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Abstract Let G be a �nite (non-abelian) irreducible linear subgroup over the
complex numbers, and let g be an element of G of prime order p. Suppose that g
does not belong to a proper normal subgroup of G. We show that the number of
distinct eigenvalues of g can only be p; p� 1; p� 2; (p+ 1)=2 or (p� 1)=2. Moreover,
we provide a full classi�cation of such groups G provided g has at most p� 2 distinct
eigenvalues.

1. Introduction

Let C denote the �eld of complex numbers and GL(n;C) the group of all (n� n)-
matrices over C.

Theorem 1.1. Let G be a �nite irreducible subgroup of GL(n;C) and n > 1. Let
g 2 G be an element of prime order p. Suppose that g does not belong to a proper
normal subgroup of G. Then the number of distinct eigenvalues of g can only be
p; p� 1; p� 2; (p+ 1)=2 or (p� 1)=2.

Let Z(G) denote the center of a group G: In fact we obtain full classi�cation of
�nite irreducible subgroups G � GL(n;C) generated by the conjugacy class of an
element g such that gp 2 Z(G) and g has at most p� 2 distinct eigenvalues. To state
the result we need some notation.
For a matrix g denote by Spec g the set of all distinct eigenvalues of g, disregarding

the multiplicities, and by deg g their number. (As g is of �nite order then deg g is
exactly the degree of the minimum polynomial of g.) Let " be a primitive p-root of
1. Set �p = f"ig where i runs over non-quadratic residues modulo p; and �p = f"ig
where i runs over quadratic residues modulo p: We also set ��p = �p [ 1, ��p = �p [ 1;
and �jp = f1; "; : : : ; "p�1g n f"j; "�jg where 0 6= j < p. Our notations for classical
groups and for groups of Lie type are standard. The alternating group of order n!=2
is denoted by An, and J2 is a sporadic simple group of order 604800.

Theorem 1.2. Let G be a �nite irreducible subgroup of GL(n;C) and, for a prime
p > 3, let g 2 G with gp 2 Z(G). Suppose that hgGi = G and deg g < p � 1: Then
one of the following holds:
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(A) deg g = n = (p� 1)=2 and G=Z(G) �= PSL(2; p); in addition, Spec g = � � �p or
� � �p for some � 2 C.

(B) deg g = (p+ 1)=2 and one of the following holds:

(1) G=Z(G) = PSp(2k; p), gZ(G) is a transvection in G=Z(G); furthermore, either
k > 1 and n = (pk � 1)=2 or else k = 1 and n = (p+ 1)=2;

(2) G=Z(G) = F 2k
p � Sp(2k; p), a semidirect product of Sp(2k; p) and the additive

group of the natural Sp(2k; p)-module F 2k
p , k � 1; the projection of g into Sp(2k; p)

is a transvection and n = pk;

(3) G=Z(G) = A6 �= PSL(2; 9); p = 5 and n = 3;

(4) G=Z(G) = A7; p = 7 and n = 4:

(5) G=Z(G) = J2; p = 5 and n = 6;

(6) G=Z �= A5 � A5, p = 5 and n = 4.

In addition, Spec g = � � ��p or � � ��p where � is as above.

(C) deg g = n = p�2; G=Z(G) = SL(2; q) for q even. In addition, Spec �(g) = � ��jp
for some j with 1 � j � (p� 1)=2.

Remarks (1) The set �j5 coincides with ��5 or ��5. (2) The list above does not
indicate all isomorphisms between simple groups, for instance, SL(3; 2) for p = 7
appears as PSL(2; 7) in case (A).

Theorem 1.2 extends some earlier results. If G is p-soluble, or more generally,
contains a non-central normal p0-subgroup then a similar result essentially belongs to
Hall and Higman [10]. The estimate deg g � (p�1)=2 under assumptions of Theorem
1.1 has been obtained by Robinson [16]. For the particular case where n < p the
result of Theorem 1.2 can be extracted from [28].

Our proof uses the classi�cation of �nite simple groups. The best result not using
the classi�cation is that of Robinson [15].

Notation p is a �xed prime integer (usually p > 3). If H is a group then H 0 is
the commutator subgroup of H and Z(H) is its center. For a; b 2 H we set [a; b] =
aba�1b�1: We denote by �H the regular character, the regular representation of H
or regular H-module; similarly, 1H denotes the trivial character, the one-dimensional
trivial representation of H or the trivial H-module. The symbol � 2 IrrH means that
� is an irreducible character, irreducible representation or irreducible CH-module. If
K � H are �nite groups, M is an H-module and L is an FH-module, we denote by
M jK the restriction of M to K, and we write L 2M jK (resp., L 62M jK); in order to
say that L is (resp., is not) a submodule of M jK (and the same for representations).
The meaning of the symbols Spech; deg h; �p, �p, ��p, ��p, �

j
p is de�ned prior Theorem

1.2. The greatest common divisor of integers m;n is denoted by (m;n).
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Our notation for sporadic simple groups agrees with [2]. For a group H we say
that H is a �nite algebraic group if there is an algebraic group G and a Frobenius
endomorphism F of G such that H = fg 2 G : F (g) = gg. We say thatH is reductive
(respectively, connected, simply connected) if G is reductive (respectively, connected,
simply connected). For uniformity purposes, we use symbols GL"(n; q) with " = �1
to refer to group GL(n; q) if " = 1 and U(n; q) if " = �1. Similar meaning is assigned
to the symbol SL"(n; q).

2. Preliminaries and some known results

Theorem 2.1. [26] LetG be a quasi-simple �nite group with cyclic Sylow p-subgroup.
Let M be a non-trivial irreducible CG-module. Let g 2 G be an element of order p
such that deg gjM < p� 1. Then one of the following holds:

(1) G �= SL(2; q); q > 4 is even, p = q+1; dimM = deg g = p�2 and Spec gjM = �jp
for some j;
(2) G=Z(G) �= PSL(2; p); dimM = deg g = (p� 1)=2 and Spec gjM = �p or �p;
(3) G=Z(G) �= PSL(2; p); dimM = deg g = (p+ 1)=2 and Spec gjM = ��p or ��p;
(4) G=Z(G) = A6 �= PSL(2; 9); p = 5 and dimM = deg g = 3 and Spec gjM = ��5

or ��5;
(5) G=Z(G) = A7; p = 7 and dimM = deg g = 4 and Spec gjM = ��7 or ��7.

Theorem 2.2. [27] Let G be a non-trivial covering of the alternating group An where
n > 7. Let 1G 6= � 2 IrrG. Then deg �(g) � p� 1.

Remark. If n � 7 and p > 3 then Sylow p-subgroups of G are cyclic. This case is
contained in Theorem 2.1.

Lemma 2.3. Suppose that G=Z(G) is a simple group with cyclic Sylow p-subgroup.
Let M be an irreducible CG-module of dimension greater than 1 and let g 2 (G n
Z(G)). Suppose gp 2 Z(G) and deg gjM < p � 1. Then G=Z(G) is as in cases (1)
- (5) of Theorem 2:1 and there is a root of unity � such that � � Spec gjM is as in
Theorem 2:1.

Proof. Observe that G = G0Z(G) and G=Z(G) �= G0=Z(G0). Therefore, there
is a p-element h 2 G0 such that gh 2 Z(G). As Sylow p-subgroup of G=Z(G) are
cyclic, jZ(G0)j is coprime to p (see for instance [26, Lemma 3.3]). Therefore, hp = 1.
Obviously, deg gjM = deg hjM so h satis�es the hypothesis of Theorem 2.1 which
yields the lemma.

Theorem 2.4. Let g 2 G where G=Z(G) is a simple group of Lie type in characteris-
tic p and gp = 1: Let � 2 IrrG; and 1 < deg �(g) < p�1: Then G=Z(G) = PSp(2n; p);
n � 1; dim � = (pn � 1)=2 and g is a transvection. In addition, Spec �(g) = ���p or
���p for some � 2 C unless n = 1 and dim � = (p�1)=2 in which case Spec �(g) = ��p
or ��p. Moreover, there exists � satisfying the above conditions.
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Proof. It is well known that (jZ(G)j; p) = 1 for p > 3. So the result is available
from [23] (see also [24]) except for the dimension of �. These have been determined
in [24] for cases (i) - (iv), for case (v) this has been done in [19].

Lemma 2.5. [11] Let X be an irreducible cyclic subgroup of GL(n; q). Then jXj
divides qn � 1: If jXj = p then n = mp(q).

Lemma 2.6. [11] Let V be a vector space endowed by a non-degenerate bilinear
or quadratic form, and let I(V ) denote the group of isometries of V: Let X be an
irreducible cyclic subgroup of I(V ): Then one of the following holds:

(i) I(V ) = U(n; q); n is odd, jXj divides qn + 1;

(ii) I(V ) = Sp(2n; q) and jXj divides qn + 1;

(iii) I(V ) = O�(2n; q) and jXj divides qn + 1:
In addition, if jXj = p then n = mp(q

2).

Lemma 2.7. (Hall-Higman) Let T = RH be a �nite linear group where H = hhi is
a cyclic p-subgroup and R is a normal p0-subgroup. Suppose that [h;R] 6= 1. Then
deg h � p� 1.

Proof. Let  be a representation of T over an algebraically closed �eld of charac-
teristic p obtained from T by reduction modulo p. Then  jR is faithful and deg g �
deg (g). By a theorem of Hall and Higman (see [5, VII.10.2]) deg (g) � p� 1. So
the lemma follows.

Lemma 2.8. [8, x13.2] Let H be a �nite connected algebraic group, R a parabolic
subgroup of H and U the unipotent radical of R. Then CH(U) = Z(H) � Z(U):

Lemma 2.9. (Borel-Tits, see [8, x13.1]) Let H be a �nite reductive algebraic group
in characteristic r and g 2 G. If g normalizes an r-subgroup of H then g belongs to
a parabolic subgroup of H.

Lemma 2.10. Let G be a �nite reductive group in characteristic r 6= p and let
g 2 G n Z(G) be a p-element. Let � be an irreducible representation of G and
dim� > 1. If g 2 G normalizes an r-subgroup in G then deg �(g) � p� 1:

Proof. By Lemma 2.9, g belongs to a parabolic subgroup P of H. Let U be the
unipotent radical of P . By Lemma 2.8, CH(U) = Z(G) � Z(U). Hence [g; U ] 6= 1 so
the lemma follows from Lemma 2.7.

Lemma 2.11. Let G = SL"(n; q) and h 2 H = GL"(n; q) be a semisimple element.
Then H = CH(g)G.

Proof. Suppose �rst that g is irreducible. Then jCH(g)j = qn � " (where n is
odd if " = �1). It is well-known that the mapping CH(g) ! GL"(1; q) de�ned for
g 2 CH(g) by g ! det g is surjective. Therefore, jCH(g)G=Gj = q � " and the result
follows. The general case can be easily reduced to this one.
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Lemma 2.12. Let T a Sylow p-subgroup of GL(n; q) where (p; q) = 1.

(i) (see [8, x10]) If T contains an irreducible subgroup of order p then T is cyclic.
In addition, jT j is the p-part of qn � 1 and n is the minimum positive integer such
that p divides qn � 1.

(ii) Express q � 1 in the form pal. If T contains an irreducible cyclic p-subgroup
C = hci such that Id 6= cp 2 Z(GL(n; q)) then n = p and jcj = pa+1: In addition,
jT j = pap+1 and some conjugate of T consists of monomial matrices.

(iii) (see [21]) If T is irreducible and primitive then either T is cyclic or p = n = 2.

Proof. Claim (ii) can be easily deduced from [21].

In Lemma 2.13 below �p denote the set of all p-roots of unity and �p = �p n 1. The
meaning of the symbols �p; �p; ��p; ��p is de�ned in the introduction. The symbol �p�p
means the set fab : a 2 �p; b 2 �pg (ignoring repetitions).

Lemma 2.13. (1) If p � 1(mod 4) and p 6= 5 then �2p = �2p = �p = ��p�p = ��p�p,
�p�p = ��p�p = ��p�p = �p:
(2) If p � 3(mod 4) and p 6= 3 then �2p = �2p = �p = ��p�p = ��p�p and �p�p = �p =

��2p = ��2p:
(3) If p = 5 then �25 = ��5, �

2
5 = ��5, �5�5 = �5 = ��5�5 = �5��5; ��

2
5 = ��25 = �5;

�35 = �35 = �5:
(4) If p = 3 then �23 = �3, �

2
3 = �3, �3�3 = f1g, ��3�3 = ��3; ��3�3 = ��3; ��3��3 = �3 =

��23 = ��23 :

Proof. It su�ces to determine �2p; �
2
p and �p�p as other cases easily follow from

these. Let A (resp., B) denote the subset of all squares (resp., non-squares) in
F �
p = Fp n 0: Fix � 2 B. Then

�2p = f"i : i = x2 + y2; x; y 2 F �
p g; �

2
p = f"i : i = �(x2 + y2); x; y 2 F �

p g;

�p�p = f"i : i = x2 + �y2; x; y 2 F �
p g:

In order to determine �2p; �
2
p and �p�p consider a vector space over Fp of dimension 2

with basis e1; e2. Let W
0 denote the subset of vectors proposional to neither e1 nor

e2. De�ne on W three quadratic forms by setting (e1; e2) = 0 and
(1) (e1; e1) = (e2; e2) = 1;
(2) (e1; e1) = (e2; e2) = �;
(3) (e1; e1) = 1; (e2; e2) = �.

Set Ti = f(w;w)gw2W 0 where i = 1; 2; 3 and (w;w) is computed in cases (1), (2), (3),
respectively. Obviously, �2p = f"i : i 2 T1g, �

2
p = f"i : i 2 T2g, �p�p = f"i : i 2 T3g.

As aw 2 W 0 if w 2 W 0, a 2 F �
p , we observe that ATi = Ti. Hence A � Ti (resp.,

B � Ti) if and only if 1 2 Ti (resp., � � Ti).
It is well-known that A [ B � f(w;w)gw2W : Therefore, it su�ces to decide when

1; � 2 Ti. Let W0 denote the subset of W nW 0 of vectors w such that (w;w) = 1 or
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�. Clearly, W0 consists of 4 vectors �e1;�e2, and for all them (w;w) = 1 in case (1),
(w;w) = � in case (2), while in case (3) two vectors w = �e1 satisfy (w;w) = 1 and
two vectors w = �e2 satisfy (w;w) = �. The total numbers of vectors w 2 W with
(w;w) = 1 (or (w;w) = �) is equal to jO(W )j=4, and jO(W )j = 2(p� 1) (where sign
� has to be chosen if W is anisotropic). Hence we arrive the condition p� 1 > 8 in
cases (1), (2), and p � 1 > 4 in case (3) to guarantee that A [ B � Ti. The cases
p < 8 can be easily inspected.

By using the character tables given in [2] one can easily establish Lemmas 2.14 and
2.15 below:

Lemma 2.14. ([2]) Let G=Z(G) be a sporadic simple group and let � 2 IrrG. Suppose
that gp = 1 and 1 < deg �(g) < p � 1: Then G=Z(G) �= J2; dim � = 6; p = 5;
Spec �(g) = ��5 or ��5 and every eigenvalue of g is of multiplicity 2:

Lemma 2.15. Let G be the universal covering of one of the following groups: SL(4; 2),
PSL(3; 4), PSU(6; 2), SU(4; 3); Sp(6; 2), 
+(8; 2), 
(7; 3), G2(4). Let g 2 G be of
prime order p. Let � 2 IrrG and dim � > 1. Then deg �(g) > p� 2.

Proof. All these groups are available in [2] and the result can be deduced by
inspection. (In view of Theorem 2.1 one has only to inspect primes p for which Sylow
p-subgroups of G are not cyclic.)

3. Classical groups

In this section we prove the following theorem.

Theorem 3.1. Let G be a group such that G=Z(G) is classical, that is, there is
a subgroup Z � Z(G) such that G=Z is isomorphic to a group H such that either
SL"(k; q) � H � GL"(k; q) or Sp(k; q) � H � CSp(k; q) or 
(k; q) � H � O(k; q)
with k > 5 odd or 
�(k; q) � H � O�(k; q) with k > 6 even. Let � be an irreducible
representation of G of dimension greater than 1. Let g 2 G be a semisimple element
of prime order p. Then either deg �(g) > p� 2 or case (C) of Theorem 1.2 holds.

Lemma 3.2. Let H = GL"(n; q) and H 0 � G � H. Let t 2 H be a semisimple
element and let m(t) be the least natural number k such that tk 2 Z(G). Suppose that
1 < deg �(t) < m(t) for some representation � 2 IrrF G. Then there is � 2 IrrH
such that 1 < deg �(t) < m(t).

Proof. Let � be an irreducible representation of H such that � is a constituent of
� jG. By Cli�ord's theorem, � jG = �i�i where �i are irreducible and conjugate to �
by elements of H. By Lemma 2.11, every coset hG contains an element from CH(t).
Therefore, Spec�i(t) = Spec�(t) as desired.

Lemma 3.3. Let q > 3 and SL"(3; q) � G � GL"(3; q). Let g 2 G be a semisimple
element of order p > 3. Let � 2 IrrG where dim � > 1. Then deg �(g) > p� 2.
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Proof. We can assume that G = GL"(3; q) by Lemma 3.2. As the characters of G
are known, one could compute the eigenvalue multiplicities of g in every irreducible
representation of G. (In a more conceptual way one can argue as follows (sketch).
For " = 1 the lemma follows from Theorem 2.1 and Lemma 2.7. Let " = �1. If
(p; q + 1) 6= 1 then the lemma follows from Theorem 2.1. Otherwise, g = hz where
z 2 Z(G) and h is contained in a subgroup H of G isomorphic to SU(2; q). It follows
from Theorem 2.1 that q is even and all non-trivial irreducible constituents of �jH
are of dimension q� 1 and are equivalent to each other. By [20, Theorem 1.4], � is a
Weil representation of G. In this case the irreducible constituents of �jH are known
and at least two of them are non-equivalent.

Lemma 3.4. Let F be an arbitrary �eld. Let p be a prime and let a; b 2 GL(r; F ) be
semisimple matrices such that ap and [a; b] 6= Id are scalar. Then deg b = p � deg bp;
and Spec b consists of all p-roots of the elements of Spec bp.

Proof. Observe that [a; bp] = [a; b]p = [ap; b] = Id : In particular, [a; b] = ! � Id;
where ! is a primitive p-root of 1 inK LetW be the natural module for GL(r; F ); � 2
Spec bp and W� the �-eigenspace of bp in W . Obviously, aW� = W� and bW� = W�.
As [a; b] 6= Id is scalar, [a; b]jW� 6= Id : Let � be an eigenvalue of b in W� and denote
by W�� the �-eigenspace of b in W�. Observe that �

p = �. Pick 0 6= w 2 W��. We
have baiw = [b; ai]aibw = !i�aiw: This means that aiw belongs to the !i�-eigenspace
of b in W� (i = 2; : : : ; p� 1): Hence �; !�; : : : ; !p�1� are eigenvalues of b in W�.

Lemma 3.5. Let p > 2 be a prime and SL"(p; q) � X � GL"(p; q). Let x 2 X be
an irreducible p-element such that xp = � � Id.
(1) There exists matrices d; d1 2 X such that dp = dp1 = Id, [d; d1] = Id, [d1; x] = d

and [d; x] = ! � Id where ! 6= 1 is p-root of 1:
(2) Let F be an algebraically closed �eld of characteristic f with (f; pq) = 1. Let

� be an irreducible representation of X with dim� > 1. Then deg �(x) = p and if
�(xp) = " � Id then Spec�(x) consists of all p-roots of ":

Proof. Since x is irreducible, � 6= 1. As � is a p-element, p divides q � ". Let
V denote the natural GL"(p; q)-module. (1) Let 0 6= v1 2 V and vi = xvi�1 for
i = 1; : : : ; p � 1. Then xvp = �vp and detx = �. As x is irreducible, v1; : : : ; vp is a
basis in V . If " = �1, there is v1 2 V such that the basis v1; : : : ; vp is orthonormal.
(This is well-known and can be easily deduced from the fact that jGL"(p; q)j =
p � jGL"(1; q)j.) As X contains SL"(p; q) and � 6= 1; we conclude that X contains all
matrices of determinant �l for every integer l. Let 1 6= ! 2 Fq(3�")=2 with !p = 1:

Set d = diag(!; !2; : : : ; !p�1; 1) and d1 = diag(: : : ; !�i(i�1)=2; : : :) where we indicate
the term on the i-th position. Then d; d1 2 X. One can straightforward check that
[x; d1] = d and [d; x] = ! � Id.
(2) Let d; d1 be as above. Let � 6= 1 be an eigenvalue of �(d) andW the eigenspace

of �. Then dimW < dim� and CX(d)W = W so d1W = W: If [�(d); �(x)] =
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�([d; x]) 6= Id then (2) follows from Lemma 3.4. If [�(d); �(x)] = Id then �(x)W = W
and there is an eigenvalue � 6= 1 of �(d1)jW (as �([d1; x]) = � � Id) and let W1 be the
�-eigenspace of d1 in W . Then W1 6= W and again the result follows from Lemma
3.4.

Lemma 3.6. Theorem 3:1 is true if SL"(n; q) � G � GL"(n; q) and (p; q � ") 6= 1.

Proof. Let V be the natural module for G. Let W be a minimal non-degenerate
g-submodule of V of dimension at least 3 such that gjW is non-trivial. To justify the
existence, let L be a minimal g-submodule of V . Then dimL is either p or 1, see
Lemma 2.12. In the former case choose W = L. In the latter case g is diagonalizable
(under an orthogonal basis if G is unitary). Therefore, as dimV > 2, we can choose
W to be non-degenerate of dimension 3. By Lemma 2.11 it su�ces to prove the
lemma for G = GL"(n; q). Let XW = fx 2 G : xjW? = Idg and X = hXW ; gi. Let K
be the kernel of the restriction homomorphism � : X ! XjW . Obviously, K � Z(X)
and X = XW � K. Therefore, g = g1g2 where g1 2 XW and g2 2 K. Let � be an
irreducible constituent of �jX of dimension greater that 1. Suppose the lemma is
false. Then deg �(g) = deg �(g1) < p� 1. If dimW = 3; this contradicts Lemma 3.3.
(The case q = 2 is irrelevant as p > 3.) If dimW = p; this contradicts Lemma 3.5.

Let V be a symplectic, orthogonal or unitary space of dimension m. Then we
denote by I(V ) its group of isometries.

Lemma 3.7. Let h 2 H = I(V ) be an element of prime order p > 2: Suppose that h
stabilizes no isotropic (singular) subspace of V .
(1) There is an orthogonal decomposition V = V1 � � � � � Vl as a direct sum of

h-submodules such that hjVi 6= Id and Vi is irreducible for all i � l� 1, and dimV1 =
� � � = dimVl�1. In addition, either hjVl is irreducible and dimVl = dimV1 or hjVl = Id
and Vl is anisotropic (non-singular).
(2) If a Sylow p-subgroup of H is not cyclic then gjV2 6= Id, except, possibly, when

V is unitary of dimension 2 and p divides q+1 or V orthogonal of dimension at most
4.

Proof. (1) Let V1 be an irreducible submodule of V . By Maschke's theorem, we can
choose V1 with hjV1 6= Id. By assumption, V1 is non-degenerate, hence so is V ?

1 . If
hjV1 6= Id, the claim follows by induction. Otherwise, V1 is anisotropic (non-singular).
The assertion on dimension follows from Lemma 2.12.
(2) By Lemma 2.12(i), l 6= 1. Suppose gjV2 = Id. By (1), V2 is anisotropic, so V is

not symplectic, dimV2 � 2 if V is orthogonal and dimV2 � 1 if V is unitary. Let N be
the normalizer of hhi in a Sylow p-subgroup S of H that contains h. Then NV2 = V2.
If N jV2 6= Id then N jV2 has an element of order p whence dimV1 � dimV2: So if V is
orthogonal then dimV � 4. If V is unitary then dimV � 2, as required. Therefore,
we are left with the case where N jV2 = Id. Then we can apply this argument to
N1 = NS(N) to conclude that N1V2 = V2 and N1jV2 = Id. It follows that SV2 = V2
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and SjV2 = Id. Then SV1 = V1 and by Lemma 2.12(i) S is cyclic, which is not the
case.

Lemma 3.8. Let dimV = m and either SL(m; q) � G � GL(m; q) or I(V )0 � G �
I(V ). Let g 2 G be an irreducible element. Then g is conjugate in G to m distinct
elements gi unless V is orthogonal and G 6= I(V ) in which case g is conjugate in
G to at least m=2 distinct elements of shape gi. In particular, if m > 2 then g is
conjugate to some gi with i 6= 1;�1.

Proof. Let X be the group generated by g, and let K be the span of X in EndV .
Then K is a �eld by Schur's lemma. As K is irreducible, dimK = dimV = m. In
addition, CG(g) = K \G. Therefore, the number in question is equal to the order of
� := NG(X)=CG(X). As � is a subgroup of the Galois group of K, it is cyclic. Let
a 2 NG(X) be such that aCG(X) is a generator of �. It is well known that j�j = m if
G = I(V ) or GL(m; q). (The case of orthogonal groups in characteristic 2 is discussed
in detail in [12, Lemma 4.3.15].) So we are done in the symplectic group case. For
groups GL"(m; q) observe that GL"(m; q) = CGL"(n;q)(g) � SL

"(n; q) (Lemma 2.11) so
a can be found in SL"(n; q). For an orthogonal space I(V )=
(V ) is of exponent 2,
hence a2 2 
(V ) and the result follows.

Lemma 3.9. Let V be an orthogonal space and let V = V1�V2 where V1; V2 are non-
degenerate subspaces of V of equal dimension 2m orthogonal to each other. Suppose
that g 2 G = 
(V ) preserves V1; V2 and acts irreducibly in each of them. Then g is
conjugate to gi for at least 2m distinct j with 1 � j < jgj.

Proof. Set gi = gjVi for i = 1; 2. By Lemma 3.8 that there is an element x1 2
NI(V1)(hg1i) such that xj1g1x

�j
1 contains 2m distinct elements. Let � be the spinor

norm of x1. Both V1; V2 are of Witt index m� 1 as they contain irreducible elements
(Lemma 2.6). Therefore, V1; V2 are isomorphic as orthogonal spaces, so one can �x
bases in V1; V2 with the same Gram matrix. As gi is irreducible, Sylow p-subgroups
Si of 
(Vi) are cyclic (Lemma 2.12). In view of Sylow's theorem, we can assume that
S1 and S2 consist of the same set of matrices (under above bases), as well as their
subgroups Ti of order p. Therefore, this also holds for Ni := NI(Vi)(Ti). It follows
that N2 contains an element x2 of spinor norm � which induces an automorphism of
order 2m on T2. Then the spinor norm of a = diag(x1; x2) is 1, that is, a 2 
(V ).
As we can assume Ti = hgii, the lemma follows.

Proof of Theorem 3.1. Suppose the contrary. Let M be the module a�orded
by � and V the natural module for H which we also view as a G-module. In view
of Theorem 2.1 and Lemma 2.3 we can assume that Sylow p-subgroups of H are
not cyclic. Hence we can also assume that k > 2. Then g is reducible as otherwise
Sylow p-subgroups of G are cyclic (Lemma 2.12). If H is orthogonal, we can assume
that H = 
(k; q) as g 2 G0 in this case. By Lemma 2.7, if g normalizes an r-
subgroup of G then g centralizes it. It follows from Lemma 2.8 that h, the projection
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of g in H, cannot belong to a parabolic subgroup of GL(k; q), U(k; q), Sp(k; q) or

(k; q), respectively. As the unipotent radical of any parabolic subgroup in each of
these groups belongs to H 0, we conclude that g stabilizes no isotropic (or singular)
subspace of V . As g is reducible, H 0 6= SL(k; q).
Let V be the natural module for H. We can express V = V1 � V2 where V1; V2 are

non-degenerate g-stable subspaces of V and gjV1 6= Id is irreducible. Suppose �rst
that dimV1 = 1. Then V is a unitary space and p divides q + 1. This case has been
settled in Lemma 3.6.
Suppose that dimV1 > 2. Observe that I(V1) is not solvable. (Indeed, as g1 is

irreducible, we have to inspect only the case where I(V1) �= U(3; 2) which group has
no element of order p > 3.) Let X1 = fx 2 G : xjV ?1 = Idg. As gjV1 is irreducible, p

does not divide q� 1. Hence g 2 G0 so we can assume that G = G0. Set X = hX1; gi.
It is easy to observe that X = X 0

1Z(X1) so there is y 2 X1 of order p such that g = yz
with z 2 Z(X), zp = 1. Let M be the module a�orded by � and N an irreducible
submodule of M jX of dimension greater that 1. Then deg(gjN) � p� 2. Obviously,
deg(gjN) = deg(hjN) which contradicts Theorem 2.1 unless X 0

1=Z(X
0
1)
�= PSL(2; q)

with q even or q = 9. This is only possible when X 0
1 = 
�(4; q) where q is even and

p = q2 + 1. (The case with q = 9 is realized only for 3 � PSL(2; 9) which cannot
occur here.) So V is an orthogonal space. (This settles the case of unitary groups
as dimV1 is odd for them.) Moreover, deg hjN < p� 1 implies that Spec(hjN) = �jp.
As Sylow p-subgroups of G are not cyclic, gjV2 6= 1 by Lemma 3.7. So there is a
non-degenerate g-submodule V3 � V2 such that gjV3 is irreducible and non-trivial.
Observe that dimV3 = 4 as p = q2 + 1. Set W = V1 � V3 so dimW = 8. Again
set XW = fx 2 G : xjW? = Idg and X = hXW ; gi. Then g = hz where h 2 XW
and z 2 Z(X). Let now N denote an irreducible constituent of the restriction M jX
and we can assume dimN > 1. Then deg(gjN) = deg(g1jN) and Spec(g1jN) = �jp.

Therefore, Spec(gjN) = � � �jp for some � 2 C with �p = 1. This contradicts Lemma
3.9 applied to 
(W ).
Let dimV1 = 2. Then p divides q + 1 so q > 3. Suppose �rst that V is symplectic,

k = 4 and q > 4. Let X be the stabilizer of V1 in G. Then X = X1X2 (a direct
product) whereXi �= Sp(2; q) for i = 1; 2. Clearly, g 2 X and g = g1g2 where 1 6= gi 2
Xi and g

p
i = 1 for i = 1; 2. If � is an irreducible constituent of �jX then � = �1 
 �2

where �i is an irreducible representation of Xi. Therefore, �(g) = �(g1) 
 �(g2).
Then deg �(g) < p � 1 implies deg �(g) < p � 1 and deg �i(gi) < p � 1 for i = 1; 2.
By Theorem 2.1, this is impossible unless �i is trivial or q is even and p = q+1, and
in this case Spec�i(gi) = �jp for some j. By Lemma 2.13, deg(�(g1)
 �(g2)) � p� 1
if both �i are non-trivial and p > 5. As q > 4, we observe that p > 5. So either
�1 or �2 is trivial. This is true for every irreducible constituent � of �. As 1 2 �jp,

it follows that Spec �(g1) = �jp. However, g1 belongs to a parabolic subgroup of G
which is a contradiction as shown above. Let q = 4 so p = 5. Using the character
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table of G = Sp(4; 4) one can easily show that deg �(g) � 4. Let dimV > 4. Then g
stabilizes a non-degenerate subspace W of V of dimension 4. Let Y be the stabilizer
of W in G. Then Y = Y1Y2 where Y1 �= Sp(4; q) and Y2 �= Sp(k � 4; q). In addition,
g 2 Y and g = g1g2 where gi 2 Yi are of order p. So the argument used for Xi leads
to the conclusion that deg �(g) > p� 2.
Let V be orthogonal. Then dimV > 6 so g stabilizes a non-degenerate subspace

W of dimension 6 and gjW is non-trivial. Again, de�ne Y to be the stabilizer of W in
G. Then g 2 Y 0 and Y 0 = Y1Y2 where Y1 �= 
�(6; q) and Y2 �= 
�(k � 6; q). Express
g = g1g2 for gi 2 Yi. As above, consider an irreducible constituent � of �jY such that
�(g1) is not identity. Then � = �1 
 �2 where �i is an irreducible representation of
Yi for i = 1; 2. Therefore, �(g) = �(g1)
 �(g2). Observe that Y1=Z(Y1) �= PSL(4; q)
or PSU(4; q). This cases have been already settled. Hence deg �1(g1) > p � 2 so
deg �(g) > p� 2 and the result follows.

4. Exceptional groups of Lie type

Throughout this section G denotes a simply connected �nite quasi-simple group of
Lie type. This means that there is a simple symply connected algebraic group �G and
an algebraic group endomorphism F : �G! �G such that G = fx 2 �G : F (x) = xg. As
above, p is distinct from the de�ning characteristic of G, and we always assume p > 2.
In this section we assume that G is not classical. We study the minimum polynomial
degrees of elements of order p > 3 in G and in related groups. The groups 2B2(q)
and 2G2(q) are not discussed here as their Sylow p-subgroups are cyclic for p > 3.
We denote by S a Sylow p-subgroup of G. A subgroup A of G and the meaning of
the symbol rmp are introduced in Lemma 4.3 below. Ck denotes the cyclic subgroup
of order k. In this section we prove

Theorem 4.1. Let G be a quasi-simple group of exceptional Lie type and let g 2 G
be a semisimple element of order p. Let � be a non-trivial irreducible representation
of G. Then deg �(g) > p� 2.

Lemma 4.2. [8, x10.1] Let �m(x) denote the cyclotomic polynomial for m-th roots
of 1, and ��rm

m (x) a polynomial associated with G, see [8, Table on page 111]. Then
S is cyclic if and only if there is exactly one m such that p divides �m(q) and rm = 1
for this m:

Observe that �1(q) = q � 1; �2(q) = q + 1; �3(q) = q2 + q + 1; �4(q) = q2 + 1;
�5(q) = q4+q3+q2+q+1; �6(q) = q2�q+1; �8(q) = q4+1; �10(q) = q4�q3+q2�q+1;
�12(q) = q4 � q2 + 1; �18(q) = q6 � q3 + 1; �24(q) = q8 � q4 + 1:

Lemma 4.3. [8, x10.1] Let G be a quasi-simple group of Lie type and ��rm
m (x) the

polynomial associated with G, see [8, p. 111]. Let p > 2 be a prime and S a Sylow
p-subgroup of G. Then S contains a homocyclic normal subgroup A of rank rmp and
exponent ep = j�mp(q)jp where jnjp denotes the p-part of a natural number n.
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Table 1 gives an information about the group A in Lemma 4.3 provided rmp > 1
(equivalently, S is not cyclic, see [8, x10.1]). It is extracted from [8, Table 4.1]
and [13]. The �rst column of Table 1 contains the groups of exceptional Lie type
that contains a non-cyclic Sylow p-subgroup for a prime p > 2: The algebraic group
notation makes no di�erence between quasi-simple and simple groups but this yields
no confusion in our use of Table 1. (The reader can consult [13] for more details.)
The second column gives �rm

m (q) with rm > 1. For the primes p such that m = mp
the third column gives the index of A in S, provided it is greater than 1. The last
two columns contain an (incomplete) list of subgroups H of G containing A. In Table
1 the sign � stands for the direct product. By X � Y we denote a central product of
X and Y . In general, X � Y di�ers from X � Y; however, the equality may happen
for certain values of q: For the groups 2B2(q) and

2F4(q) we assume that q = 22a+1

with a > 0, as in [8].

TABLE 1

G �rm
m (q) S : A H

rm > 1;
m = mp

G2(q) �2
1(q) 3 SL3(q)

G2(q) �2
2(q) 3 SU3(q)

3D4(q) �2
1(q) 9 SL3(q)

3D4(q) �2
2(q) 9 SU3(q)

3D4(q) �2
3(q) SL3(q)� Cq2+q+1

3D4(q) �2
6(q) SU3(q)� Cq2�q+1

F4(q) �4
1(q) 9 SL3(q) � SL3(q), B4(q)

F4(q) �4
2(q) 9 SU3(q)� SU3(q), B4(q)

F4(q) �2
3(q) SL3(q) � SL3(q)

F4(q) �2
4(q) B4(q)

F4(q) �2
6(q) SU3(q)� SU3(q)

2F4(q) �2
1(q) C2(q)

2F4(q) �2
2(q) 3 SU3(q)

2F4(q) �2
4(q)

2B2(q)�
2B2(q)

E6(q) �6
1(q) 81,5 SL6(q) � SL2(q)

E6(q) �4
2(q) 9 SL6(q) � SL2(q), D5(q)

E6(q) �3
3(q) SL3(q) � SL3(q) � SL3(q), F4(q)
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E6(q) �2
4(q) D5(q)

E6(q) �2
6(q) F4(q), SU3(q)� SU3(q)

2E6(q) �4
1(q) 9 SU6(q) � SL2(q),

2D5(q)
2E6(q) �6

2(q) 81,5 SU6(q) � SL2(q)
2E6(q) �2

3(q) SL3(q) � SL3(q)
2E6(q) �2

4(q)
2D5(q), F4(q)

2E6(q) �3
6(q) SU3(q)� SU3(q)� SU3(q)

E7(q) �7
1(q) 81,5,7 SL8(q)

E7(q) �7
2(q) 81,5,7 SU8(q)

E7(q) �3
3(q) E6(q), SL6(q) � SL3(q)

E7(q) �2
4(q) SL8(q)

E7(q) �3
6(q)

2E6(q), SU6(q)� SU3(q)

E8(q) �8
1(q) 35; 25; 7 SL5(q) � SL5(q), SL9(q)

E8(q) �8
2(q) 35; 25; 7 SU5(q) � SU5(q), SU9(q)

E8(q) �4
3(q) SL3(q) � SL3(q) � SL3(q) � SL3(q)

E8(q) �4
4(q) 5 SU5(q

2), D8(q),
E8(q) �2

5(q) SL5(q) � SL5(q)
E8(q) �4

6(q) SU3(q) � SU3(q) � SU3(q) � SU3(q)
E8(q) �2

8(q) D8(q)
E8(q) �2

10(q) SU5(q)� SU5(q)
E8(q) �2

12(q)
3D4(q

2)

Lemma 4.4. Let G be a group given by the 1-st column of Table 1: Suppose that
p > 3 divides the number in the 2nd column. Then S is contained in one of the
subgroups listed in Table 1, except when p = 5; G = E8(q) and m5 = 1; 2:

Proof. Observe that �rm
m (q) divides jHj except when H is a product of groups with

common center. More precisely, if H in Table 1 is a central product H1 � : : : � Hk
then �rm

m (q) divides jH1j � � � jHkj. Therefore, p
rm divides H unless p divides the order

of the common subgroup of H1 � � �Hk. As p > 3, this happens only when p = 5,
G = E8(q) and m5 = 1; 2, see Table 1. Therefore, with this exception, jAj divides
jHj and the result follows provided S = A. Suppose that S 6= A. In all other cases
in Table 1 where A 6= S one observes that jSj divides jHj and the lemma follows.

Lemma 4.5. Let r denote Lie rank of G and p > 3. Then every p-element g 2 G of
order at most ep is conjugate to an element in A.

Proof. Suppose �rst that rmp = r: Observe that A is a subgroup of a maximal
torus T in G, see [8, x10] or [1, Section 3]. Let �G be an algebraic group associated
with G, and let �T be a maximal torus of �G containing T . It is well-known that g is
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conjugate in �G to an element �g 2 �T . Set e = ep. Let A0 be the subgroup of elements
a 2 A with ae = 1. Then jA0j = er (as r = rmp). Therefore, A0 coincides with the
subgroup of elements t 2 �T of exponent e, so �g 2 A0 � A � T � G. By [17, Part
E, Ch.I, 3.4], the elements g; �g are conjugate in G if CG(g) is connected. As G is
simply connected (which is assumed everywhere in this section unless the opposite is
stated), CG(g) is connected, see [17, Ch. II, 3.9].
Let rmp < r. For classical groups the result stated is well-known. Let G be

exceptional. If Sylow p-subgroups of G are cyclic, they are conjugate to A. Otherwise,
inspection of Table 1 leaves us with the case where G = E8(q) with p = 5 and m5 = 4
(here m5 6= 1; 2 as we assume that m5 < r = 8). In this case S is contained in a
group isomorphic to SU(5; q2). For this group the lemma is true, so it is true for G.

Lemma 4.6. Suppose that p > 3 and S is not cyclic.
(1) S is contained in a proper semisimple subgroup of G except, possibly, when

G = 3D4(q), mp = 3; 6 or G = E8(q), p = 5 and m5 = 1; 2.
(2) S is contained in a proper quasi-simple subgroup of G except, possibly, when

G = 3D4(q) and mp = 3; 6 or G = 2F4(q), mp = 4 or G = E6(q), mp = 1 or
G = 2E6(q), mp = 2 or G = E8(q), mp = 5; 6; 10 or p = 5 for m5 = 1; 2:
(3) S is contained in a central product of classical groups except, possibly, when

G = 3D4(q), mp = 3; 6 or G = 2F4(q), mp = 4 or G = E8(q), mp = 12 or mp = 1; 2
for p = 5. In addition, at least one of the factors is not of type A1(q).
(4) Let g 2 S be of order p. Suppose that g is not contained in a parabolic subgroup

of G. Then there is a quasi-simple classical subgroup X not of type A1(q) and x 2 X
of order p such that x�1g 2 CG(X) except when G = 2F4(q) and mp = 4. In the
exceptional case X can be chosen of type 2B2(q).

Proof. Item (1) - (3) follows from Lemma 4.4 by straightforward inspection of
Table 1. Consider (4). Observe that g centralizes no unipotent element (hence no
non-trivial semisimple subgroup (see Lemma 2.9)). If we are not in an exceptional
case of item (3) then g is contained in a subgroup H = XY where X is a quasi-
simple classical subgroup not of type A1(q) and Y is a product of classical groups.
If G is of type 3D4(q) then H = XY where X is of type SL(3; q) or SU(3; q) and
Y is abelian. Using this, one observes that if G is of type E8(q) and mp = 12 then
g 2 H �= 3D4(q

2) hence g 2 XY where X is of type SL(3; q2) or SU(3; q2) and Y is
abelian. If G = 2F4(q) and mp = 4 then H = XY where X and Y are of type 2B2(q).
Observe that X does not centralizes g and (jZ(X)j; p) = 1 (see Table 1; observe that
if p = 5 then mp � 4). Therefore, g = g1g2 where g1 2 X and g2 2 Y are of order p.
Then g�11 g centralizes X as required. If p = 5, G = E8(q) and m5 = 1; 2 then A is
contained in a subgroup H isomorphic to SL(9; q) or SU(9; q). By Lemma 4.5 g is
conjugate to an element from A.

Lemma 4.7. Theorem 4:1 is true if G is a central extension of F4(2) or
2E6(2).
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Proof. If G=Z(G) �= F4(2) then one can inspect the character table of G in [2].
Let G be a central extention of 2E6(2) and N = G=Z(G): One can assume that G is
universal. Then jZj = 12: Let Z0 be the subgroup of order 4 in Z. Then X = G=Z0
is isomorphic to the universal Chevalley group 2E6(2): Let �g be the projection of g
into N . As q = 2 here and p > 3, the cases with mp = 1; 2; 6 can be ignored. By
Table 1, �g is contained in a group H isomorphic to F4(2) if mp = 3, and to 2D5(2)
if mp = 4. In the former case the lemma follows from the above. Group 2D5(2) has
trivial Schur multiplier. Therefore, if mp = 4 then the lemma follows from the result
for 2D5(2) �= 
�(10; 2).

Proof of Theorem 4.1. Let S be a Sylow p-subgroup of G. If S is cyclic, the
result follows from Theorem 2.1. Suppose that S is not cyclic. In view of Lemma
4.7 we can ignore exceptional central extensions of G=Z(G). By Lemma 4.6, there
is a quasi-simple subgroup X of G which is either of type 2B2(q) or of classical in
the same characteristic and of rank greater than 1 such that g can be expressed as
g = g1g2 where g1 2 X and [g2; X] = 1. Set Y = hX; gi (so g2 2 Z(Y )). Let � be a
non-trivial irreducible constituent of �jY . Suppose the contrary, that deg �(g) < p�2.
Then deg �(g) < p � 2 and deg �(g1) < p � 2. This contradicts Theorem 3.1 if X is
classical. If X = 2B2(q) then Sylow p-subgroups of X are cyclic so the result follows
from Theorem 2.1.

5. Almost simple groups

A group H is called almost simple if H 0 is quasi-simple. (Commonly, one requires
Z(H) = 1 but we prefer to drop this condition.) In this section we consider groups
G = hgGi where g 2 G is of prime order p > 3 and g induces an outer automorphism
on G0 where G0 is quasi-simple.

Theorem 5.1. Let G = hg;G0i = hgGi where G0 is a quasi-simple normal subgroup
of G and gp 2 Z(G). Let � 2 IrrG and dim � > 1. Suppose that deg �(g) < p � 1.
Then G = G0 � Z(G) where G0 is a quasi-simple group from Theorem 1:2.

The case where G = G0 has been settled in the previous sections, and the case with
G = G0 � Z(G) follows from Lemma 2.3. Therefore, we assume that g 62 G0 � Z(G).
None of alternating or sporadic simple groups has an outer automorphism of odd
order. Therefore, G0=Z(G0) is a simple group of Lie type. Groups of Lie type with
exceptional center are listed in [8, page 72]. One observes that none of them has an
outer automorphism of order greater than 3. Therefore, we only need to deal with
groups G such that Z(G0) is not exceptional, that is, G0 is isomorphic to a �nite
algebraic groups. Moreover, we can assume that G is simply connected.

Lemma 5.2. [8, 7.3] Let G be a quasi-simple �nite group of Lie type de�ned over
a �eld of characteristic r and let � be an outer automorphism of G of prime order
p > 3. Then one of the following holds:
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(1) � is inner-diagonal;
(2) � is conjugate in AutG to a �eld automorphism of G (in the sense of Steinberg

[18]).

Lemma 5.3. Let G be a quasi-simple �nite group of Lie type de�ned over a �eld of
characteristic r and let � be an outer automorphism of G of prime order p. Suppose
that any �-stable r-subgroup of G is contained in CG(�). Then � is the product of
an inner and a diagonal automorphisms of G, and � normalizes no non-trivial r-
subgroup of G. If p > 3 then G is a central quotient of SL"n(q) and � is induced by
an inner automorphism of GL"n(q). In addition, p divides n and q � ".

Proof. The �rst claim is a particular case of [6, Lemma 2.1]. The second one follows
immediately from well-known facts on diagonal automorphisms. (As � is not inner,
p divides the order of Z(H) where H is simply connected algebraic group associated
with H. It follows that H is of type A"

n�1(q) and p divides n. As G 6= G0 �Z(G), then
p divides q � ".)

Proof of Theorem 5.1. Let H = G0. By the observation in the beginning
of this section we can assume that H can be embedded into the related algebraic
group ~H. By Lemma 5.3 G = G1 �Z(G) where G1 is contained in ~H (every diagonal
automorphism of H is known to be induced by an inner automorphism of ~H.) We can
further assume that ~H is simply connected. Let r denote the de�ning characteristic
of H. Let � be the automorphism induced on H by g-conjugation so � is not inner.
By Lemma 2.7, each �-stable abelian r-subgroup A of H belongs to CH(�). By
Lemma 5.3, � is a product of inner and a diagonal automorphisms of H and H is
of type A"

n�1(q) and n > 2 as p divides (n; q � "). Therefore, we can assume that
SL"(n; q) � G1 � GL"(n; q) so the result follows from Theorem 3.1. This completes
the proof.

6. General case

In this section we prove the following:

Proposition 6.1. Theorem 1:2 is true if G is not almost simple.

Lemma 6.2. Group G in Theorem 1:2 is primitive.

Proof. Suppose the contrary. Then G transitively permutes subspaces of a direct
decomposition V = V1 � � � � � Vk. As G = hgiG, there is a g-orbit of size p on
f1; : : : ; kg. Let v 2 Vi and gVi 6= Vi. Then g

iv are linear independent for i = 1; : : : ; p,
so the minimum polynomial of g is of degree p.

Let S(G) denote the maximal solvable normal subgroup of G. The following two
lemmas state standard facts of the Cli�ord theory. In Lemmas 6.3, 6.4, 6.7 and
Theorem 6.6 below F denotes an algebraically closed �eld of any characteristic and
Fq the �eld of q elements.
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Lemma 6.3. Let G � GL(n; F ) be an irreducible primitive tensor-indecomposable
subgroup. Then one of the following holds:
(1) G has an irreducible normal subgroup N that is a central product of non-abelian

quasi-simple groups transitively permuted by G when it acts on N via conjugation;
(2) there is a prime r such that E = Or(G) is irreducible. In addition, EZ(G)=Z(G)

is elementary abelian of order n2.

Lemma 6.4. Let G � GL(n; F ) be an irreducible primitive tensor-indecomposable
subgroup. Suppose that S(G) 6= Z(G), equivalently, case (2) of Lemma 6:3 holds. Set
E = Or(G) and W =: EZ(G)=Z(G).
(1) W is elementary abelian.
(2) View W as a vector space over Fr. Then the commutator mapping E � E !

Z(E) induces on W a non-degenerate alternating bilinear form and the conjugation
action of G on E(G) induces a homomorphism � : G ! Sp(W ) �= Sp(2k; r) which
kernel is E and the image is an irreducible subgroup of Sp(2k; r).

Lemma 6.5. [22] Assume the hypothesis of Lemma 6:4 and suppose that G = hgGi
where gr 2 Z(G). In addition, suppose that deg g < p. Then deg g = (p+ 1)=2, �(g)
is a transvection in Sp(2k; r) and every abelian g-invariant subgroup of E belongs to
CG(g). Conversely, if �(g) is a transvection and every abelian g-invariant subgroup
of E belongs to CG(g) then deg g = (p + 1)=2. In addition, Spec g = � � ��r or � � ��r
for some � 2 F .

Theorem 6.6. Let G � GL(n; F ) be a primitive irreducible tensor-indecomposable
subgroup such that S(G) 6= Z(G). Let g 2 G be such that G = hgGi and gp 2 Z(G).
Suppose that deg g < p � 1. Then n is a p-power, G=(Op(G)Z(G)) �= Sp(2k; p) and
the projection of g into Sp(2k; p) is a transvection. In addition, Spec g = ���p or ���p
for some � 2 F .

Proof. It follows from Lemma 6.3 that n = rk for some prime r and an integer
k > 0, and G has a normal irreducible r-subgroup E. Set N = Z(G)E. By Lemma
2.7, if r 6= p then deg g � p� 1. So r = p. Then G=N is isomorphic to an irreducible
subgroup of Sp(2k; p) by Lemma 6.4. Let � : G ! Sp(2k; p) be the quotient group
homomorphism and b = �(g). By Lemma 6.5, deg g = p unless �(g) is a transvection
in Sp(2k; p). By a theorem of Mclaughlin [14], �(G) = Sp(2k; p). The claim on
Spec g follows from Lemma 6.5.

Lemma 6.7. Let G � GL(n; F ) be a irreducible primitive tensor-indecomposable
subgroup. Suppose that S(G) = Z(G). Suppose that G = hgGi where gp 2 Z(G) and
g 62 G0 � Z(G). Then deg g = p.

Proof. By Lemma 6.3, N = N1 � � � � � Nk where N1; : : : ; Nk are quasi-simple. We
can assume that giN1g

�i = Ni+1 for i = 1; : : : ; p � 1: As Ni is simple, its order is
divisible by at least three primes. Hence there is a prime r such that r is distinct
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from the characteristic of F , r 6= p and N1 contains a subgroup C1 of order r. Set
A = �p�1i=0 g

iC1g
�i so A is a g-invariant abelian subgroup of N and A is not contained

in CG(g). By Lemma 2.7, deg g = p.

Lemma 6.8. Theorem 1:2 is true if G is primitive and tensor-indecomposable.

Proof. If S(G) = Z(G) then either G is almost simple or the minimal non-central
normal subgroup of G is a central product of at least p quasi-simple non-abelian
groups. The latter case is considered in Lemma 6.7. The former case is done in
Theorem 5.1.

This lemma shows that we are left with tensor decomposable groups. Let G be
tensor-decomposable. Then G � GL(n1;C) 
 GL(n2;C) where n1; n2 > 1. This
yields projective representations �i : G ! GL(ni;C) and then �(G) � G1 
 G2
where Gi = Z�i(G) for i = 1; 2 and Zi the group of scalar matrices in GL(ni;C).
Therefore, for each g 2 G there are gi 2 Gi (i = 1; 2) such that g = g1 
 g2. If
gp 2 Z(G) then gpi 2 Zi. If deg g < p� 1 then deg gi < p� 1 for i = 1; 2. Moreover,
deg gi < p� 1. Therefore, we can use induction.

Lemma 6.9. Let G = hgGi � GL(n;C) be tensor-decomposable. Suppose that
deg g < p� 1. Then G=Z �= A5 � A5, p = 5 and n = 4.

Proof. According to the above comments G � G1 
 G2 where Gi � GL(ni;C)
with n1n2 = n and ni > 1. Clearly, Gi are irreducible. Suppose �rst that G1 and
G2 are tensor-indecomposable. Express g = g1g2 2 G where gi 2 Gi for i = 1; 2 and
gp 2 Z(G). Therefore, Spec g = �(Spec g1)(Spec g2) where � 2 C. So deg gi < p� 1.
Observe that g2 is not scalar as G = hgGi. By Lemma 6.8, for gi 2 Gi one of the cases
in Theorem 1.2 holds. In particular, we can assume that Spec gi 2 f�p; �p; ��p; ��p; �

j
pg.

Obviously, Spec gi cannot be �
j
p. Furthermore, by Lemma 2.13 deg g > p � 2 unless

p = 5 and Spec g1 = Spec g2 = �5 or �5. In particular, deg g1 = deg g2 = 2. Therefore,
for both gi 2 Gi case (A) of Theorem 1.2 holds so Gi=Z(Gi) �= PSL(2; 5) �= A5. As
the universal central extension of A5 is isomorphic to SL(2; 5), we can assume that
G1 �= G2 �= SL(2; 5). Moreover, ni = 2 as deg gi = 2 and only 2-dimensional
representations of SL(2; 5) satisfy this property.

Proof of Theorem 1.2. Suppose the contrary. By Lemma 6.2 G is primitive. If
G is tensor-decomposable, the result follows from Lemma 6.9 and leads to case (B6)
of the theorem. Suppose that G is tensor-indecomposable. If S(G) 6= Z(G) then the
result follows from Theorem 6.6 and leads to case (B2) of the theorem. Suppose that
S(G) = Z(G). By Lemma 6.3 G is almost simple. Then G = G0 � Z(G) by Theorem
5.1. In this case with no loss of generality we can assume that G = G0, that is, G
is quasi-simple. This case splits to four subcases depending on whether G=Z(G) is
sporadic, alternating, classical or of exceptional Lie type. Sporadic groups yield only
one case where G=Z(G) �= J2 by Lemma 2.14. The case of alternating groups has
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been settled in [27], see Theorem 2.2. This class of groups yields only examples (B3)
and (B4) in the statement (as well as 2 �A5 �= SL(2; 5) and A5 �= SL(2; 4) which are
viewed here as classical groups.) For G=Z(G) being of Lie type g is either semisimple
or unipotent. The latter case has been known much earlier, see Theorem 2.4. This
yields cases (A), (B1) of the theorem. Let g be semisimple. If Sylow p-subgroup of G
are cyclic, the result is available from [26] as is recorded in Theorem 2.1. From this we
obtain case (C) of the theorem. It remains to treat the case where Sylow p-subgroups
of G are not cyclic. Non-standard coverings for groups of Lie type are considered in
Lemma 2.15 and Lemma 4.7. The case where p divides jZ(G)j is considered in Lemma
3.6. The case where (jZ(G)j; p) = 1 and G is classical is contained in Theorem 3.1.
Groups of exceptional Lie type are examined in Theorem 4.1.
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