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Let G be a simple algebraic group over an algebraically closed field K of any
characteristic, and let G; and G2 be non-trivial commuting subgroups of G (that is,
[G1,G2] = 1). Let p be an irreducible representation of G. In numerous situations
one needs an information on the restriction of p to G1G9 rather than to G or Gs.
An essential question is whether the restriction has a composition factor nontrivial
on both G1, G5. In this paper we consider a key case where G1 and G are subsystem
subgroups (see below) that are simple as algebraic groups. As soon as this case is
settled, one can deduce results of similar kind for subgroups H; C G1 and Hy C Gs.

Our main motivation for this work is concerned with applications to the study of
eigenvalue multiplicities, minimal polynomials and Jordan block structure of elements
in irreducible representations of G (see [1]). However, we are quite sure that the results
of this paper can be used for solving other problems as well. For instance, they imply
that the multiplicity of some non-trivial factor in the restriction to G is at least the
dimension of a nontrivial Gy-module (and vice versa). Arguments of a similar nature
play a crucial role in getting some lower bounds for the maximal weight multiplicities
in representations of symplectic groups (Baranov, Osinovskaya, and Suprunenko, in
preparation).

To be precise, throughout the text G; and G5 are assumed to be ”subsystem
subgroups”. Recall that a nonempty subset S of the root system of G is called a
subsystem if «+ 3 € S for all roots o and 8 € S such that w4 is a root and —a € S
for every a € S. By a subsystem subgroup we mean a subgroup generated by all root
subgroups associated with the roots of a fixed subsystem.

We call a representation of GG solid if it has a composition factor non-trivial
on both G; and Gs. For example, let G = SL(n, K) and G; = SL(n;, K) for i = 1,2
with n = n; + no and the natural embedding of G; X G2 into G. Let p and p; be
the natural representations of G' and G, respectively, and let 15, denote the trivial
representation of G;. Then p|G1Gs = p1 ® 1g, ® 1g, ® p2. Therefore, p|G1G2 is
not solid. This example can make an impression that the restriction p|G1Gz is rarely
solid. However, in reality the opposite is true.

Our main result describes all triples p, G1, G2 such that p is an irreducible rep-
resentation of G, G; and G2 are as above and p|G1G2 is not solid. For technical
reasons, if G is classical, we also assume that the dimension of p differs from that
of the natural representation of G. (The case excluded by the latter assumption is
quite clear.) To state the result, we need some notation. We say that p is a twist of



a representation ¢ if p(g) = p(a(g)) for some algebraic group endomorphism « of G
and g € G. Denote by R the root system of G (with respect to a fixed maximal torus)
and by X3 C G the root subgroup associated with a root 8 € R. For a subsystem
S C R let G(S) C G be the subgroup generated by all subgroups X3 with g € S. We
assume that the field characteristic p # 2 if G = B,(K) and r > 3 for G = D,(K)
(unless otherwise stated). For the classical groups e; are weights of the standard
G-module described in [2, ch. VIII, §13].

Theorem 1. Let G be a simply connected simple algebraic group of rank r > 1
over an algebraically closed field K of characteristic p > 0 and ¢ be a non-trivial
irreducible representation of G. Assume that Ry and Ry C R are subsystems and the
groups G(Ry) and G(R2) are simple and commute. Let ¢|G(R1)G(R2) be not solid.
Then G is classical and one of the following holds:

1) ¢ is a twist of the natural representation of G;

2) G = By(K), Cr(K) with p =2 or D,(K) with v > 4, Ri URy = {£e; + ¢;}
with fited 1 <1 <73 <r, and ¢ is a twist of a spinor representation of G.

One easily observes that the natural representations of the classical groups yield
many nonsolid restrictions to subsystem subgroups with two components, see more
details in Lemma, 9.

Exceptions connected with the spinor representations do exist. In what follows
w(p) denotes the highest weight of an irreducible representation ¢, w;, 1 <1i < r, are
the fundamental weights of G.

Lemma 2. Let G = B,(K) or D,(K) orp =2 and G = C,(K). Assume that R,
and Ry are irreducible subsystems and Ry U Ry = {=£¢; :l:ej} with fixred 1 <1< j <.
Let ¢ be an irreducible representation of G and w = w(p). Suppose that w = w, for
p=0and G = B,(K), plw, for p>0 and G = B.(K), 2w, for G = C.(K), w, 1
or wy forp=0 and G = D.(K), and p’w,_1 or p’w, for p >0 and G = D,(K) (here
J is a nonnegative integer). Then ¢|G(R1)G(Rz) is not solid.

These results can be immediately transferred to representations of finite Chevalley
groups in defining characteristic.

Throughout the text the following notation is used. Z and Z* are the sets of
integers and nonnegative integers, respectively. If 51, ..., Sk are subgroups of a group
S, then (Sq,...,Sg) is the subgroup generated by them. For a semisimple algebraic
group I’ the symbols W(T'), X(T'), X1 (T), X(¢), and Irr(I') denote its Weyl group,
the set of weights, the subset of dominant weights, the set of weights of a fixed
representation ¢, and the set of irreducible rational representations of I', respectively.
If I' = G, we omit the indication of the group in this notation and use the symbol
W A to denote the W-orbit of a weight A € X. The symbols «;, 1 < i < r, denote the
simple roots of G, the fundamental weights and the simple roots are labeled as in [3].
Recall that aj = e —¢;41 for j <7, o, = ¢, for G = B,(K), 2¢, for G = C,(K), and
er—1+er for G = D, (K). If A € XT, then X(]) is the set of weights of the irreducible
representation with highest weight A for a simple simply connected algebraic group
with the root system R in characteristic 0. In what follows ¢|H is the restriction
of a representation ¢ of I" to a subgroup H and Irr(p|H) is the set of composition
factors of this restriction, ¢(\) is the representation in Irr(I') with highest weight A.
For A € X we say that a weight ;1 < X if u belongs to a W-orbit of a weight v € X
and v < X (with respect to the standard order on X). Denote by (u,3) the value
of a weight 4 € X on a root 8 € R. If 51,..., 0 is a base of a subsystem R; C R,
set R(f1,...,0k) = Ri and G(B1,...,0k) = G(R1). If some B; = «;, we replace f;
by 4 in this notation and use symbols G(i1,...,im,3), etc. If H C G is a subgroup
of the form G(fu,...,Bk), the symbol py means the restriction of a weight p € X



to the intersection of a fixed maximal torus in G used to determine the root system
with H. For Ri,Rs C R denote by X(Ri, Rz) the set of weights A € X such that
(X, @), (A, B) >0 for some o € Ry NR" and some 8 € Ry N RT. Throughout the text
in all cases where we mention a triple (p, R1, R2), etc., we mean that ¢ € Irr, R; and
R C R are irreducible subsystems, RN Ry = (), and the subgroups G(R1) and G(R3)
commute. If p > 0, denote by Irr, C Irr the subset of p-restricted representations.
Recall that ¢ € Irr is p-restricted if w(p) = Y_;_, a;w; with all a; < p. Let R;,Rs C R
be distinct irreducible subsystems and the groups G(R;) and G(Ry) commute. For
a nontrivial irreducible representation p of G we call a triple (p, Ry, Ry) special if
p|G(R1)G(R2) is not solid. Otherwise call such triple nonspecial.

We can and shall assume that » > 2 for G = A, (K) since the group As(K) has
no commuting subsystem subgroups. Set

{wi,wr} for G = A, (K),

X — {wi} for G =B,(K), C/(K), or G=D,(K) and r >4, 1)
0~ {wl,wg,w4} for G = D4(K),
0 for exceptional types.

If p> 0, put X; = {plw |w € Xq,j € Z1}.

The following technical lemmas will be used in the proofs of the main results.

Lemma 3. The following assertions are equivalent.

(1) A triple (¢, R1, Rg) is nonspecial.

(2) X(Ri, Ro) 0 X(p) 0.

(3) {(p, ) # 0 and (u, B) # 0 for some u € X(p) and some o € Ry, f € Rs.

Proof. Set H = G(R1)G(Rz). The claim of the lemma is obvious since the set of
weight restrictions {upg | 4 € X(p)} coincides with the union of the sets of weights
of the composition factors of the restriction ¢|H and every nontrivial representation
of G(R;) (i =1,2) has a weight v with (v, @) > 0 for a fixed root & € R; N R™.

Lemma 4. Let Ry, Rs, R3, Ry C R be irreducible subsystems. Assume that
RiNRy=R3sNRy =0, Ry C Ry, and Ry C Ry. Then for every ¢ € Irr the triples
(¢, R1, R2) and (¢, Rs, Ry) are special or nonspecial simultaneously.

Proof. Obviously, it suffices to prove that (¢, R3, R4) is nonspecial if (¢, R1, R2)
is such (one can interchange subsystems in a triple and pairs (R, R2) and (R3, R4)).
For 1 <i<d4set Hy=G(R;). If R;NR; =0, put H;; = H;H; and Trr;; = Irr(p|H;;).
Assume that Irri contains a composition factor ¢ = 1)1 ® 19 where 1); € Irr(H;),
i = 1,2, and both 9, and 19 are nontrivial. Since Hj is simple, the restriction ;|Hs
has a nontrivial composition factor p. Hence p ® 1y € Irr(¢|Hse) C Irrse. So there
exists 7 € Irrss such that p @ ¢o € Irr(7|Hsz). It is clear that 7|Hs and 7|Hy are
nontrivial irreducible representations of relevant groups. This completes the proof.

Lemma 5. Let Ry, Ro C R be irreducible subsystems. Assume that Ry N Ry =
0. Let w € W. Then for every representation @ € Irr the triples (p, R, Re) and
(¢, wRy,wR2) are special or nonspecial simultaneously.

Proof. This follows immediately from Lemma 3 since the set X(y) and the
pairing (u, a) with 4 € X and « € R are invariant under the action of W.

Lemma 6. Let ¢ = p1 ® o € Irr. Assume that the representations 1 and s
are nontrivial. Then there are no special triples for .

Proof. Let R;, Ry C R be irreducible subsystems with Ry N Ry = (). Assume
that G(R;) and G(Ry) commute. Set H; = G(R;) and H = H;H». Since the groups
H; are simple, there exist composition factors p € Irr(p;|H) and 7 € Irr(pq|H) such



that p = p1 @ po, T = 11 @79, pi, s € Irr(H;) for i = 1,2, and p; and 75 are nontrivial.
Since p; and 79 are nontrivial, the representations p; ® 7; have nontrivial composition
factors v; € Irr(H;). It is clear that vy ® vy € Irr(p @ 7) C Irr(¢|H). This yields the
lemma.

Lemma 7. Letp >0, 1,92 € Irr and w(ps) = p'w(p1) for some nonnegative
integer j. Assume that Ry and Ry C R are irreducible subsystems, Ry N Ry = (), and
the groups G(Ry) and G(Rz) commute. Then the triples (p1, Ry, R2) and (p2, R1, Ra)
are special or nonspecial simultaneously.

Proof. By the Steinberg tensor product theorem [4, Theorem 1.1], g3 = ¢ Fr/
where Fr is the Frobenius morphism of G determined by raising the elements of K to
the pth power. Hence for H = G(R;), G(Rz), or G(R1)G(R2) the set Irr(p2|H) can
be obtained from Irr(y1|H) by twisting the composition factors in the latter set by
the jth power of the similar morphism for H. It is clear that this operation preserves
trivial representations and sends nontrivial to nontrivial ones.

For @« € R set Cy = {f € R | Xyp commutes with X,}. Table 1 below is
based on commutator relations for root elements in G (see [5, Lemma 15] and [6,
Propositions 33.4 and 33.5]) and describes C,, for some fixed . Denote the maximal
root in R™ by ez It is well known (and can be extracted from [3, Tables IT1-1V])
that ape, = €1 + €9 for G = B, (K) or D,(K) and ayq, = 2¢1 for G = C,(K). For
G = Fy(K) or G2(K) let agp, be the maximal short root in R™.

Table 1
G P « Ce
Apy 7> 2 a1 R(3,...,1)
B, p#£2 | aq R(amam, yeuesT)
B, pPF£2| R(l, — 2,62+ &r— 1)
Cr, T>2 | p#£2 | o R(3,.. )
Cr p= oy R(e1 + 62, cyT)
C, Qay R(1,.. 2, 2e,_1)
D, oy R(mazy, 3y -+ 57)
Es Amax R(la ) ) )
E; Amax R(27 a7)
FEg Amag R(la 7)
F4 AOmax R(2 )
Fy D 75 2 | agp R(l 2 a9 + 20(3)
Fy p=2| ag R(17 )
G- Qmaz | R(1)
G2 Ash R(2)




Proposition 8. Assume that A\ € X1\ {0} and A € Xg. Let a be one of the
roots in Table 1, Ry = R(«a) and Ry be an irreducible component of the subsystem
Co. If G = B,(K) or G =D,(K) withr >4, a = a1, and Ry = R(e1 + €2), suppose
also that X\ # w, for G = B(K) and X\ & {wy_1,w,} for G = D,(K). Assume that
p#2andr>2if G = C.(K) and o = ay. Then there exists a weight u € X such
that i < X\ and u € X(R1, Ro).

Proof. We shall call dominant weights that satisfy the assertion of the proposition
typical. (Strictly speaking, we should consider typical weights for the pair (Ry, Ro),
but there will be no confusion since all our arguments concern a fixed pair from a
well-defined list.) It is clear that A is typical if § < X and § is typical. It is well known
that X(A) = {p € X | p < A} ([2, ch. VIII, §7, Proposition 5]). Since for dominant
A1 and Ag the set X(A1 + A2) = {p1 + p2 [ p; € X(Aj), j = 1,2} by [2, ch. VIII, §7,
Proposition 10], we have p+ A2 < A1 + Ao if g < Ay, It is clear that (Ag, 5) > 0 for
all 5 € RT. Hence p + Ao € X(R1, Ry) if p € X(Ry, Ry). This yields the following

Assertion (*). For dominant A; and A9 the weight A\ + Ao is typical if A; is
typical.

For A =Y, |, mjw; one has

my 4+ m, + 2300 m; for G = B,(K),
(A maz) = S Doiymy for G =C,(K),
mi4+me_1 +my +2372m; for G=D,(K).

First assume that A = w;.

1). Let G = A;(K). Then a = a;, Ry = R(3,...,r), and 1 < i < r. Set
,u = w— Z;,Q a;. Then p € WX and (u, 1) = (4, 1) = 1. Hence p < X,

X(R1, Rz), and so A is typical.

). Now let G = B,(K) and a = ;. Recall that i > 1 and that by the assump-
tions of the lemma, Ry = R(3,...,r) if i = r. Choose p as in Case 1). One can
conclude that (u, 1) =1, (@, a;41) > 0 and (u, mez) = 1 if i < r, and (u,ap) =1
for i = r. Therefore u € X(R1, R2) and A is typical in all possible situations.

3). Next, assume that G = B,(K) and a = a,. As before i > 1. Observe that
aj € Ry for all j <r—1 and ez € Ra. Set pp = X\ — Z aj if i <rand p= X for
i =r. Then in all cases p € WA and (u,a) > 0. Furthermore one has (u, ;1) >0
if i <7 and (i, pqy) > 0 for i = 7. Hence p < A, u € X(R1, Rs), and X is typical.

4). Now suppose that G = C,(K) and @ = «a;. Recall that due to our assumptions
i>1,7r>2and Ry = R(3,...,r). If i <r, choose y as in Ttems 1) and 2). For i =r
put = X—ay =23 5 @;. Then in both cases 4 € WX and (u,a) > 0. We get
(i, i1y > 0if 4 < r and (u, ;) > 0 for ¢ = r. Hence p is a required weight and X is
typical.

5). Next, let G = C.(K) and a = a,. Argue as in Item 3).

6). Now assume that G = D, (K). Then o = «;. As before, i > 1. Recall that
r>4and Ry = R(3,...,7) forz'—r—l or r. If i < r, choose p as in Items 1) and
2). Fori=rput p=A—ap, =35 2aj. Then g € WX and (i, @) > 0. One also has
(y Umag) = 1ifi <r—1, (p,a41) = 1if i < r, and (u,a,—1) =1 for i = r. Hence
in all cases u € X(R1, Ro) and X is typical.

7). Next let G = E,(K) with 6 < r < 8. Then a = aq,. Since A # 0,
we have (A, ) > 0. Furthermore, either (A, ;) > 0 for some a; € Ry and hence
A € X(Ry1, R2) or one of the following holds: a) r =6 and : =2; b) r =7 and i = 1;
c) r = 8 and i = 8. In these exceptional cases put p = A — a; and observe that
A = Qnaz, b € WA, (@, maz) = 1, (i, Qmaa) = 1, and (p, orj) = 1 for some «; € Ry.
Hence p € X(Ry, R2) and X is typical in all possible situations.



8). Now assume that G = Fy(K). As before, we conclude that (\,a) > 0 as
A # 0. Observe that one of the following holds: a) A € X(R1, R2); b) a = qynqey and
i=1;c¢) a =ag and i = 4. In Cases b) and ¢) we have A = « and (o, ) = 1. In
these cases put 4 = A — a; and complete the proof as in Item 7).

9) Finally, suppose that G = Go(K). Then either A\ € X(R1, R2) or one of the
following holds: a) & = aypey and i = 2; b) a = ag, and 1 = 1. Set 4 = A — a9 in
Case a) and p = A — o in Case b). Observe that (a2, @mez) = (@1, a5,) = 1. In
both cases p € WA, A = «, and p € X(Ry, Ro). This completes the proof for the
fundamental weights.

Now consider nonfundamental weights A that cannot be represented in the form
A = A1 + Ao with typical A\; for fixed R; and R, and dominant Ao. Recall that r» > 2
and a = a3 for G = A, (K).

10). First assume that G = A, (K) with A\ = 2w or 2w, or G € {B,(K), Cr(K), D,(K)}
with A = 2w;. If A = 2wy, the weight wy < A. Hence A is typical as wo is. Similar ar-
guments with the weight w,_; are applied to show that 2w, is typical for G = A, (K).

11). Next, let G = A,(K) and A\ = w; + w,. Since r > 2, it is clear that
A € X(Rq, Ro).

12) Now suppose that G = B,(K) or D,(K), Ry = R(a1), R2 = R(amaz), A = 2wy
for G = B, (K), and X € {2w,_1, 2w, } for G = D,(K). Set 6 = w,_1 for G = B, (K)
and § = w,_9 for G = D,(K). In both cases § < A. Complete the proof as in Case
10).

13). Finally, let G = D,(K) and X € {w; + wy_1,w] + wp,wy—1 + wr}. It is clear
that A € X(R;, R2) or A = wy_1 + wy,. In the latter case set p = \ — Z;;; a;. Then
pw € WA (p,a1) = (g, maz) = 1, and (u, ) = 2. Hence p € X(R1, R2) and we are
done.

In all other cases one can write A = v;+vo where v is one of the weights considered
in Ttems 1)-13) and 15 is dominant. To complete the proof, it remains to apply the
Assertion ().

Proof of Theorem 1. Let ¢, w, R, and Ry satisfy the assumptions of Theorem
1. First assume that p = 0 or ¢ € Irr, and that w ¢ X. We claim that assertion 2)
of the theorem holds. Without loss of generality we may suppose that |Ri| < |Ra|.
Lemma 4 permits one to reduce the problem to the case where Ry = R(«) and Ry is
an irreducible component of C(«). Furthermore, one can assume that |Rp| has not
decreased in the result of this reduction. Since roots of the same length belong to
the same W-orbit, using Lemma 5, we can suppose that « is one of the roots that
occur in Table 1. Observe that for G = B,(K), C.(K), or D,(K) we get the pair
(R(an), R(aymaz)) after these changes if and only if for the initial pair (R, R2) the
union Ry U Ry = {£o; + ¢} for some i and j, 1 <14 < j <r. Next, we suppose that
R1, Ry, and ¢ do not satisfy assertion 2) of the theorem, analyze all rows of Table 1
and for each possible pair (R; = R(«), R2) find a weight u € X(p)NX(Ry, R2). Then
Lemma 3 completes the proof. By Premet’s theorem [7], X(¢) = X(w) unless p = 2
and G = C(K), F4(K), or Go(K) or p = 3 and G = G2(K) (recall that p # 2 for
G = B,(K) by our assumptions). As we have mentioned before, X(w) = {p | p =< w}.
Now Proposition 8 implies that it suffices to consider the special cases for p and G
indicated above. By Lemma 6, one can assume that ¢ is tensor indecomposable.
By [5, Corollary of Theorem 41], for G = C,(K) or F4(K) with p = 2 and for
G = G9(K) with p = 3 the representation ¢ is tensor indecomposable if and only if
all the coefficients m; = 0 either for the long, or for the short roots «;. So we have to
handle only such weights w and suppose that the coefficients m; satisfy the relevant
condition.



Now assume that p =2 and G = C,(K).

1). Suppose that @« = «a; and Ry = R(3,...,7). Let w # w,. Then due to
our assumptions m; # 0 for some ¢ with 1 < ¢ < 7. Fix minimal such ¢ and set
p=w-—>" yaj Then u € Ww C X(p). Since (u,a1) # 0 and (u, aiy1) # 0, we
conclude that p € X(Ry, Ry).

If w = w,, argue as in Ttem 4) of the proof of Proposition 8 (for the case i = r).
Notice that the weight u constructed in that item lies in the W-orbit of the highest
weight and so we actually do not need Premet’s theorem for this particular case.

2) Next, let @« = ay and Ry = R(e1+¢€3). Recall that w # w, in this case. Observe
that for 6 = Y., bjw; € X one has (§,e1 +e2) = by +2>.. ,b;. Choose p as in
Item 1 for w # w, and check that pu € X(Ry, R2).

3). Finally, let & = «a,. Then Ry = R(1,...,7 — 2,2¢,_1). If w = w,, then
w € X(R1,Ry). Now assume that w # w,. Since w # wi, the coefficient m; = 1
for some ¢ with 1 < ¢ < r. Fix maximal such ¢ and set y = w — Z;;Zl aj. Then
p € Ww and hence p € X(¢). We have (u,a;—1) > 0 and (p, ) > 0. Therefore
p € X(Ry, Ry). This completes the proof for G = C,(K).

Now assume that p = 2 and G = F4(K). Then one of the following holds: a)
w € X(R1,R2); b) @ = amgr and w = wy; ¢) @ = ag, and w = wy. To complete the
proof, argue as in Item 8) of the proof of Proposition 8 taking into account that the
weights p considered in that item lie in the W-orbit of the highest weight.

Finally, let p = 2 or 3 and G = Go(K). Then either w € X(Ry, R3), or one of
the following holds: a) @ = uuer and w = wy; b) @ = ag, and w = wy; ¢) p = 3,
Q= Qpae and w = 2wq; d)p = 3, @ = agp and w = 2ws. Set p = w — a1 in Case a),
w — as in Case b), w — 2aq in Case c), and w — 2a9 in Case d). Then p € Ww and
hence p € X(¢). Arguments similar to those in Item 9 of the proof of Proposition 8
show that p € X(R1, Ra).

Now all the possibilities have been considered. This completes the proof for ¢ €
Irr, and for p = 0.

The proof of the theorem for p > 0 and ¢ ¢ Irr, follows immediately from the
Steinberg tensor product theorem [4, Theorem 1.1], Lemmas 6 and 7, and the result
just proven for p-restricted representations.

Proof of Lemma 2. We keep the notation of that lemma. Lemma 4 reduces
the question to the following cases: a) G = B,(K), w = w;; b) p =2, G = C,(K),
w=wp; ¢c) G=Dp(K), w=wr_1 or w. Set S = G(R1)G(R2). Then commutator
relations in G imply that S = A;(K) x A;(K) = Dy(K). One has X(p) = Wuw;
this is well known for G = B, (K) or D,(K) and can be deduced for G = C,(K) and
p = 2 from the description of the canonical isomorphism between B, (K) and C,(K)
in characteristic 2. Next, it is also well known and can be deduced by analyzing
the action of root subgroups on an irreducible G-module with highest weight w that
©|S is a direct sum of spinor representations of S for G = B,(K) and D,(K) and of
spinor representations twisted by the Frobenius morphism for G = C.(K). Hence all
composition factors of ¢|S have dimension 2 and are trivial either for G(R;) or for
G(R»).

One easily observes that there are many special triples with w € Xy or Xj.

Lemma 9. For w € Xy or Xy the number of pairs (R, Re) of irreducible root
subsystems such that (p(w), R1, Ra) is a special triple tends to infinity when r — oo.

Proof. Recall that now G is one of the classical groups. Lemma 7 reduces the
question to the case where w € Xy. Fix an integer [ with 1 <! < r for G # C,(K)



and 0 < <r for G =C,(K). Set

R(1,2,...,1—1) for G = A, (K),
Ri={R(1,2,....—le 1+e) for G=DB,(K) or Dy(K),
R(1,2,...,1—1,2¢) for G = C,(K);

and Ry = R(I+1,...,7—1,r) in all cases. One easily observes that R; and Ry are
irreducible subsystems and that G(R;) and G(R3) commute. Obviously, R1 N Rz = (.
Set H = G(R1)G(Rs). Analyzing the action of H on the standard G-module and on
its dual as well for G = A,(K), we can conclude that a triple (p,S1,52) is special
if S; C R; are irreducible subsystems (i = 1,2), w(p) € Xg for G # D4(K) and
w(p) = wy for G = D4(K). This implies the lemma.

Remark 10. The arguments in the proof of Lemma 9 yield that for G = Dy4(K),
¢ = p(w1), R1 = R(1,e1 + €2), and Ry = R(3,4) the triple (p, R1, Ry) is special.
Since the representations p(ws) and p(ws) can be obtained from ¢ with the help of
graph automorphisms, this forces that special triples exist for them as well.
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Summary
Restrictions of irreducible representations of simple algebraic groups to semisimple subsystem sub-

groups with two simple components are studied. It is proved that the restrictions almost always have
a composition factor that is nontrivial for both components. All exceptions are explicitly described.



