop this condition.) In this section we consider groups
G = {g“) where g € G is of prime order p > 3 and ¢ induces an outer automorphism
on G’ where G' is quasi-simple.

Theorem 5.1. Let G = (g,G') = (g%) where G' is a quasi-simple normal subgroup
of G and g* € Z(G). Let 0 € Irr G and dim @ > 1. Suppose that deg0(g) < p — 1.
Then G = G'- Z(G) where G' is a quasi-simple group from Theorem 1.2.

The case where G = GG’ has been settled in the previous sections, and the case with
G = G - Z(G) follows from Lemma 2.3. Therefore, we assume that ¢ ¢ G’ - Z(G).
None of alternating or sporadic simple groups has an outer automorphism of odd
order. Therefore, G'/Z(G'") is a simple group of Lie type. Groups of Lie type with
exceptional center are listed in [8, page 72]. One observes that none of them has an
outer automorphism of order greater than 3. Therefore, we only need to deal with
groups G such that Z(G') is not exceptional, that is, G’ is isomorphic to a finite
algebraic groups. Moreover, we can assume that GG is simply connected.

Lemma 5.2. [8, 7.3] Let G be a quasi-simple finite group of Lie type defined over
a field of characteristic r and let a be an outer automorphism of G of prime order
p > 3. Then one of the following holds:
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(1) « is inner-diagonal;

(2) av is conjugate in Aut G to a field automorphism of G (in the sense of Steinberg
[18]).
Lemma 5.3. Let G be a quasi-simple finite group of Lie type defined over a field of
characteristic r and let « be an outer automorphism of G of prime order p. Suppose
that any a-stable r-subgroup of G is contained in Cg(a). Then « is the product of
an inner and a diagonal automorphisms of G, and « normalizes no non-trivial r-
subgroup of G. If p > 3 then G is a central quotient of SL:(q) and « is induced by
an inner automorphism of GL;(q). In addition, p divides n and q — ¢.

Proof. The first claim is a particular case of [6, Lemma 2.1]. The second one follows
immediately from well-known facts on diagonal automorphisms. (As « is not inner,
p divides the order of Z(H) where H is simply connected algebraic group associated
with H. Tt follows that H is of type A% ,(¢) and p divides n. As G # G'- Z(G), then
p divides g — ¢.)

Proof of Theorem 5.1. Let H = G’'. By the observation in the beginning
of this section we can assume that H can be embedded into the related algebraic
group H. By Lemma 5.3 G = G, - Z(G) where G is contained in H (every diagonal
automorphism of H is known to be induced by an inner automorphism of H .) We can
further assume that H is simply connected. Let r denote the defining characteristic
of H. Let a be the automorphism induced on H by g-conjugation so « is not inner.
By Lemma 2.7, each a-stable abelian r-subgroup A of H belongs to Cyx(«). By
Lemma 5.3, « is a product of inner and a diagonal automorphisms of H and H is
of type A% ,(q) and n > 2 as p divides (n,q — €). Therefore, we can assume that
SL(n,q) C Gy € GL?(n,q) so the result follows from Theorem 3.1. This completes
the proof.

6. GENERAL CASE
In this section we prove the following:
Proposition 6.1. Theorem 1.2 is true if G is not almost simple.
Lemma 6.2. Group G in Theorem 1.2 is primitive.

Proof. Suppose the contrary. Then G transitively permutes subspaces of a direct
decomposition V = V; @ --- @ V. As G = (¢)¢, there is a g-orbit of size p on
{1,...,k}. Let v € V; and gV; # V;. Then g'v are linear independent for i = 1,...,p,
so the minimum polynomial of ¢ is of degree p.

Let S(G) denote the maximal solvable normal subgroup of G. The following two
lemmas state standard facts of the Clifford theory. In Lemmas 6.3, 6.4, 6.7 and
Theorem 6.6 below F' denotes an algebraically closed field of any characteristic and
F, the field of ¢ elements.
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Lemma 6.3. Let G C GL(n, F) be an irreducible primitive tensor-indecomposable
subgroup. Then one of the following holds:
(1) G has an irreducible normal subgroup N that is a central product of non-abelian
quasi-simple groups transitively permuted by G when it acts on N via conjugation;
(2) there is a prime r such that E = O,(G) is irreducible. In addition, EZ(G)/Z(G)
is elementary abelian of order n?.

Lemma 6.4. Let G C GL(n, F) be an irreducible primitive tensor-indecomposable
subgroup. Suppose that S(G) # Z(Q), equivalently, case (2) of Lemma 6.3 holds. Set
E=0,(G) and W =: EZ(G)/Z(G).

(1) W is elementary abelian.

(2) View W as a vector space over F,. Then the commutator mapping E X E —
Z(E) induces on W a non-degenerate alternating bilinear form and the conjugation
action of G on E(G) induces a homomorphism w : G — Sp(W) = Sp(2k,r) which
kernel is E and the image is an irreducible subgroup of Sp(2k,r).

Lemma 6.5. [22] Assume the hypothesis of Lemma 6.4 and suppose that G = (g“)
where g" € Z(G). In addition, suppose that degg < p. Then degg = (p+1)/2, (g)
is a transvection in Sp(2k,r) and every abelian g-invariant subgroup of E belongs to
Ca(g). Conversely, if m(g) is a transvection and every abelian g-invariant subgroup
of E belongs to Cg(g) then degg = (p+1)/2. In addition, Specg = « - fi, or « -,
for some a € F.

Theorem 6.6. Let G C GL(n, F) be a primitive irreducible tensor-indecomposable
subgroup such that S(G) # Z(G). Let g € G be such that G = {g“) and g* € Z(G).
Suppose that degg < p— 1. Then n is a p-power, G/(0,(G)Z(G)) = Sp(2k,p) and
the projection of g into Sp(2k,p) is a transvection. In addition, Spec g = ajfi, or ap,
for some o € F.

Proof. It follows from Lemma 6.3 that n = r* for some prime r and an integer
k > 0, and G has a normal irreducible r-subgroup E. Set N = Z(G)E. By Lemma
2.7,if r # p then degg > p—1. So r = p. Then G/N is isomorphic to an irreducible
subgroup of Sp(2k,p) by Lemma 6.4. Let 7 : G — Sp(2k, p) be the quotient group
homomorphism and b = 7(g). By Lemma 6.5, deg g = p unless 7(g) is a transvection
in Sp(2k,p). By a theorem of Mclaughlin [14], 7(G) = Sp(2k,p). The claim on
Spec g follows from Lemma 6.5.

Lemma 6.7. Let G C GL(n,F) be a irreducible primitive tensor-indecomposable
subgroup. Suppose that S(G) = Z(G). Suppose that G = (g%) where g* € Z(G) and
g ¢ G - Z(G). Then degg = p.

Proof. By Lemma 6.3, N = Ny o---0o N where Ny,..., N; are quasi-simple. We
can assume that ¢’ Nyg™" = Ny for i = 1,...,p — 1. As N; is simple, its order is
divisible by at least three primes. Hence there is a prime r such that r is distinct
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from the characteristic of F', r # p and N; contains a subgroup C; of order r. Set
A =7l g'Cig " so Ais a g-invariant abelian subgroup of N and A is not contained
in Cg(g). By Lemma 2.7, deg g = p.

Lemma 6.8. Theorem 1.2 is true if G' is primitive and tensor-indecomposable.

Proof. If S(G) = Z(G) then either G is almost simple or the minimal non-central
normal subgroup of G is a central product of at least p quasi-simple non-abelian
groups. The latter case is considered in Lemma 6.7. The former case is done in
Theorem 5.1.

This lemma shows that we are left with tensor decomposable groups. Let G be
tensor-decomposable. Then G C GL(n;,C) ® GL(ng, C) where ny,ny > 1. This
yields projective representations ¢; : G — GL(n;,C) and then ¢(G) C G ® G
where G; = Z¢;(G) for i = 1,2 and Z; the group of scalar matrices in GL(n;, C).
Therefore, for each g € G there are g; € G; (i = 1,2) such that ¢ = g1 ® go. If
g? € Z(GQ) then g¥ € Z;. If degg < p — 1 then degg; < p — 1 for i = 1,2. Moreover,
deg g; < p — 1. Therefore, we can use induction.

Lemma 6.9. Let G = (g¢) C GL(n,C) be tensor-decomposable. Suppose that
degg<p—1. Then G/Z =2 A5 x A5, p=>5 and n = 4.

Proof. According to the above comments G C G; ® Gy where G; C GL(n;,C)
with nyny = n and n; > 1. Clearly, G; are irreducible. Suppose first that G; and
(G5 are tensor-indecomposable. Express ¢ = g1¢92 € G where g; € G, for i = 1,2 and
g € Z(G). Therefore, Spec g = a(Spec g1)(Spec go) where o € C. So degg; < p — 1.
Observe that go is not scalar as G = (¢¢). By Lemma 6.8, for g; € G; one of the cases
in Theorem 1.2 holds. In particular, we can assume that Spec g; € { iy, Vp, fip, 7y, pjfg}
Obviously, Spec g; cannot be pi. Furthermore, by Lemma 2.13 degg > p — 2 unless
p = 5 and Spec g; = Spec go = 5 or vs. In particular, deg ¢, = deg go = 2. Therefore,
for both g; € G; case (A) of Theorem 1.2 holds so G;/Z(G;) = PSL(2,5) =2 A;. As
the universal central extension of Ajs is isomorphic to SL(2,5), we can assume that
G1 = Gy = SL(2,5). Moreover, n; = 2 as degg; = 2 and only 2-dimensional
representations of SL(2,5) satisfy this property.

Proof of Theorem 1.2. Suppose the contrary. By Lemma 6.2 G is primitive. If
G is tensor-decomposable, the result follows from Lemma 6.9 and leads to case (B6)
of the theorem. Suppose that G is tensor-indecomposable. If S(G) # Z(G) then the
result follows from Theorem 6.6 and leads to case (B2) of the theorem. Suppose that
S(G) = Z(G). By Lemma 6.3 G is almost simple. Then G = G’ - Z(G) by Theorem
5.1. In this case with no loss of generality we can assume that G = G’, that is, G
is quasi-simple. This case splits to four subcases depending on whether G/Z(G) is
sporadic, alternating, classical or of exceptional Lie type. Sporadic groups yield only
one case where G/Z(G) = J, by Lemma 2.14. The case of alternating groups has
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been settled in [27], see Theorem 2.2. This class of groups yields only examples (B3)
and (B4) in the statement (as well as 2- A5 = SL(2,5) and As =2 SL(2,4) which are
viewed here as classical groups.) For G/Z(G) being of Lie type ¢ is either semisimple
or unipotent. The latter case has been known much earlier, see Theorem 2.4. This
yields cases (A), (B1) of the theorem. Let g be semisimple. If Sylow p-subgroup of G
are cyclic, the result is available from [26] as is recorded in Theorem 2.1. From this we
obtain case (C) of the theorem. It remains to treat the case where Sylow p-subgroups
of G are not cyclic. Non-standard coverings for groups of Lie type are considered in
Lemma 2.15 and Lemma 4.7. The case where p divides | Z(G)| is considered in Lemma
3.6. The case where (|Z(G)|,p) = 1 and G is classical is contained in Theorem 3.1.
Groups of exceptional Lie type are examined in Theorem 4.1.
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