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Some Aspects of Finite Linear Groups: A Survey
Pham Huu Tiep and A. E. Zalesskii

Dedicated to Prof. A. I. Kostrikin on the occasion of his 70th birthday
AbstractFinite linear groups have been studied since the beginning of the cen-tury. The goal of this survey is to re
ect recent results in this area,obtained mostly in the 90's and using the classi�cation of �nite simplegroups.
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1 Introduction
After a period of very intensive development in the 60's and 70's, the classi�-cation problem for �nite linear groups attracted less attention in the ensuing�Part of this work was done while the authors were participating in the special semester onRepresentations of Algebraic Groups and Related Finite Groups at the Isaac Newton Institute(Cambridge, 1997). It is a pleasure to thank the organizers of the semester M. Brou�e, R. W.Carter, and J. Saxl for the opportunity to participate, and the sta� of the Newton Institutefor its hospitality.yThe authors are grateful to M. Collins and R. Solomon for their comments on the survey.zThe second author has been supported in part by INTAS
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years. One of the reasons for this is certainly the announcement of the completeclassi�cation of �nite simple groups (CFSG). Using the CFSG and the represen-tation theory of �nite groups, one can obtain much stronger results using easiermachinery. Although not everyone recognizes/accepts the CFSG theorem, sincean essential part of the proof of this fundamental theorem has not been pub-lished yet or is still being revised, there is a huge number of publications andinteresting results that use the classi�cation.This survey aims to report on relatively recent results, obtained using theclassi�cation. (One may also consider the results discussed below as those onrepresentations of groups whose simple sections are known.) We do not try tobe complete, but rather to re
ect certain aspects of �nite linear group theory.Classi�cation problems for �nite linear groups have been studied since thebeginning of the century. Of permanent attention were the classi�cations of(A) groups of small degrees; and of(B) groups generated by a conjugacy class of particular elements (re
ections,pseudore
ections etc.).Classical results of Dickson, Mitchell, Blichfeldt, Brauer, Coxeter, Shepardand Todd were partially re
ected in the surveys [F1] and [Z1]. Enormous con-tributions to the topic have been made by Feit and his successors. Feit's survey[F1] is the main source of information about the results of that period. See also[Le] and [Z1].Continuing in the vein of (A), in Sections 2, 6, 7, and 8 we report on theresults towards a classi�cation of linear groups of relatively small degree, both inzero and in prime characteristic. These results rely upon the CFSG, and uponnew developments in representation theory of quasi-simple groups. Among theseare re�nements of the Land�azuri-Seitz lower bounds, cf. Sections 3, 4, and aclassi�cation of low-dimensional representations of �nite groups of Lie type incross characteristic, cf. Section 5. Sections 9 and 10 represent new results some-what along the line of (B): classi�cations of linear groups containing elementswith speci�c minimal polynomial, respectively containing elements with simplespectrum. Finally, Sections 11, 12, and 13 give insight on some closely relatedactivities. In particular, we consider the following questions for quasi-simplegroups: when the tensor product of two representations can be irreducible, andwhich complex representations remain irreducible modulo every prime.
2 Linear Groups of Small Degree
Linear groups of degree < 4 were classi�ed at the beginning of the century, bothfor the zero and the prime characteristic cases by using a kind of geometricalapproach. New ideas, based on the representation theory elaborated by Brauer,Feit, and their successors, made it possible to classify linear groups of degreeup to 11 for the zero characteristic case. For the prime characteristic case this
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was done up to degree 5 by using certain early results of the CFSG. All theseresults did not use the full classi�cation theorem of �nite simple groups by theobvious reason.The CFSG makes the problem of describing linear groups of small degreemuch more accessible. Consider �rst the case of zero characteristic representa-tions. Given an integer n, the list of quasi-simple groups of degree n (which isthe core of the problem) may be obtained from degree formulae for irreducibleprojective representations of simple groups. Such formulae are well known forsymmetric and alternating groups since 1901 thanks to Schur [Sch]. For groupsof Lie type, these formulae are provided by Lusztig's classi�cation of complexcharacters ([Lus 2] and [Ca]). A deep result of the Deligne-Lusztig charactertheory of �nite groups G of Lie type, de�ned over a �eld of characteristic p,states that each character degree is the product (G� : CG�(s))p0 �  (1) of thep0-part of the length of the conjugacy class of a semisimple element s in the dualgroup G� and the degree of a unipotent character  of CG�(s). The �rst factorin this product is relatively easy to compute, while formulae for the second fac-tor are more complicated. Nevertheless, these are explicit formulae. Characterdegrees of sporadic simple groups can be read o� from [Atlas].For the prime characteristic case the degree formulae for irreducible projec-tive representations of simple groups are in general not available yet. However,relatively small degrees can be obtained from the study of low-dimensional rep-resentations which has been pursued intensively during recent years (see Sec-tion 5 below). For sporadic groups the degrees can be taken from the Atlasof Brauer characters [JLPW] published in 1995. However, this atlas does notcover all sporadic groups, although it is constantly updated using new powerfulcomputers and software like GAP, MAPLE, MAGMA, CHEVIE. (Some resultsare obtained by hand.)For �nite groups of Lie type, the problem splits into the cases of the de�ningand of cross characteristic, according to whether the characteristic of the �eldof the representation in question coincides with or di�ers from the de�ningcharacteristic of the group of Lie type.The de�ning characteristic case is very interesting and important. The keyfact is that Steinberg's tensor product theorem reduces the problem in questionto a similar problem for representations of algebraic groups. Degree formulaefor �nite groups of Lie type of rank 1, 2, and also of type A3 are known thanksto Braden, Hagelskj�r, Jantzen, and Springer, cf. [An]. In general, Lusztig'sconjecture [Lus 1], in combination with Jantzen's translation principle [Ja 2],provides degree formulae for irreducible representations of simple groups of Lietype in the de�ning characteristic (if p is larger than the Coxeter number ofG). Recently, this conjecture has been proved for p big enough (how big wouldbe enough, is not known, however). This major achievement combines thebeautiful results of Kazhdan-Lusztig [KaL], [Lus 3] (showing the equivalenceof Lusztig's conjecture in the quantum case and in the Kac-Moody case), of
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Casian [Cas] and Kashiwara-Tanisaki [KT] (proving Lusztig's conjecture in theKac-Moody case), and of Andersen-Jantzen-Soergel [AJS] (establishing thatthe validity of Lusztig's conjecture in the quantum case implies the validity ofLusztig's conjecture for the prime characteristic case for p � 0). There arealso some (partial) results about the dimensions of irreducible representationsof GLn(p) (in the de�ning characteristic) due to Mathieu-Papadopoulo [MP],Brundan-Kleshchev-Suprunenko [BKS] and Tanisaki [Ta].The cross characteristic case is in general not easy as well, and the resultsobtained so far in this case are far from being complete. But there are somemethods of describing representations of relatively small degree, which will bediscussed below.Modulo the CFSG and new results in representation theory, quasi-simplelinear groups of degree up to 27 have been classi�ed; this was done by Kleidman[Kl] for degree < 13, and by Kondrat'ev [Ko 1], [Ko 2] for degree < 28.
3 Representations of smallest degree in zero char-acteristic
For �nite classical groups, the (nontrivial) irreducible projective complex rep-resentations of smallest degree are classi�ed in [TZ 1]. In the cases of SLn(q),SUn(q) and Sp2n(q) with q odd, the three lowest degrees are determined in[TZ 1]. The same problem for exceptional groups has been recently solved byL�ubeck [Lu] using computer and CHEVIE. Rasala treated a similar problem forthe ordinary representations of the symmetric groups in [Ra].Let G(q) be a �nite simple group of Lie type de�ned over a �eld of order q,where q is a power of the prime p, and let `(G(q)) (resp. d(G(q))) denote thesmallest integer t > 1 such that G(q) has a projective irreducible representationof degree t over a �eld of characteristic other than p (resp. over the �eld C ofcomplex numbers). Let N(G(q)) be the number of minimal characters, that is,(faithful) projective complex characters of G(q) of degree d(G(q)). The mainresult of [TZ 1] (resp. of [Lu]) is Table I (resp. Table II) which list d(G(q)) andN(G(q)) for �nite classical groups (resp. for �nite exceptional groups).
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Table I. d(G(q)) and N(G(q)) for �nite classical groups
G(q) d(G(q)) N(G(q)) ConditionsPSL2(q) (q � 1)=2 2 2 6 jq; q 6= 9PSL2(q) q � 1 q=2 2jq; q 6= 4PSL2(4) 2 2PSL2(9) 3 4

PSLn(q) (qn � q)=(q � 1) 1 ( n � 3;(n; q) 6= (3; 2); (3; 4);(4; 2); (4; 3)PSL3(2) 3 2PSL3(4) 6 6PSL4(2) 7 1PSL4(3) 26 2
PSp2n(q) (qn � 1)=2 2 2 6 jq; n � 2PSp2n(q) (qn � 1)(qn � q)=(2(q + 1)) 1 � 2jq; n � 2;(n; q) 6= (2; 2)PSp4(2)0 3 4
PSUn(q) (qn � q)=(q + 1) 1 2 6 jn; n � 3PSUn(q) (qn � 1)=(q + 1) q � 2jn; n � 3;(n; q) 6= (4; 2); (4; 3)PSU4(2) 4 2PSU4(3) 6 4
P
+2n(q) (qn � 1)(qn�1 + q)=(q2 � 1) 1 q > 3; n � 4P
+2n(3) (qn � 1)(qn�1 � 1)=(q2 � 1) 2 q = 3; n > 4P
+8 (3) (qn � 1)(qn�1 � 1)=(q2 � 1) 6 q = 3; n = 4
+2n(2) (qn � 1)(qn�1 � 1)=(q2 � 1) 1 q = 2; n > 4
+8 (2) 8 3
P
�2n(q) (qn + 1)(qn�1 � q)=(q2 � 1) 1 n � 4

2n+1(q) (q2n � 1)=(q2 � 1) 1 q > 3; 2 6 jq; n � 3
2n+1(3) (qn � 1)(qn � q)=(q2 � 1) 1 q = 3; n > 3
7(3) 27 2
In the cross characteristic case it is much more di�cult to classify represen-tations of G(q) of, say, the smallest degree. To illustrate the di�culty of thiscase, let us consider the nontrivial irreducible representations of Sp2n(q), q anodd prime and n > 1, over an algebraically closed �eld of characteristic r 6 jq. Itis well known that the degree of such a representation � is at least (qn � 1)=2,and, moreover, one has at least two such representations of degree (qn � 1)=2,which are obtained by reducing the complex Weil representations of the samedegree modulo r. Is there any other representation of this degree? The answer ispresumably no, but only very recently this negative answer has been con�rmed
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Table II. d(G(q)) and N(G(q)) for �nite exceptional groups
G(q) d(G(q)) N(G(q)) Conditions
E6(q) q(q6 + q3 + 1)(q4 + 1) 1
E7(q) q(q14 � 1)(q4 � q2 + 1)=(q2 � 1) 1
E8(q) q(q12 + 1)(q10 + 1)(q6 + 1) 1
F4(q) q8 + q4 + 1 1 q � 1(mod2)F4(q) q(q4 + 1)(q3 � 1)2=2 1 q � 0(mod2), q > 2F4(2) 52 12E6(q) q(q6 � q3 + 1)(q4 + 1) 1
G2(q) q3 + 1 1 q � 1(mod3), q > 4G2(q) q3 � 1 1 q � 2(mod3), q > 2G2(q) q4 + q2 + 1 1 q � 0(mod3), q > 3G2(3) 14 1G2(4) 12 13D4(q) q(q4 � q2 + 1) 12F4(q) (q3 + 1)(q2 � 1)pq=2 2 q = 22a+1 > 22F4(2)0 26 22B2(q) (q � 1)pq=2 2 q = 22a+1 > 22G2(q) q2 � q + 1 1 q = 32a+1 > 3

by Guralnick, Magaard and Saxl in [GMS]. One of the main tools to deal withthe modular case is provided by the Land�azuri-Seitz lower bounds, see Section4.
4 The Land�azuri-Seitz lower bounds
In the remarkable paper [LS] Land�azuri and Seitz found lower bounds for the de-grees of non-trivial irreducible projective representations of �nite simple groupsof Lie type G(q) in cross characteristics. (One should mention that the smallestdegree of representations of G(q) in the de�ning characteristic has been knownfor a while; usually it is exactly the dimension of the \natural" module for thegroup in question. Also, similar bounds for the modular projective representa-tions of the alternating groups were obtained by Wagner, cf. [Wag 2], [Wag 3],
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[Wag 4]). These bounds turn out to be extremely useful in numerous applica-tions. A typical application is as follows. Suppose we want to �nd all �nitegroups G with a speci�c property (P). First one could try to reduce to the casewhere G is a quasi-simple group. Using the CFSG and assuming that we candeal with the alternating and the sporadic groups separately, we are down tothe case where G is a group of Lie type de�ned over a �eld Fq. Next, supposethat we are lucky enough to deduce from (P) that G has a nontrival projectiverepresentation of certain (known, or known to be bounded) degree d in somecharacteristic r. It is clear that `(G(q)) � d in the case where r 6 jq. Hence theLand�azuri-Seitz lower bounds imply that both the rank of G and the size of theground �eld Fq are bounded, and therefore there remains only a �nite numberof possible candidates for G.It is clear that `(G(q)) � d(G(q)). Comparing the Land�azuri-Seitz bound(as given in [LS]) with d(G(q)) given in Tables I and II, one sees that thisbound is best possible in many cases. Still, it could be improved in a number ofcases. The bounds have been re�ned by Seitz and Zalesskii [SZ], and improvedrecently by Guralnick, Ho�man, Magaard, Pentilla, Praeger, Saxl, and Tiep in[GPPS], [GT 1], [Hof 1], [Hof 2], [MT] again. These improvements yield newlower bounds which we record in Table III.The Land�azuri-Seitz lower bounds provide a very e�cient tool for classifyinglinear groups of small degrees, see [Ko 1], as well as the linear groups of relativelysmall degrees, see Section 8.
5 Low-dimensional representations of �nite groupsof Lie type in cross characteristics
In a number of applications, it is important to know all cross characteristicrepresentations of a given �nite group of Lie type G(q) of a degree d, whichis close in some sense to `(G(q)). For instance, in [GPPS] one needs to �ndall representations � with deg(�) � 2`(G(q)). It turns out in this kind ofapplication that the group G(q) in question usually has a representation �in cross characteristic whose degree is bounded by some upper bound whichis larger than `(G(q)) but much smaller than `(G(q))2. In this situation onewould like to identify � with one of the \known" representations, for instanceWeil representations.At present, the representation theory of �nite groups of Lie type in crosscharacteristics has been developed to a level which makes it possible to solvethe following important problem:
Problem 5.1 Let G(q) be a �nite simple group of Lie type and " > 0. Classify
all irreducible projective representations of G(q) in cross characteristic of degree
smaller than `(G(q))2�".
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One should mention the \experimental fact" that G(q) has only a few ir-reducible representations of degree less than `(G(q))2�", but it has many ir-reducible representations of degree � `(G(q))2. Therefore, it makes sense toclassify representations of degree up to `(G(q))2�".Problem 5.1 has been solved completely in the case of PSLn(q).Theorem 5.2 [GT 1] Let n � 3, q a prime power, r a prime not dividing q
and (n; q) 6= (3; 2), (3; 4), (4; 2), (4; 3), (6; 2), (6; 3). Suppose L = PSLn(q) has
a projective absolutely irreducible representation � of degree d over a �eld of
characteristic p, where

1 < d < d(L) =
8><>:

(q � 1)(q2 � 1)=(3; q � 1); if n = 3(q � 1)(q3 � 1)=(2; q � 1); if n = 4(qn�1 � 1)� qn�2�qq�1 � �n�2� ; if n � 5 :
Then � is an irreducible constituent of the r-modular reduction of a complex
Weil representation of SLn(q). More precisely, either � is equivalent to a unique
representation of degree (qn � q)=(q � 1) � �n, or it is equivalent to one of(q � 1)r0 � 1 (inequivalent) representations of degree (qn � 1)=(q � 1).

In this theorem, �n is de�ned to be 1 if r divides (qn � 1)=(q � 1), and 0otherwise. If N is a positive integer and r a prime, then Nr denotes the r-partof N , and Nr0 denotes the r0-part of N . One should mention that SLn(q) hasq � 1 (irreducible) complex Weil characters, which can be obtained as follows.Let SLn(q) act on the set of qn� 1 nonzero vectors of the underlying space Fnq ,and let � be the corresponding permutation character. Then � is the sum of thetrivial character and the aforementioned q � 1 Weil characters.The corresponding result for the groups PSLn(q) which are not included inTheorem 5.2 is tabulated in Table IV, taken from [GT 1]. In the same paper abetter lower bound for d(L) has also been given.Hiss and Malle [HM] are obtaining similar results for Problem 5.1 in thecases of PSUn(q) and of even characteristic classical groups. For other groupsof Lie type one has obtained only the following partial results, which are due toGuralnick, Magaard, Pentilla, Praeger, Saxl, and Ho�man.
Theorem 5.3 [GPPS], [GMS] Let G = PSp2n(q), q an odd prime power, n � 2
and (n; q) 6= (2; 3). Suppose that G has a projective absolutely irreducible
representation � of degree d < qn�1 over a �eld of characteristic r, r 6 jq. Then
one of the following holds.(i) d = 1 and � is the trivial representation.(ii) d = (qn � 1)=2 and � is one of the two representations obtained by
reducing the complex Weil representations of degree (qn � 1)=2 modulo r.(iii) r 6= 2, d = (qn + 1)=2, and � is one of the two representations obtained
by reducing the complex Weil representations of degree (qn + 1)=2 modulo r.
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Theorem 5.4 [Hof 1] Let G = P
�2n(q), n � 4, or G = P
2n+1(q), n � 3.
Suppose that (n; q) 6= (3; 2), (4; 2), (3; 4), (4; 3), and in addition that (n; q) 6=(4; 2), (5; 2), (4; 4), (5; 3) in the case G = P
�2n(q). Let � be an absolutely
irreducible representation of G over a �eld of characteristic r 6 jq. Then the
following statement hold.(i) If G = P
+2n(q), n � 4, q > 3, then

(qn � 1)(qn�1 + q)q2 � 1 � 2 � deg(�) � (qn � 1)(qn�1 + q)q2 � 1 + 1
or deg(�) � (qn � 1)(qn�1 + q)q2 � 1 + qn � 1q � 1 � 4 :
Moreover, the smallest of these degrees will not occur if r does not divide (qn�1)=(q � 1).(ii) If G = P
+2n(q), n � 4, q � 3, then

(qn � 1)(qn�1 � 1)q2 � 1 � deg(�) � (qn � 1)(qn�1 � 1)q2 � 1 + 1
or deg(�) � (qn � 1)(qn�1 � 1)q2 � 1 + qn � 1q � 1 � 2 :
Moreover, if r does not divide (qn�1)=(q�1) then the last bound is (qn�1)(qn�1�1)q2�1 +qn�1q�1 � 1.(iii) If G = P
�2n(q), n � 4, then

(qn + 1)(qn�1 � q)q2 � 1 � 1 � deg(�) � (qn + 1)(qn�1 � q)q2 � 1
or deg(�) � (qn + 1)(qn�1 � q)q2 � 1 + qn�1 � 1q � 1 � 3 :
Moreover, the smallest of these degrees occurs if and only if r divides (qn�1 �1)=(q � 1).(iv) If G = P
2n+1(q), n � 3, q > 3, q odd, then

q2n � 1q2 � 1 � 2 � deg(�) � q2n � 1q2 � 1 + q � 2
or deg(�) � q2n � 1q2 � 1 + qn � 1q � 1 � 4 :
Moreover, the smallest of these degrees will not occur if r does not divide (qn�1)=(q � 1).
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6 Groups of relatively small degree: Zero char-acteristic
The program of describing �nite linear groups whose degree is less than a certainfunction depending on a group parameter goes back to Brauer. This programwas mostly elaborated by Feit and his successors (Blau, Ferguson, Leonard,Lindsey, Robinson, Sibley, Wales, Winter, and others). In general, the goalwas to describe primitive linear groups of order divisible by a prime p and ofdegree < 2p. We do not, however, discuss here these well-known results, whichwere obtained without using the CFSG and described in many surveys. Morerecent results make use of the CFSG. In particular, complex irreducible �nitelinear groups of degree at most p � 1, where p is a prime divisor of the grouporder, were described by Zhang [Zh 1]. His result extended an earlier result ofFerguson [Fer] who classi�ed the groups of degree at most p� 3.As a consequence of the main result of [LS], Land�azuri and Seitz determined�nite groups of Lie type G with an irreducible projective complex representationof dimension r where r is a prime divisor of jGj, see Corollary in [LS]. In [TZ 1]quasi-simple complex linear groups up to dimension 2r were determined. (Thisresult depends on the CFSG as well as on the Deligne-Lusztig theory of complexrepresentations of �nite groups of Lie type.)
Theorem 6.1 [TZ 1] Let G be a quasi-simple irreducible complex linear group
of degree d. Suppose that d � 2r for some prime divisor r of jGj, and letL = G=Z(G). Then one of the following holds.1) L = An, maxf9; rg � n � 2r + 1, d = n� 1.2) L = PSL2(q), q 6= 5; 7; 9, and one of the following holds.2a) q = 2a, a � 3, r = 2a � 1 is a Fermat or a Mersenne prime, d 2fr; r � 1; r � 2g.2b) q = r � 11, d 2 fr; (r � 1)=2; r � 1g.2c) Either q � 11 is a prime or q = 3n, n an odd prime. Furthermore,r = (q � 1)=2 and d 2 fr; r + 1; 2rg.2d) Either q � 13 is a prime or q = 5n, n an odd prime. Furthermore,r = (q � 1)=4 and d = 2r.2e) q � 13, r = (q + 1)=2, and d 2 fr � 1; r; 2r � 2; 2r � 1; 2rg.2f) Either q � 11 is a prime or q = 3n, n an odd prime. Furthermore,r = (q + 1)=4 and d 2 f2r � 1; 2rg.3) L = PSLn(q), n � 3, and one of the following holds.3a) q = 2, n � 5, either r = 2n�1 � 1 or r = 2n � 1, and d = 2n � 2 (1
representation).3b) q � 3, n an odd prime, r = (qn � 1)=(q � 1). Furthermore, d = r� 1
(1 representation) or d = r (q � 2 representations).4) L = PSUn(q), n � 3, and one of the following holds.
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4a) q = 2, n � 1 � 5 is an odd prime, r = (2n�1 + 1)=3. Furthermore,d = 2r � 1 (2 representations) or d = 2r (1 representation).4b) n is an odd prime, r = (qn + 1)=(q + 1). Furthermore, d = r � 1 (1
representation) or d = r (q representations).5) L = PSp2n(q), n � 2, and one of the following holds.5a) q = 3, n an odd prime, r = (3n � 1)=2. Furthermore, d = r (2
representations) or d = r + 1 (2 representations).5b) q = 3, n an odd prime, r = (3n + 1)=4. Furthermore, d = 2r � 2 (2
representations) or d = 2r (2 representations).5c) q = 5, n an odd prime, r = (5n � 1)=4. Furthermore, d = 2r (2
representations).5d) n = 2m, r = (qn + 1)=2. Furthermore, d = r � 1 (2 representations)
or d = r (2 representations).6) Exceptions for alternating and �nite classical groups:6a) L = A5 = PSL2(4) = PSL2(5), (r; d) = (2; 2), (2; 3), (2; 4), (3; 2),(3; 3), (3; 4), (3; 5), (3; 6), (5; 2), (5; 3), (5; 4), (5; 5), (5; 6).6b) L = A6 = PSL2(9) = Sp4(2)0, (r; d) = (2; 3), (2; 4), (3; 3), (3; 4),(3; 5), (3; 6), (5; 3), (5; 4), (5; 5), (5; 6), (5; 8), (5; 9), (5; 10).6c) L = PSL3(2) = PSL2(7), (r; d) = (2; 3), (2; 4), (3; 3), (3; 4), (3; 6),(7; 3), (7; 4), (7; 6), (7; 7), (7; 8).6d) L = SL3(3), r = 13, d = 12 (1 representation), d = 13 (1 representa-
tion), d = 16 (4 representations) or d = 26 (3 representations).6e) L = A7, (r; d) = (2; 4), (3; 4), (3; 6), (5; 4), (5; 6), (5; 10), (7; 4), (7; 6),(7; 10), (7; 14).6f) L = PSL3(4), (r; d) = (3; 6), (5; 6), (5; 8), (5; 10), (7; 6), (7; 8), (7; 10).6g) L = A8 = SL4(2), (r; d) = (5; 7), (5; 8), (7; 7), (7; 8), (7; 14).6h) L = A9, r = 7, d = 8 (2 representations).6i) L = A11, r = 11, d = 16 (2 representations).6j) L = PSL4(3), r = 13, d = 26 (2 representations).6k) L = SU3(3), (r; d) = (3; 6), (7; 6), (7; 7), (7; 14).6l) L = SU4(2) = PSp4(3), (r; d) = (2; 4), (3; 4), (3; 5), (3; 6), (5; 4),(5; 5), (5; 6), (5; 10).6m) L = PSU4(3), r = 3; 5; 7, d = 6 (4 representations).6n) L = SU5(2), r = 5, d = 10 (1 representation).6o) L = Sp6(2), r = 5; 7, d = 7 (1 representation) and d = 8 (1 represen-
tation).6p) L = Sp4(4), r = 17, d = 18 (1 representation) or d = 34 (2 represen-
tations).6q) L = 
+8 (2), r = 5; 7, d = 8 (1 representation).6r) L = 
�8 (2), r = 17, d = 34 (1 representation).7) L is an exceptional group of Lie type:7a) L = 2B2(8), r = 7; 13, d = 14 (2 representations).7b) L = 3D4(2), r = 13, d = 26 (1 representation).
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7c) L = G2(3), r = 7; 13, d = 14 (1 representation).7d) L = G2(4), r = 7; 13, d = 12 (1 representation).7e) L = 2F4(2)0, r = 13, d = 26 (2 representations).8) L is a sporadic �nite simple group:8a) L = M11, either r = 5; 11 and d = 10 (3 representations), or r = 11
and d = 11 (1 representation), or r = 11 and d = 16 (2 representations).8b) L = M12, either r = 5; 11 and d = 10 (2 representations), or r = 11
and d = 11 (2 representations), or r = 11 and d = 12 (1 representation), orr = 11 and d = 16 (2 representations).8c) L =M22, either r = 5; 7; 11 and d = 10 (2 representations), or r = 11
and d = 21 (3 representations).8d) L = J2, either r = 3; 5; 7 and d = 6 (2 representations), or r = 7 andd = 14 (3 representations).8e) L = M23, either r = 11; 23 and d = 22 (1 representation), or r = 23
and d = 45 (2 representations).8f) L = HS, r = 11 and d = 22 (1 representation).8g) L = J3, r = 17; 19 and d = 18 (4 representations).8h) L =M24, r = 23, d = 23 (1 representation) or d = 45 (2 representa-
tions). 8i) L =McL, r = 11 and d = 22 (1 representation).8j) L = Ru, r = 29 and d = 28 (2 representations).8k) L = Suz, r = 7; 11; 13 and d = 12 (2 representations).8l) L = Co3, r = 23 and d = 23 (1 representation).8m) L = Co2, r = 23 and d = 23 (1 representation).8n) L = Co1, r = 13; 23 and d = 24 (1 representation).

Conversely, if the triple (L; r; d) satis�es any of these conditions, then some
covering group G of L has an irreducible complex representation of dimensiond.
Remark 6.2 In most cases of Theorem 6.1 the number of representations inquestion is given. The remaining cases are easy to handle directly. Using theresults of [TZ 1] one could also extend Theorem 6.1 up to dimension, say, r3=2(that is, produce a classi�cation of quasi-simple complex linear groups G ofdegree at most r3=2, where r is a prime divisor of jGj).Even more, we think that the following problem does not seem to be hopeless:
Problem 6.3 Classify all primitive complex �nite linear groups G of degree at
most d, where d is the maximal order of group elements of G.
7 Groups and representations of speci�c degrees
Irreducible representations of prime degree are of particular interest. The rea-son is that this condition excludes many con�gurations of speci�c type suchas tensor-decomposable groups (if one imposes the primitivity condition), or
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nontriviality of the Schur index. Thus, the result is expected to be more trans-parent. The complex representations of prime degree of �nite groups of Lie typewere described by Land�azuri and Seitz in their remarkable paper [LS] of 1974.The complete list of primitive complex linear groups of prime degree obtainedby Dixon and Zalesskii [DZ] is given below. (Of course, the quasi-simple caseof this result is now a particular case of Theorem 6.1.) For brevity, we restrictourselves to exhibiting the list of perfect groups.
Theorem 7.1 [DZ] Let G be a �nite perfect primitive subgroup of GLp(C),
where p > 5 is a prime. Then either G has an irreducible normal extraspecial
subgroup, or one of the following holds.(i) G ' Ap+1, p > 5.(ii) G ' PSL2(q), where p; q are subject to one of the following conditions:(a) q = p;(b) p = (q � 1)=2 with q either a prime or a 3-power;(c) p = (q + 1)=2;(d) p = q � 1 = 2s � 1 is a Mersenne prime;(iii) G ' PSp2n(q), where p = (qn+1)=2 with n a 2-power, or p = (3n�1)=2
with n an odd prime and q = 3.(iv) G ' PSUn(q), where p = (qn + 1)=(q + 1) with n an odd prime.(v) p = 7 and G ' Sp6(2).(vi) p = 11 and G 'M12.(vii) p = 23 and G ' Co2, Co3, or M24.
Remark 7.2 Classi�cation (up to conjugacy) of the groups G occuring in thecases (iii) and (iv) of Theorem 7.1 can be extracted from [TZ 2]: the groups inquestion arise as irreducible constituents of the so-called Weil representationsof Sp2n(q) for q odd, or SUn(q).It is probably worthwhile to write down the list of linear groups of degree2r with r a prime. The following is a particular case of Theorem 6.1.
Theorem 7.3 [TZ 1] Let G be a quasi-simple irreducible complex linear group
of degree d. Suppose that d is twice a prime: d = 2r. Then one of the following
holds for L := G=Z(G).1) L = A2r+1, r � 5 (1 representation).2) L = PSL2(q), q � 11, and one of the following holds.2a) Either q is a prime or q = 3n, n an odd prime; furthermore, r =(q � 1)=2 ((q � 1)=2 representations).2b) Either q � 13 is a prime or q = 5n, n an odd prime. Furthermore,r = (q � 1)=4 (2 representations).2c) r = (q + 1)=2 ((q � 3)=2 representations).
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2d) Either q is a prime or q = 3n, n an odd prime; furthermore, r =(q + 1)=4 (2 representations).3) L = PSLn(2), n� 1 � 5 a prime, and r = 2n�1 � 1 (1 representation).4) L = PSUn(2), n � 1 � 5 is an odd prime, and r = (2n�1 + 1)=3 (1
representation).5) L = PSp2n(q), n an odd prime. Furthermore, either q = 3 and r =(3n + 1)=4 (2 representations), or q = 5 and r = (5n � 1)=4 (2 representations).6) Exceptions for alternating and �nite classical groups:6a) L = A5 = PSL2(4) = PSL2(5), r = 2; 3; 5.6b) L = A6 = PSL2(9) = Sp4(2)0, r = 2; 3; 5.6c) L = PSL3(2) = PSL2(7), r = 2; 3.6d) L = SL3(3), r = 13 (3 representations).6e) L = A7, r = 2; 3; 5; 7.6f) L = PSL3(4), r = 3; 5.6g) L = A8 = SL4(2), r = 7 (1 representation).6h) L = PSL4(3), r = 13 (2 representations).6i) L = SU3(3), r = 3; 7.6j) L = SU4(2) = PSp4(3), r = 2; 3; 5.6k) L = PSU4(3), r = 3 (4 representations).6l) L = SU5(2), r = 5 (1 representation).6m) L = Sp4(4), r = 17 (2 representations).6n) L = 
�8 (2), r = 17 (1 representation).7) L is an exceptional group of Lie type:7a) L = 2B2(8), r = 7 (2 representations).7b) L = 3D4(2), r = 13 (1 representation).7c) L = G2(3), r = 7 (1 representation).7d) L = 2F4(2)0, r = 13 (2 representations).8) L is a sporadic �nite simple group:8a) L =M11, r = 5 (3 representations).8b) L =M12, r = 5 (2 representations).8c) L =M22, r = 5 (2 representations).8d) L = J2, either r = 3 (2 representations), or r = 7 (3 representations).8e) L =M23, r = 11 (1 representation).8f) L = HS, r = 11 (1 representation).8g) L =McL, r = 11 (1 representation).

Conversely, if the pair (L; r) satis�es any of these conditions, then some
covering group G of L has an irreducible complex representation of dimension2r.
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8 Groups of relatively small degree: Prime char-acteristic
The modular case has been examined by Blau and Zhang [BZ]. They classi�ed�nite linear groups of degree at most p�1 over a �eld of characteristic p, wherep is a prime divisor of the group order. In fact, it is assumed in this result thatthe group in question doesn't contain a normal subgroup which is a group ofLie type in characteristic p.
Theorem 8.1 [BZ] Let p be a prime and F a �eld of characteristic p. LetG � GLn(F) be a perfect �nite irreducible subgroup such that p divides jGj.
Suppose that n < p. Then one of the following holds.(1) G contains a normal subgroup isomorphic to a direct product of groups
of Lie type of characteristic p.(2) n = p�1 = 2m and G contains a normal extraspecial 2-subgroup A such
that G=(A �Z(G)) is Sp2k(2l) (kl = m), SO�2k(2l) (kl = m), PSL2(17) (p = 17),A5, A6 (p = 5).(3) n = p� 1, G is quasi-simple and one of the following holds:(i) G = SL2(q), q � 1(mod4), and p = (q + 1)=2;(ii) G = Sp2r(q), q is odd, r > 1 is a 2-power, and p = (qr + 1)=2;(iii) G = PSUr(q), r is an odd prime, and p = (qr + 1)=(q + 1);(iv) G=Z(G) ' A7 and p = 5 or 7;(v) p = 7 and G=Z(G) = PSL3(4), PSU4(3), or J2;(vi) G=Z(G) = G2(4), p = 13;(vii) G =M12 or M22, and p = 11;(viii) G=Z(G) = Suz, and p = 13;(ix) G=Z(G) = J3, and p = 19;(x) G=Z(G) = Ru, and p = 29;(xi) G = Co2, Co3, and p = 23.(4) n = p� 2 and one of the following holds:(i) G = PSLr(q), p = (qr � 1)=(q � 1), r is a prime, and r 6 j(q � 1);(ii) G = Ap, and p > 5;(iii) G=Z(G) = A6 or A7, and p = 5;(iv) G =M11, and p = 11;(v) G =M23, and p = 23.(5) n = p� 3, G=Z(G) = A7, p = 7.(6) n = p� 4, G = J1, and p = 11.

At this point we would like to describe an interesting result obtained recentlyby Guralnick, Pentilla, Praeger, and Saxl [GPPS]. Let q be a prime power. Itwas proved in [Zs] that if e � 3 and (q; e) 6= (2; 6), then qe � 1 has a primitiveprime divisor, i.e. a prime divisor which does not divide Q1�i<e(qi � 1). The
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main result of [GPPS] is a classi�cation of subgroups G of GLd(q), with ordersdisivible by a primitive prime divisor r of qe � 1 for some e satisfying d=2 <e � d. (This condition implies in particular that d � 2r � 3.) Such groupswere extensively studied by Hering, cf. [He 1], [He 2], and Dempwol� [De], inconnection with questions about collineation groups of �nite translation planes.At present very little is known about modular irreducible representations ofprime degree, in other words, about linear groups of prime degree in positivecharacteristic.
9 Minimal polynomials of elements of linear groups
The problem of determining minimal polynomials of group elements in grouprepresentations is to some extent connected with that of classifying groups ofsmall degree. For instance, the minimal polynomial of each group element ina representation of degree n does not exceed n. We begin with the zero char-acteristic case. Let G be a primitive �nite linear group. For g 2 G let deg(g)denote the degree of the minimal polynomial of g. An element g 2 G is said tobe quadratic, if g is of order > 2 but deg(g) = 2. The following problem hasattracted attention since the beginning of the century:
Problem 9.1 Determine primitive �nite linear groups G that are generated by
their quadratic elements.

Blichfeldt (1917) studied complex �nite linear groups containing a quadraticelement g. He proved that deg(g) = 2 implies gm 2 Z(G), wherem � 5. He alsoshowed that if m = 5 and G is a group of (4� 4)-matrices then G has an irre-ducible normal subgroup isomorphic to a direct product of two copies of SL2(5).Later, his argument was extended in [Z2, x11] to show that the equality m = 5in general implies that G contains an irreducible normal subgroup isomorphic toa direct product of several copies of SL2(5). The case m = 4 was considered byKorljukov [Kor 1]. He showed that if G is irreducible, tensor-indecomposable,primitive and is generated by quadratic elements of order m = 4 then G con-tains an irreducible normal subgroup N such that (i) N is isomorphic to anextraspecial 2-group, (ii) G=N is one of the following groups: Sp2k(2), O�2k(2),S2k+1 or S2k+2. He also made a partial contribution to the case m = 3 [Kor 2]by showing that if G is as above with m = 3 and if, in addition, G containsa non-trivial solvable normal subgroup N then either G is of degree 3k withG=N ' Sp2k(3) or G is of degree 2k with
G=N 2 fUk(2); Sp2k(2); O�2k(2);A2k+1;A2k+2g :The same case m = 3 but for quasi-simple groups is considered (in a moregeneral context) in [Z8], using the CFSG. The list of pairs (G;n) (n the degreeof G) consists of the following groups: (SL2(5); 2); (SL2(9); 4); (Sp2k(3); (3k �
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(�1)k)=2) and (PSp2k(3); (3k +(�1)k)=2) with k > 1; (Uk(2); (2k +2(�1)k)=3)and (Uk(2); (2k � (�1)k)=3) with k 6� 0(mod3); (SU3(3); 6); (2 � Ak; 2[k=2]�1);(2�Sp6(2); 8); (6�PSU4(3); 6); (2�G2(4); 12); (2�
+8 (2); 8); (6�Suz; 12); (2�J2; 6);(2 � Co1; 24).The restriction deg(g) = 2 has been weakened by Robinson [Ro 1], whoshowed that if G is a �nite primitive linear group and g 2 G is a noncentralelement of prime order p then deg(g) � (p+3)=4. This is the best result in thisdirection obtained without using the CFSG. Using the CFSG Robinson [Ro 2]improved this result by showing that deg g � (p�1)=2. For further progress see[Z7] and [Z8]. The last paper contains in particular the following result.
Theorem 9.2 [Z8] Let G be a quasi-simple �nite group, g 2 G with gp 2Z(G). Let � be a faithful complex irreducible representation of G such that1 < deg(�(g)) < p. Then p > 2, gp = 1, and deg(�(g)) 2 fp � 1; p � 2; (p +1)=2; (p� 1)=2g.(A) If deg(�(g)) = p� 1 then one of the following holds.(1) G = PSLn(q), p = (qn � 1)=(q � 1), n is an odd prime, (n; q � 1) = 1,
and dim(�) = p� 1.(2) G = SL2(q), q � 1(mod4), p = (q + 1)=2, and dim(�) = p� 1.(3) G = SL2(q), q > 4 is even, p = q + 1, and dim(�) = p� 1.(4) G = SL2(p), p > 3, and dim(�) = p� 1.(5) G = SL2(p2), and dim� = (p2 � 1)=2.(6) G = Sp2n(q), n > 1 is a 2-power, qn � 1(mod4), p = (qn + 1)=2, anddim(�) = p� 1.(7) G = Sp4(p), g is not a transvection, and dim(�) = (p2 � 1)=2.(8) G = Sp4(p), g is a transvection, and dim(�) = p(p� 1)2=2.(9) G = SUn(q), n > 2, q is even, p = q + 1, (n; p) = 1, rank(g � z � Id) = 1
for some z 2 Fq2 , and dim(�) = (qn+ q(�1)n)=(q+1) or (qn� (�1)n)=(q+1).(10) G = PSUn(q), n is an odd prime, (n; q + 1) = 1, p = (qn + 1)=(q + 1),
and dim(�) = p� 1.(11) G = SU3(p), p > 3, g is a transvection, and dim(�) = p(p� 1).(12) G = Ap, the alternating group, p > 5, and dim(�) = p� 1.(13) G = 2 �An, p = 3 or 5, g is a p-cycle, and � is a so-called basic spin
representation of dimension 2[n=2]�1.(14) G=Z(G) = A7, jZ(G)j = 3 or 6, p = 7, and dim(�) = 6.(15) G = 2 � Sp6(2), p = 3; 5, and dim(�) = 8.(16) G = 6 � PSL3(4), p = 7, and dim(�) = 6.(17) G = 6 � PSU4(3), p = 3; 7, and dim(�) = 6.(18) G = 2 �G2(4), p = 3; 5; 7 or 13, and dim(�) = 12.(19) G=Z(G) = 2 � 
+8 (2), p = 3; 5, and dim(�) = 8.(20) G =M11, p = 11, and dim(�) = 10.(21) G =M23, p = 23 and dim(�) = 22.(22) G = 2 �M12 or 2 �M22, p = 11, and dim(�) = 10.
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(23) G = 6 � Suz, p = 3; 5; 7 or 13, and dim(�) = 12.(24) G = 3 � J3, p = 19, and dim(�) = 18.(25) G = 2 �Ru, p = 29, and dim(�) = 28.(26) G = 2 � J2, p = 3; 5; 7, and dim(�) = 6.(27) G = 2 � Co1, p = 3; 5; 7; 13, and dim(�) = 24.(B) If deg(�(g)) = p � 2, then G = SL2(q), q � 4 even, p = q + 1, anddim(�) = p� 2.(C) If deg(�(g)) = (p+ 1)=2, then one of the following holds.(1) G = Sp2n(p), n > 1, g is a transvection, and dim(�) = (pn + a)=2 witha 2 f1;�1g such that (pn + a)=2 is even.(2) G = PSp2n(p), n > 1, g is a transvection, and dim(�) = (pn+a)=2 witha 2 f1;�1g such that (pn + a)=2 is odd.(3) G = SL2(p), p > 3, p � 3(mod4), and dim(�) = (p+ 1)=2.(4) G = PSL2(p), p � 1(mod4), and dim(�) = (p+ 1)=2.(5) G = 3 �A6, p = 5, and dim(�) = 3.(6) G = 2 �A7, p = 7, and dim(�) = 4.(7) G = 2 � J2, p = 5, and dim(�) = 6.(D) If deg(�(g)) = (p� 1)=2, then one of the following holds.(1) G = SL2(p), p � 1(mod4), and dim(�) = (p� 1)=2.(2) G = PSL2(p), p > 3, p � 3(mod4), and dim(�) = (p� 1)=2.
Remark 9.3 Even though in the above theorem only dim(�) is given, the listof representations � can be read o� from [Atlas] (for G a \small" group orsporadic group) and from [TZ 1] (for G a special linear, symplectic, or unitarygroup).

It would be desirable to obtain a modular analogue of Theorem 9.2, that is, toclassify all triples (G;�; g), G a �nite quasi-simple group, g an element of orderp modulo Z(G), and � a faithful absolutely irreducible representation of G overa �eld of characteristic 0 < r 6= p such that deg(�(g)) < p. This problem in thecase G is a group of Lie type in characteristic p has been reduced substantiallyin [Z3] to that of identifying certain modular representations of Sp2n(p). Thelatter step is being completed in [GT 2]. If r = p one probably cannot hope for acomplete answer to the question, especially for groups of Lie type. However, fora group G of Lie type Suprunenko [Su 2] provides an algorithm for computing�(g). This implies an explicit description of irreducible representations � of Gsuch that deg(�(g)) = p for some g 2 G, see [Su 3].Linear groups over �nite �elds of characteristic r > 3 generated by quadraticr-elements were classi�ed by Thompson in 1971 [Th 1]. The case of character-istic 3 was studied by Ho [Ho 1], [Ho 2], but his results do not give a completelist of the groups in question. In characteristic 2, all involutions are quadratic.Therefore, to create a sensible question in the characteristic 2 case one has to
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change the problem a little bit. Now we require the irreducible linear groupG � GL(V ) in characteristic 2 to have a 2-subgroup A such that [[V;A]; A] = 0and jAj � 4. This kind of quadratic module V turns out to be interesting inthe classi�cation of �nite simple groups (because of applications in weak-closurearguments and in the amalgam method). These modules have been investigatedby Meierfrankenfeld and Stroth, cf. [MS 1], [MS 2]. A new approach towards a\third generation" proof of the CFSG Theorem, suggested by Meierfrankenfeld,Stellmacher, and Stroth, requires the analysis of certain classes of modules, theso-called F1-modules and F2-modules, which are closely related to quadraticmodules. This is being treated in work of Meierfrankenfeld and Stroth (inpreparation).Let G be a quasi-simple group. Aschbacher [As 2] classi�ed irreducibleF2G-modules V such that dim(Id + g)V � 2 for some involution g 2 G. Ir-reducible �nite linear groups generated by transvections were described earlierby McLaughlin [M1], [M2]. In a more general context, Wagner [Wag 1], [Wag 5]classi�ed irreducible �nite linear groups generated by pseudo-re
ections, i.e.elements g 2 GL(V ) such that dim(Id� g)V = 1. See also [Ka], [ZS].There are other partial results for the prime characteristic case. The rep-resentations of An over a �eld of characteristic 2 in which a 3-cycle acts �xed-point-freely were determined by Mullineux [Mu]. A similar result for spin mod-ules ofAn was obtained by Meierfrankenfeld [Me]. Irreducible representations ofsimple groups of Lie type in characteristic 2 were classi�ed by Wilson [Wi]. Fur-ther progress concerning representations in characteristic 2 has been achievedin [FLZ]. In [Z7] for quasi-simple groups G with cyclic Sylow p-subgroups thereare determined a non-trivial representation � over a �eld of characteristic p anda p-element g such that deg(�(g)) < jgj.
10 Groups containing a simple spectrum matrix
A further problem of interest is that of determining group representations con-taining a matrix X with a simple spectrum (both for prime and zero character-istic). This means that every eigenvalue of X occurs with multiplicity 1. Groupswith this property appear in numerous applications. If G is a group, g 2 G,	 is an irreducible representation of G such that 	(g) has a simple spectrum,then, obviously, deg(	) � m(g), wherem(g) means the order of g modulo Z(G).For representations over a �eld of characteristic 0 this condition turns out tobe very restrictive. For example, consider G to be SLn(q), n > 2. Then themaximal order of an element of G is (qn � 1)=(q � 1), and the minimum degreeof a complex (nontrivial) representation of G is one less, i.e. (qn�1)=(q�1)�1.This observation does not work for some other groups such as alternating andsymplectic ones. However, the aforementioned problem does not seem to bevery di�cult. The situation is more profound in the modular case where repre-sentations considered are over a �eld of prime characteristic p. As a �rst step
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one needs to determine the representations of �nite simple groups of Lie type ofcharacteristic p with this property. This was done in [SZ 2] for classical groupsand in [SZ 3] for all exceptional groups.Another closely related problem is to determine the modular group repre-sentations containing a matrix with a single Jordan block. We mention thefollowing interesting result of Suprunenko in this direction:
Theorem 10.1 [Su 1] Let F be an algebraically closed �eld of characteristicp > 0 and let G � GLn(F), n > 1, be an irreducible semisimple algebraic group
such that a matrix g 2 G is similar to a single Jordan block. Then G is simple
and isomorphic to SLn(F), SOn(F), Spn(F), G2(F), SL2(F), or PSL2(F). IfG is of type G2 then n = 7 if p > 2 and n = 6 if p = 2. If G is of type A1 then1 < n � p.

In more general context the problem of determining Jordan structure ofunipotent elements in group representations is of high importance. This problemwill be discussed in Suprunenko's survey [Su 3] in this volume.
11 Tensor products
Let G be a �nite group, � and 	 two irreducible representations of G (overthe same �eld). Then usually � 
 	 is not irreducible, and the problem ofdecomposing �
	 into irreducibles is important in applications. In this sectionwe consider the following problem.
Problem 11.1 Determine all triples (G;�;	) such that G is a �nite quasi-
simple group, � and 	 are representations of G of degree > 1 over an alge-
braically closed �eld F and �
	 is irreducible.

One of the motivations for studying this problem is that one often needsto exclude the case where an irreducible linear group is tensor-decomposable.Another motivation comes from the classi�cation of maximal subgroups of �niteclassical groups G(q). According to Aschbacher's Theorem [As 1], if M is amaximal subgroup of G(q), then either M belongs to one of 8 collections Ci,1 � i � 8 of \natural" subgroups of G(q), or M 2 S, a collection of quasi-simple groups which act irreducibly on the natural module V of G(q). In thisscheme, C4 consists of stabilizers of tensor decompositions of V . Conversely,if M 2 [8i=1Ci, then M is maximal up to exceptions determined by Kleidmanand Liebeck [KL]. Now suppose M 2 S. Could it happen that M < N < G forsome N 2 C4, in other words, can the (irreducible) representation of M on Vbe tensor-decomposable?Problem 11.1 for solvable groups G has been investigated by Isaacs [Is]. Inparticular, he conjectures that if the solvable group G has two faithful complex
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characters � and � such that �� is irreducible, then G is abelian. He also provedthis conjecture in the case where every minimal normal subgroup of G is cyclic.In what follows, we assume that G is a �nite quasi-simple group, � and 	are representations of G of degree > 1 over an algebraically closed �eld F ofcharacteristic r, such that
(?) : �
	 is irreducible:
Case 1 : G is a �nite group of Lie type de�ned over a �eld of characteristicp and char(F) = p.Each irreducible representation of G lifts to that of G, the algebraic groupcorresponding to G. Steinberg's tensor product theorem then reduces the prob-lem to the case where the highest weights � and � of � and 	, respectively, arerestricted. (This means that the coe�cients ai, bj of the expansion � =Pi ai!i,and � =Pj bj!j do not exceed p�1, where the !i's are the fundamental weightsof G.) Moreover, if (G; p) 2 f(Sp; 2); (F4; 2); (G2; 3)g the representation �
	is irreducible whenever � and � are restricted and (up to reordering � and 	)ai = 0 = bj for those (i; j) for which the root �i is short and �j is long. Seitz[Se, 1.6] showed that for � and � restricted there are no more cases where �
	could be irreducible. Thus one gets a complete list of pairs (�;	) with property(?) in case 1.Case 2: G is a symmetric or alternating group.It has recently been shown by Bessenrodt and Kleshchev [BK] that (?) can-not happen for G = Sn if F = C. Also, all possible examples in the caseG = An and F = C are found in [BK]; namely, (?) occurs in this case if andonly if n = a2 for some integer a � 3, � is the (nontrivial component of the)natural permutation representation, and 	 is any of the two representationscorresponding to the Young diagram (aa).The cases of spin representations and modular representations of Sn and Anare still open. We note that there are examples of complex spin representationsof A9, A10 with property (?). Also, some examples of irreducible tensor prod-ucts of representations of Sn in characteristic 2 have been found by Gow andKleshchev [GK].Case 3 : G is one of the 26 sporadic �nite simple groups (or their covers).For all sporadic groups (in the case F = C), and for many of them (inthe modular case) one can use GAP to �nd all examples of pairs (�;	) withproperty (?). For instance, if F = C then (?) occurs precisely for 2 � M12,12 �M22, M23, M24, 2 � J2, 3 � J3, 2 � Co1, Co2, Co3, 6 � Fi22, 3 � Fi024, 3 � Suz,6 � Suz, 3 �McL, 2 � Ru, 3 � ON , Th, BM , M . In many examples, either � or	 is the representation of G of smallest degree. However, some examples don'tseem to have any pattern. Below we list a couple of examples for G = BM ,
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2 �BM : �(1) = 4371; 	(1) = 53936390144�(1) = 96256; 	(1) = 90807234375and for G =M :�(1) = 196883; 	(1) = 8980616927734375�(1) = 19360062527; 	(1) = 8980616927734375�(1) = 21296876; 	(1) = 3503434660075044981
Case 4 : The cross characteristic case.

Theorem 11.2 [MT] Let G be a �nite quasi-simple group of Lie type de�ned
over Fq, and assume that r = char(F) = 0 or r 6 jq. Then the situation (?)
cannot happen, except possibly for(i) q � 3;(ii) G = Sp2n(5);(iii) G = Sp2n(q), 2jq;(iv) G = G2(q), 3jq;(v) G = F4(q), 2jq;(vi) G = 2F4(q), 2jq.We do have examples (of complex representations) for G = Sp2n(3), Sp2n(5),SUn(2). A typical example: � and 	 are Weil representations of distinct degreesfor G.One can remove the cases (iv) { (vi) in Theorem 11.2 if F = C.An interesting by-product of [MT] is a new lower bound q2(q2 + 1) for theminimum degree `(G) of nontrivial projective representations of G = G2(q) incross characteristic, provided that q = 3f > 3. (The Land�azuri-Seitz bound forthis group is q(q2 � 1).)
12 Global irreducibility
De�nition 12.1 Let G be a �nite group and � an irreducible complex repre-sentation of degree > 1 of G. We say that � is globally irreducible if � remainsabsolutely irreducible under reduction modulo every prime p, and strongly glob-ally irreducible if � is globally irreducible and has Schur index 1. If � is globallyirreducible and faithful, then we also call G globally irreducible.

Globally irreducible groups are interesting for integral lattice theory. Theclass of rational globally irreducible groups was distinguished by Thompson in[Th 2] in the course of constructing the sporadic �nite simple group Th = F3[Th 3]. Namely, he showed that if G is a �nite group and V is a QG-module ofdimension > 1 such that V (modp) is irreducible for all primes p, then V con-tains a unique (up to scalar) G-stable lattice �. Moreover, V supports a unique
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(up to scalar) G-invariant scalar product (�; �), and under (�; �) the lattice � iseven unimodular. At the time of [Th 2] there were only three known exam-ples of primitive, tensor-indecomposable, rational globally irreducible groups G;namely(i) G is W (E8), 2 � Co1, or F3.Correspondingly, � is the ubiquitous Korkine-Zolotarev root lattice E8 (whichis the unique even unimodular Euclidean lattice of rank 8), the famous Leechlattice �24 (which is the unique even unimodular lattice of rank 24 with mini-mum 4), and the Thompson-Smith lattice of rank 248. Notably, E8 gives riseto the densest sphere packing in R8, and �24 produces the best known spherepacking in R24. Even though it was proved by Minkowski that good spherepackings exist in any dimension, it still remains an open problem (already men-tioned by Hilbert in his 1900 famous list of open problems) how to constructgood sphere packings explicitly. In the late 80's Elkies [El] and Shioda [Sh]contructed several new lattices which produce sphere packings that are denserthan any previously known one in certain dimensions n, 65 � n � 4000. Theirconstruction uses the Mordell-Weil groups of certain elliptic curves over function�elds. To better understand them from the group-theoretic viewpoint, Gross[Gr] suggested a generalization of the concept of rational global irreducibility.This concept led to several new series of lattices, which are interesting from thepoint of view of both group theory and algebraic geometry. Interested readersare referred to [Gr] and [T3]. Here we mention only that our notion of globalirreducibility di�ers, however, from the one invented by Gross, which is morearithmetical.It is easy to give examples of monomial strongly globally irreducible groups.However, primitive globally irreducible groups seem to be a very rare phe-nomenon. In fact, at the moment there are only a few types of examples inlarge dimension:(ii) G = 2 � Sn, a double cover of the symmetric group Sn with n even, inthe so-called basic spin representations of degree 2n, cf. [Wa];(iii) G = 2 �An, with n odd, in the basic spin representations of degree 2n�1,cf. [Gow] and [T2];(iv) G = Sp2n(p), p an odd prime, in Weil representations of dimension(pn � 1)=2, cf. [SZ 1]. We mention that this is the only case when a Weilrepresentation of a �nite classical group is globally irreducible [T4].(v) This example is in a sense a characteristic 2 analogue of the previous one.Let E be an extraspecial 2-group of order 21+2k considered in its irreduciblerepresentation of degree n = 2k, realized over Q(i), i = p�1. Let E1 = E � Z4be the group obtained from E by adding the scalar matrix i � I. Let N be thenormalizer of E1 in GLn(Q(i)). Then N is globally irreducible. Also, certainsubgroups of N are globally irreducible as well. To construct them, observe thatN=(Z(N)E) ' Sp2k(2), and that the reduction ofN modulo 2 gives the so-calledspin representation of Sp2k(2). Let V be the natural module for Sp2k(2) overF2, and for i < k let Ti be the stabilizer in Sp2k(2) of a non-degenerate subspace
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of V of dimension 2i. Let Ni be the pullback of Ti in N . Then Ni is globallyirreducible.
Problem 12.2 Classify quasi-simple globally irreducible groups.

Global irreducibility of the groups SL2(q), 2B2(q), SL3(q), SU3(q), andSp4(q) has been investigated in [T1], [T3], [T5]. It turned out that these groupshave no globally irreducible representions, except the Weil representations ofdegree (pn�1)=2 of Sp2n(p), n = 1; 2. Kleshchev and Premet [KP] have recentlyshown that Sn, n � 5, has no globally irreducible representation. (Observe thatthe proof of this result can be substantially shortened if one makes use of a veryrecent result of James and Mathas [JM 2] determining which Specht modulesof Sn remian irreducible modulo 2.) Based on these partial results one mightconjecture that if G is a quasi-simple globally irreducible group and G is not toosmall, then G is one of the groups mentioned in the examples (i) { (iv) above.The following problem is clearly related to Problem 12.2 and has its owninterest in the representation theory of �nite groups of Lie type.
Problem 12.3 Let G be a quasi-simple �nite group of Lie type. Determine all
nontrivial irreducible complex representations � of G which remain irreducible
modulo the de�ning characteristic p.

We note that, according to the Fong-Swan-Isaacs-Rukolaine Theorem [Sw],if G is p-solvable then any absolutely irreducible p-modular representation of Glifts to a complex representation.Let G be a quasi-simple �nite group of Lie type in characteristic p. It isknown that the Steinberg representation is irreducible modulo p (and also mod-ulo some other primes r 6= p). Are there other examples? The �rst not obviousexample was found in [SZ 1] for the group G = Sp2n(p) with p any odd prime, tobe the Weil representations of dimension (pn�1)=2. More recently, the \small"groups SL2(q), 2B2(q), SL3(q), SU3(q), and Sp4(q) have been handled in [T1],[T3], [T5]. For these groups, if � is a complex irreducible representation whichremains irreducible modulo p, then either � is the Steinberg representation, orone of the following holds:(a) � is a Weil representation of degree (pn�1)=2 of Sp2n(p) (and n = 1; 2);(b) � is a representation of degree p� 1 of SL2(p);(c) � is a representation of degree 3 of SL3(2) ' PSL2(7);(d) � is a Weil representation of degree 7 of SU3(3);(e) � is a representation of degree 10 of Sp4(3);(f) � is a representation of degree 52 of Sp4(5).(Observe that neither the Steinberg representation, nor the representation� described in the cases (d), (e), and (f) is globally irreducible.)The method used in [T1], [T3], [T5] is based on Jantzen's reduction formula[Ja 1]. Namely, �rst one can write down any irreducible complex characterof G in terms of Deligne-Lusztig characters RGT (�). Next, Jantzen's reduction
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formula expresses RGT (�)(modp) as a combination of Brauer characters of Weylmodules. Finally, one needs to �nd the multiplicity of any irreducible Brauercharacter in the Brauer character of any Weil module. (The answer to the lastquestion is given by Lusztig's conjecture, which has now been proved for verylarge p.) Unfortunately, it is very di�cult to use Jantzen's reduction formuladirectly for groups of Lie type of large rank, since it then involves too manysummands.It is worthwhile to mention the recent paper [JM 1] of James and Mathaswhere one can �nd a description of complex representations of GLn(q) whichremain irreducible modulo a prime r with (r; q) = 1. Also, a class of complexrepresentations of GLn(q) which remain irreducible modulo every prime r notdividing q is given in [GT 1].Very recently, the authors of this survey have developed another approachwhich enables one to prove the reducibility of a certain class of complex repre-sentations modulo the de�ning characteristic p > 3. The results obtained willbe reported elsewhere. Observe that at present this new approach does notcover all complex representations.There is another problem which is also related to globally irreducible rep-resentations. Let G be a �nite subgroup of GLn(OK), where OK denotes thering of integers of an algebraic number �eld K. Under which condition can oneguarantee that the OK-span of G coincides with the matrix ringMn(OK) ? Ananalogue of the classical Burnside's Theorem has been proved in [OZ], whichshows that this happens if and only if the natural representation of G on Kn isglobally irreducible.
13 Some other questions
1. Let G be a �nite subgroup of GLn(Q), or, more generally, let G be a �nitegroup with a faithful irreducible Q-valued character of degree n. Then theMinkowski-Schur Theorem (cf. p. 129 of [Sch]) states that the order of Gdivides Qp primes pMp(n), where Mp(n) = Pi�0[n=(pi(p � 1))]. This result hasbeen strengthened by Feit in [F3].More generally, let G be a �nite subgroup of GLn(C). A classical theoremof Jordan asserts that there is a function f : N! R such that G has a normalabelian subgroup A with jG=Aj � f(n). Schur [Sch] gave the bound f(n) =(49n)n2 . A better bound f(n) = n! � n � 12�(n+1)+1 was found by Frobenius,where �(n+1) is the number of prime divisors of n. A much better bound, usingthe CFSG, was obtained in an un�nished manuscript of Weisfeiler. Namely, heproved that one can take f = fW with fW (n) = (n+2)! if n � 64 and n4 �(n+2)!if n < 64. Very recently Collins [C] has established the best possible result, againusing the CFSG.
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Theorem 13.1 [C] If n is big enough and G is a �nite subgroup of GLn(C),
then G has a normal abelian subgroup A with jG=Aj � (n + 1)!. Moreover, ifjG=Aj = (n+ 1)!, then G=Z(G) ' Sn+1.Weisfeiler also proved that if G is a �nite subgroup of GLn(F), F an alge-braically closed �eld of characteristic p, then G has a normal series G�L�T �Op(G), such that L=T is a direct product of �nite groups of Lie type in charac-teristic p, T=Op(G) is an abelian p0-group, and jG=Lj � fW (n). Improving thisresult to the best possible, Collins [C] shows that if n is big enough then onecan replace fW by fC , where fC(n) = (n+1)! if p 6 j(n+2) and fC(n) = (n+2)!if pj(n + 2). By \big enough" Collins anticipates establishing that n � 45 willsu�ce for Theorem 13.1 and also for the modular case if p > 5, and n � 70 forp � 5.2. About 60 years ago Zassenhaus [Za] classi�ed near-�elds. In doing sohe also gave a complete description of those �nite groups which have complexrepresentations � such that �(g) has no eigenvalue 1 for any nontrivial elementg 2 G (nowadays such a group is called semiregular). One of the results in [Za]characterizes SL2(5) as the only perfect semiregular group. A generalization ofthis result was obtained in [FLT 1]. Let p be a prime. An FG-representation � issaid to be p0-semiregular, if �(g) has no eigenvalue 1 for any nontrivial p0-elementof G. The �nite p0-semiregular groups are classi�ed in [FLT 1] (a part of thisclassi�cation was obtained in [GW]). This result has an interesting applicationin the theory of permutation groups. A �nite permutation group G is said tobe p-Frobenius, if every 2-point stabilizer in G is a p-group. This is clearly ageneralization of Frobenius groups. Also, if G is a primitive permutation groupwith elementary abelian socle V , then G is p-Frobenius if and only if the actionof G1 (a point stabilizer in G) on V (via conjugation) is p0-semiregular. Usingthe results of [FLT 1] and [FLT 2], the paper [FLT 3] classi�es all �nite primitivep-Frobenius groups.
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Table III. The re�ned Land�azuri-Seitz lower bounds for `(G(q))
G(q) Bound ExceptionsPSL2(q) (q � 1)= gcd(2; q � 1) � `(PSL2(4)) = 2;`(PSL2(9)) = 3:

PSLn(q);n � 3 (qn � 1)=(q � 1)� 2
8><>:

`(PSL3(2)) = 2;`(PSL3(4)) = 4;`(PSL4(2)) = 7;`(PSL4(3)) = 26:PSp2n(q);n � 2 � (qn � 1)=2; 2 6 jq(qn � 1)(qn � q)=(2(q + 1)); 2jq `(Sp4(2)0) = 2
PSUn(q);n � 3 � (qn � q)=(q + 1); 2 6 jn(qn � 1)=(q + 1); 2jn � `(PSU4(2)) = 4;`(PSU4(3)) = 6:P
+2n(q);n � 4 � (qn � 1)(qn�1 + q)=(q2 � 1)� 2; q > 3(qn � 1)(qn�1 � 1)=(q2 � 1); q � 3 `(P
+8 (2)) = 8
P
�2n(q);n � 4 (qn + 1)(qn�1 � q)=(q2 � 1)� 1

8><>:
`(P
�8 (2)) � 32`(P
�8 (4)) � 1026`(P
�10(2)) � 151`(P
�10(3)) � 2376
2n+1(q);n � 3; 2 6 jq � (q2n � 1)=(q2 � 1)� 2; q 6= 3(qn � 1)(qn � q)=(q2 � 1); q = 3 `(
7(3)) = 27E6(q) q(q6 + q3 + 1)(q4 + 1)� 1E7(q) q(q14 � 1)(q4 � q2 + 1)=(q2 � 1)� 2E8(q) q(q12 + 1)(q10 + 1)(q6 + 1)� 3F4(q) � q6(q2 � 1); 2 6 jqq7(q3 � 1)(q � 1)=2; 2jq `(F4(2)) � 442E6(q) q9(q2 � 1)G2(q) � q(q2 � 1); 3 6 jqq2(q2 + 1); 3jq � `(G2(3)) = 14;`(G2(4)) = 12:3D4(q) q3(q2 � 1)2F4(q) q4(q � 1)pq=22B2(q) (q � 1)pq=2 `( 2B2(8)) = 82G2(q) q(q � 1)
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Table IV. Modular characters of the �rst three degreesof small groups PSLn(q)
L (d1; N1) (d2; N2) (d3; N3) Conditions� q�12 ; 2� �q � 1; q�14 � �q + 1; s�12 � 2 = pj q�12PSL2(q); � q�12 ; 2� �q � 1; s�12 � �q + 1; q�34 � 2 = pj q+122 6 jq; � q�12 ; 2� � q+12 ; 2� �q � 1; q�12 � 2 6= pj(q � 1)q 6= 3; 5; 9 � q�12 ; 2� � q+12 ; 2� �q � 1; s2� 2 6= pj(q + 1)� q�12 ; 2� � q+12 ; 2� �q � 1; q�12 � p = 0PSL2(q); �q � 1; q2� (q; 1) �q + 1; s�12 � pj(q � 1)2jq; �q � 1; s+12 � �q + 1; q2 � 1� � pj(q + 1)q � 8 �q � 1; q2� (q; 1) �q + 1; q�22 � p = 0PSL2(5) (2; 2) (4; 1) � p = 2

PSL2(4) (2; 2)(2; 1)(2; 2)
(3; 2)(3; 1)(3; 2)

(4; 1)(4; 1)(4; 2)
p = 3p = 5p = 0

PSL2(9) (3; 4)(3; 2)(3; 4)
(4; 2)(4; 2)(4; 2)

(8; 2)(5; 2)(5; 2)
p = 2p = 5p = 0PSL3(2) (3; 2)(2; 1) (4; 2)(3; 1) (6; 3)(4; 1) p = 0; 3p = 7

PSL3(4) (4; 6)(6; 2)(6; 2)(6; 2)
(6; 3)(8; 6)(8; 12)(8; 12)

(8; 12)(10; 6)(10; 3)(10; 6)
p = 3p = 5p = 7p = 0PSL4(2) (7; 1)(7; 1) (8; 1)(8; 1) (13; 1)(14; 1) p = 3; 5p = 0; 7

PSL4(3) (26; 2)(26; 2)(26; 2)
(38; 1)(38; 1)(39; 1)

(208; 2)(40; 1)(40; 1)
p = 2p = 5p = 0; 13PSL6(2) (62� �6; 1)(62� �6; 1) (217; 1)(217; 1) (526 + �6; 1)(588� �5; 1) p = 3; 5p = 0; 7; 31PSL6(3) (363� �6; 1) (364; 1) (6292; 2)

In Table IV, di is the ith smallest degree of nontrivial projective irreducible representa-tions of PSLn(q) in characteristic r, and Ni is the total number of such representationsof degree di. Furthermore, s is de�ned to be (q�1)20 if 2 = rj q�12 , (q+1)20 if 2 = rj q+12 ,(q � 1)r0 if 2 6= rj(q � 1), and (q + 1)r0 if 2 6= rj(q + 1).
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