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Let G be a simple algebraic group over an algebraically closed �eld K of anycharacteristic, and let G1 and G2 be non-trivial commuting subgroups of G (that is,[G1; G2] = 1). Let � be an irreducible representation of G. In numerous situationsone needs an information on the restriction of � to G1G2 rather than to G1 or G2.An essential question is whether the restriction has a composition factor nontrivialon both G1, G2. In this paper we consider a key case where G1 and G2 are subsystemsubgroups (see below) that are simple as algebraic groups. As soon as this case issettled, one can deduce results of similar kind for subgroups H1 � G1 and H2 � G2.Our main motivation for this work is concerned with applications to the study ofeigenvalue multiplicities, minimal polynomials and Jordan block structure of elementsin irreducible representations ofG (see [1]). However, we are quite sure that the resultsof this paper can be used for solving other problems as well. For instance, they implythat the multiplicity of some non-trivial factor in the restriction to G1 is at least thedimension of a nontrivial G2-module (and vice versa). Arguments of a similar natureplay a crucial role in getting some lower bounds for the maximal weight multiplicitiesin representations of symplectic groups (Baranov, Osinovskaya, and Suprunenko, inpreparation).To be precise, throughout the text G1 and G2 are assumed to be "subsystemsubgroups". Recall that a nonempty subset S of the root system of G is called asubsystem if �+� 2 S for all roots � and � 2 S such that �+� is a root and �� 2 Sfor every � 2 S. By a subsystem subgroup we mean a subgroup generated by all rootsubgroups associated with the roots of a �xed subsystem.We call a representation of G1G2 solid if it has a composition factor non-trivialon both G1 and G2. For example, let G = SL(n;K) and Gi = SL(ni;K) for i = 1; 2with n = n1 + n2 and the natural embedding of G1 � G2 into G. Let � and �i bethe natural representations of G and Gi, respectively, and let 1Gi denote the trivialrepresentation of Gi. Then �jG1G2 �= �1 
 1G2 � 1G1 
 �2. Therefore, �jG1G2 isnot solid. This example can make an impression that the restriction �jG1G2 is rarelysolid. However, in reality the opposite is true.Our main result describes all triples �;G1; G2 such that � is an irreducible rep-resentation of G, G1 and G2 are as above and �jG1G2 is not solid. For technicalreasons, if G is classical, we also assume that the dimension of � di�ers from thatof the natural representation of G. (The case excluded by the latter assumption isquite clear.) To state the result, we need some notation. We say that � is a twist of
1



a representation ' if �(g) = '(�(g)) for some algebraic group endomorphism � of Gand g 2 G. Denote by R the root system of G (with respect to a �xed maximal torus)and by X� � G the root subgroup associated with a root � 2 R. For a subsystemS � R let G(S) � G be the subgroup generated by all subgroups X� with � 2 S. Weassume that the �eld characteristic p 6= 2 if G = Br(K) and r > 3 for G = Dr(K)(unless otherwise stated). For the classical groups "j are weights of the standardG-module described in [2, ch. VIII, x13].Theorem 1. Let G be a simply connected simple algebraic group of rank r > 1over an algebraically closed �eld K of characteristic p � 0 and ' be a non-trivialirreducible representation of G. Assume that R1 and R2 � R are subsystems and thegroups G(R1) and G(R2) are simple and commute. Let 'jG(R1)G(R2) be not solid.Then G is classical and one of the following holds:1) ' is a twist of the natural representation of G;2) G = Br(K), Cr(K) with p = 2 or Dr(K) with r > 4, R1 [ R2 = f�"i � "jgwith �xed 1 � i < j � r, and ' is a twist of a spinor representation of G.One easily observes that the natural representations of the classical groups yieldmany nonsolid restrictions to subsystem subgroups with two components, see moredetails in Lemma 9.Exceptions connected with the spinor representations do exist. In what follows!(') denotes the highest weight of an irreducible representation ', !i, 1 � i � r, arethe fundamental weights of G.Lemma 2. Let G = Br(K) or Dr(K) or p = 2 and G = Cr(K). Assume that R1and R2 are irreducible subsystems and R1[R2 = f�"i� "jg with �xed 1 � i < j � r.Let ' be an irreducible representation of G and ! = !('). Suppose that ! = !r forp = 0 and G = Br(K), pj!r for p > 0 and G = Br(K), 2j!r for G = Cr(K), !r�1or !r for p = 0 and G = Dr(K), and pj!r�1 or pj!r for p > 0 and G = Dr(K) (herej is a nonnegative integer). Then 'jG(R1)G(R2) is not solid.These results can be immediately transferred to representations of �nite Chevalleygroups in de�ning characteristic.Throughout the text the following notation is used. Z and Z+ are the sets ofintegers and nonnegative integers, respectively. If S1; : : : ; Sk are subgroups of a groupS, then hS1; : : : ; Ski is the subgroup generated by them. For a semisimple algebraicgroup � the symbols W (�), X(�), X+(�), X('), and Irr(�) denote its Weyl group,the set of weights, the subset of dominant weights, the set of weights of a �xedrepresentation ', and the set of irreducible rational representations of �, respectively.If � = G, we omit the indication of the group in this notation and use the symbolW� to denote the W -orbit of a weight � 2 X. The symbols �i, 1 � i � r, denote thesimple roots of G, the fundamental weights and the simple roots are labeled as in [3].Recall that �j = "j � "j+1 for j < r, �r = "r for G = Br(K), 2"r for G = Cr(K), and"r�1+"r for G = Dr(K). If � 2 X+, then X(�) is the set of weights of the irreduciblerepresentation with highest weight � for a simple simply connected algebraic groupwith the root system R in characteristic 0. In what follows 'jH is the restrictionof a representation ' of � to a subgroup H and Irr('jH) is the set of compositionfactors of this restriction, '(�) is the representation in Irr(�) with highest weight �.For � 2 X+ we say that a weight � � � if � belongs to a W -orbit of a weight � 2 X+
and � � � (with respect to the standard order on X). Denote by h�; �i the valueof a weight � 2 X on a root � 2 R. If �1; : : : ; �k is a base of a subsystem R1 � R,set R(�1; : : : ; �k) = R1 and G(�1; : : : ; �k) = G(R1). If some �j = �i, we replace �jby i in this notation and use symbols G(i1; : : : ; im; �), etc. If H � G is a subgroupof the form G(�1; : : : ; �k), the symbol �H means the restriction of a weight � 2 X
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to the intersection of a �xed maximal torus in G used to determine the root systemwith H. For R1; R2 � R denote by X(R1; R2) the set of weights � 2 X such thath�; �i; h�; �i > 0 for some � 2 R1\R+ and some � 2 R2\R+. Throughout the textin all cases where we mention a triple (';R1; R2), etc., we mean that ' 2 Irr, R1 andR2 � R are irreducible subsystems, R1\R2 = ;, and the subgroups G(R1) and G(R2)commute. If p > 0, denote by Irrp � Irr the subset of p-restricted representations.Recall that ' 2 Irr is p-restricted if !(') =Pri=1 ai!i with all ai < p. Let R1; R2 � Rbe distinct irreducible subsystems and the groups G(R1) and G(R2) commute. Fora nontrivial irreducible representation � of G we call a triple (�;R1; R2) special if�jG(R1)G(R2) is not solid. Otherwise call such triple nonspecial.We can and shall assume that r > 2 for G = Ar(K) since the group A2(K) hasno commuting subsystem subgroups. Set

X0 =

8>>>><
>>>>:

f!1; !rg for G = Ar(K);
f!1g for G = Br(K), Cr(K), or G = Dr(K) and r > 4;
f!1; !3; !4g for G = D4(K);
; for exceptional types:

(1)

If p > 0, put X1 = fpj! j ! 2 X0; j 2 Z+g.
The following technical lemmas will be used in the proofs of the main results.Lemma 3. The following assertions are equivalent.(1) A triple (';R1; R2) is nonspecial.(2) X(R1; R2) \X(') 6= ;.(3) h�; �i 6= 0 and h�; �i 6= 0 for some � 2 X(') and some � 2 R1, � 2 R2.Proof. Set H = G(R1)G(R2). The claim of the lemma is obvious since the set ofweight restrictions f�H j � 2 X(')g coincides with the union of the sets of weightsof the composition factors of the restriction 'jH and every nontrivial representationof G(Ri) (i = 1; 2) has a weight � with h�; �i > 0 for a �xed root � 2 Ri \R+.Lemma 4. Let R1; R2; R3; R4 � R be irreducible subsystems. Assume thatR1 \ R2 = R3 \ R4 = ;, R3 � R1, and R2 � R4. Then for every ' 2 Irr the triples(';R1; R2) and (';R3; R4) are special or nonspecial simultaneously.Proof. Obviously, it su�ces to prove that (';R3; R4) is nonspecial if (';R1; R2)is such (one can interchange subsystems in a triple and pairs (R1; R2) and (R3; R4)).For 1 � i � 4 set Hi = G(Ri). If Ri\Rj = ;, put Hij = HiHj and Irrij = Irr('jHij).Assume that Irr12 contains a composition factor  �=  1 
  2 where  i 2 Irr(Hi),i = 1; 2, and both  1 and  2 are nontrivial. Since H3 is simple, the restriction  1jH3has a nontrivial composition factor �. Hence � 
  2 2 Irr( jH32) � Irr32. So thereexists � 2 Irr34 such that � 
  2 2 Irr(� jH32). It is clear that � jH3 and � jH4 arenontrivial irreducible representations of relevant groups. This completes the proof.Lemma 5. Let R1; R2 � R be irreducible subsystems. Assume that R1 \ R2 =;. Let w 2 W . Then for every representation ' 2 Irr the triples (';R1; R2) and(';wR1; wR2) are special or nonspecial simultaneously.Proof. This follows immediately from Lemma 3 since the set X(') and thepairing h�; �i with � 2 X and � 2 R are invariant under the action of W .Lemma 6. Let ' = '1 
 '2 2 Irr. Assume that the representations '1 and '2are nontrivial. Then there are no special triples for '.Proof. Let R1; R2 � R be irreducible subsystems with R1 \ R2 = ;. Assumethat G(R1) and G(R2) commute. Set Hi = G(Ri) and H = H1H2. Since the groupsHi are simple, there exist composition factors � 2 Irr('1jH) and � 2 Irr('2jH) such
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that � = �1
�2, � = �1
 �2, �i; �i 2 Irr(Hi) for i = 1; 2, and �1 and �2 are nontrivial.Since �1 and �2 are nontrivial, the representations �i
 �i have nontrivial compositionfactors �i 2 Irr(Hi). It is clear that �1 
 �2 2 Irr(�
 �) � Irr('jH). This yields thelemma.Lemma 7. Let p > 0, '1; '2 2 Irr and !('2) = pj!('1) for some nonnegativeinteger j. Assume that R1 and R2 � R are irreducible subsystems, R1 \R2 = ;, andthe groups G(R1) and G(R2) commute. Then the triples ('1; R1; R2) and ('2; R1; R2)are special or nonspecial simultaneously.Proof. By the Steinberg tensor product theorem [4, Theorem 1.1], '2 = '1 Frjwhere Fr is the Frobenius morphism of G determined by raising the elements of K tothe pth power. Hence for H = G(R1), G(R2), or G(R1)G(R2) the set Irr('2jH) canbe obtained from Irr('1jH) by twisting the composition factors in the latter set bythe jth power of the similar morphism for H. It is clear that this operation preservestrivial representations and sends nontrivial to nontrivial ones.For � 2 R set C� = f� 2 R j X�� commutes with X�g. Table 1 below isbased on commutator relations for root elements in G (see [5, Lemma 15] and [6,Propositions 33.4 and 33.5]) and describes C� for some �xed �. Denote the maximalroot in R+ by �max. It is well known (and can be extracted from [3, Tables II{IV])that �max = "1 + "2 for G = Br(K) or Dr(K) and �max = 2"1 for G = Cr(K). ForG = F4(K) or G2(K) let �sh be the maximal short root in R+.

Table 1
G p � C�Ar, r > 2 �1 R(3; : : : ; r)Br p 6= 2 �1 R(�max; 3; : : : ; r)Br p 6= 2 �r R(1; : : : ; r � 2; "r�2 + "r�1)Cr, r > 2 p 6= 2 �1 R(3; : : : ; r)Cr p = 2 �1 R("1 + "2; 3; : : : ; r)Cr �r R(1; : : : ; r � 2; 2"r�1)Dr �1 R(�max; 3; : : : ; r)E6 �max R(1; 3; : : : ; 6)E7 �max R(2; : : : ; 7)E8 �max R(1; : : : ; 7)F4 �max R(2; 3; 4)F4 p 6= 2 �sh R(1; 2; �2 + 2�3)F4 p = 2 �sh R(1; 2; 3)G2 �max R(1)G2 �sh R(2)
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Proposition 8. Assume that � 2 X+ n f0g and � 62 X0. Let � be one of theroots in Table 1, R1 = R(�) and R2 be an irreducible component of the subsystemC�. If G = Br(K) or G = Dr(K) with r > 4, � = �1, and R2 = R("1 + "2), supposealso that � 6= !r for G = Br(K) and � 62 f!r�1; !rg for G = Dr(K). Assume thatp 6= 2 and r > 2 if G = Cr(K) and � = �1. Then there exists a weight � 2 X suchthat � � � and � 2 X(R1; R2).Proof. We shall call dominant weights that satisfy the assertion of the propositiontypical. (Strictly speaking, we should consider typical weights for the pair (R1; R2),but there will be no confusion since all our arguments concern a �xed pair from awell-de�ned list.) It is clear that � is typical if � < � and � is typical. It is well knownthat X(�) = f� 2 X j � � �g ([2, ch. VIII, x7, Proposition 5]). Since for dominant�1 and �2 the set X(�1 + �2) = f�1 + �2 j �j 2 X(�j); j = 1; 2g by [2, ch. VIII, x7,Proposition 10], we have � + �2 � �1 + �2 if � � �1. It is clear that h�2; �i � 0 forall � 2 R+. Hence �+ �2 2 X(R1; R2) if � 2 X(R1; R2). This yields the followingAssertion (*). For dominant �1 and �2 the weight �1 + �2 is typical if �1 istypical.For � =Pri=1mi!i one has

h�; �maxi =
8><
>:
m1 +mr + 2Pr�1i=2 mi for G = Br(K);Pri=1mi for G = Cr(K);
m1 +mr�1 +mr + 2Pr�2i=2 mi for G = Dr(K):

First assume that � = !i.1). Let G = Ar(K). Then � = �1, R2 = R(3; : : : ; r), and 1 < i < r. Set� = ! � Pij=2 �j . Then � 2 W� and h�; �1i = h�; �i+1i = 1. Hence � � �,� 2 X(R1; R2), and so � is typical.2). Now let G = Br(K) and � = �1. Recall that i > 1 and that by the assump-tions of the lemma, R2 = R(3; : : : ; r) if i = r. Choose � as in Case 1). One canconclude that h�; �1i = 1, h�; �i+1i > 0 and h�; �maxi = 1 if i < r, and h�; �ri = 1for i = r. Therefore � 2 X(R1; R2) and � is typical in all possible situations.3). Next, assume that G = Br(K) and � = �r. As before, i > 1. Observe that�j 2 R2 for all j < r� 1 and �max 2 R2. Set � = ��Pr�1j=i �j if i < r and � = � fori = r. Then in all cases � 2 W� and h�; �i > 0. Furthermore, one has h�; �i�1i > 0if i < r and h�; �maxi > 0 for i = r. Hence � � �, � 2 X(R1; R2), and � is typical.4). Now suppose that G = Cr(K) and � = �1. Recall that due to our assumptionsi > 1, r > 2 and R2 = R(3; : : : ; r). If i < r, choose � as in Items 1) and 2). For i = rput � = � � �r � 2Pr�1j=2 �j . Then in both cases � 2 W� and h�; �i > 0. We geth�; �i+1i > 0 if i < r and h�; �ri > 0 for i = r. Hence � is a required weight and � istypical.5). Next, let G = Cr(K) and � = �r. Argue as in Item 3).6). Now assume that G = Dr(K). Then � = �1. As before, i > 1. Recall thatr > 4 and R2 = R(3; : : : ; r) for i = r � 1 or r. If i < r, choose � as in Items 1) and2). For i = r put � = �� �r �Pr�2j=2 �j . Then � 2W� and h�; �i > 0. One also hash�; �maxi = 1 if i < r � 1, h�; �i+1i = 1 if i < r, and h�; �r�1i = 1 for i = r. Hencein all cases � 2 X(R1; R2) and � is typical.7). Next let G = Er(K) with 6 � r � 8. Then � = �max. Since � 6= 0,we have h�; �i > 0. Furthermore, either h�; �ji > 0 for some �j 2 R2 and hence� 2 X(R1; R2) or one of the following holds: a) r = 6 and i = 2; b) r = 7 and i = 1;c) r = 8 and i = 8. In these exceptional cases put � = � � �i and observe that� = �max, � 2W�, h�i; �maxi = 1, h�; �maxi = 1, and h�; �ji = 1 for some �j 2 R2.Hence � 2 X(R1; R2) and � is typical in all possible situations.
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8). Now assume that G = F4(K). As before, we conclude that h�; �i > 0 as� 6= 0. Observe that one of the following holds: a) � 2 X(R1; R2); b) � = �max andi = 1; c) � = �sh and i = 4. In Cases b) and c) we have � = � and h�i; �i = 1. Inthese cases put � = �� �i and complete the proof as in Item 7).9) Finally, suppose that G = G2(K). Then either � 2 X(R1; R2) or one of thefollowing holds: a) � = �max and i = 2; b) � = �sh and i = 1. Set � = � � �2 inCase a) and � = � � �1 in Case b). Observe that h�2; �maxi = h�1; �shi = 1. Inboth cases � 2 W�, � = �, and � 2 X(R1; R2). This completes the proof for thefundamental weights.Now consider nonfundamental weights � that cannot be represented in the form� = �1 + �2 with typical �1 for �xed R1 and R2 and dominant �2. Recall that r > 2and � = �1 for G = Ar(K).10). First assume thatG = Ar(K) with � = 2!1 or 2!r orG 2 fBr(K); Cr(K); Dr(K)gwith � = 2!1. If � = 2!1, the weight !2 < �. Hence � is typical as !2 is. Similar ar-guments with the weight !r�1 are applied to show that 2!r is typical for G = Ar(K).11). Next, let G = Ar(K) and � = !1 + !r. Since r > 2, it is clear that� 2 X(R1; R2).12) Now suppose that G = Br(K) orDr(K), R1 = R(�1), R2 = R(�max), � = 2!rfor G = Br(K), and � 2 f2!r�1; 2!rg for G = Dr(K). Set � = !r�1 for G = Br(K)and � = !r�2 for G = Dr(K). In both cases � < �. Complete the proof as in Case10).13). Finally, let G = Dr(K) and � 2 f!1 + !r�1; !1 + !r; !r�1 + !rg. It is clearthat � 2 X(R1; R2) or � = !r�1 + !r. In the latter case set � = ��Pr�1j=2 �j . Then� 2 W�, h�; �1i = h�; �maxi = 1, and h�; �ri = 2. Hence � 2 X(R1; R2) and we aredone.In all other cases one can write � = �1+�2 where �1 is one of the weights consideredin Items 1){13) and �2 is dominant. To complete the proof, it remains to apply theAssertion (�).Proof of Theorem 1. Let ', !, R1, and R2 satisfy the assumptions of Theorem1. First assume that p = 0 or ' 2 Irrp and that ! 62 X0. We claim that assertion 2)of the theorem holds. Without loss of generality we may suppose that jR1j � jR2j.Lemma 4 permits one to reduce the problem to the case where R1 = R(�) and R2 isan irreducible component of C(�). Furthermore, one can assume that jR2j has notdecreased in the result of this reduction. Since roots of the same length belong tothe same W -orbit, using Lemma 5, we can suppose that � is one of the roots thatoccur in Table 1. Observe that for G = Br(K), Cr(K), or Dr(K) we get the pair(R(�1); R(�max)) after these changes if and only if for the initial pair (R1; R2) theunion R1 [R2 = f��i � �jg for some i and j, 1 � i < j � r. Next, we suppose thatR1, R2, and ' do not satisfy assertion 2) of the theorem, analyze all rows of Table 1and for each possible pair (R1 = R(�); R2) �nd a weight � 2 X(')\X(R1; R2). ThenLemma 3 completes the proof. By Premet's theorem [7], X(') = X(!) unless p = 2and G = Cr(K), F4(K), or G2(K) or p = 3 and G = G2(K) (recall that p 6= 2 forG = Br(K) by our assumptions). As we have mentioned before, X(!) = f� j � � !g.Now Proposition 8 implies that it su�ces to consider the special cases for p and Gindicated above. By Lemma 6, one can assume that ' is tensor indecomposable.By [5, Corollary of Theorem 41], for G = Cr(K) or F4(K) with p = 2 and forG = G2(K) with p = 3 the representation ' is tensor indecomposable if and only ifall the coe�cients mi = 0 either for the long, or for the short roots �i. So we have tohandle only such weights ! and suppose that the coe�cients mi satisfy the relevantcondition.
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Now assume that p = 2 and G = Cr(K).1). Suppose that � = �1 and R2 = R(3; : : : ; r). Let ! 6= !r. Then due toour assumptions mi 6= 0 for some i with 1 < i < r. Fix minimal such i and set� = ! �Pij=2 �j . Then � 2 W! � X('). Since h�; �1i 6= 0 and h�; �i+1i 6= 0, weconclude that � 2 X(R1; R2).If ! = !r, argue as in Item 4) of the proof of Proposition 8 (for the case i = r).Notice that the weight � constructed in that item lies in the W -orbit of the highestweight and so we actually do not need Premet's theorem for this particular case.2) Next, let � = �1 and R2 = R("1+"2). Recall that ! 6= !r in this case. Observethat for � = Pri=1 bi!i 2 X one has h�; "1 + "2i = b1 + 2Pri=2 bi. Choose � as inItem 1 for ! 6= !r and check that � 2 X(R1; R2).3). Finally, let � = �r. Then R2 = R(1; : : : ; r � 2; 2"r�1). If ! = !r, then! 2 X(R1; R2). Now assume that ! 6= !r. Since ! 6= !1, the coe�cient mi = 1for some i with 1 < i < r. Fix maximal such i and set � = ! �Pr�1j=i �j . Then� 2 W! and hence � 2 X('). We have h�; �i�1i > 0 and h�; �ri > 0. Therefore� 2 X(R1; R2). This completes the proof for G = Cr(K).Now assume that p = 2 and G = F4(K). Then one of the following holds: a)! 2 X(R1; R2); b) � = �max and ! = !1; c) � = �sh and ! = !4. To complete theproof, argue as in Item 8) of the proof of Proposition 8 taking into account that theweights � considered in that item lie in the W -orbit of the highest weight.Finally, let p = 2 or 3 and G = G2(K). Then either ! 2 X(R1; R2), or one ofthe following holds: a) � = �max and ! = !1; b) � = �sh and ! = !2; c) p = 3,� = �max and ! = 2!1; d)p = 3, � = �sh and ! = 2!2. Set � = ! � �1 in Case a),! � �2 in Case b), ! � 2�1 in Case c), and ! � 2�2 in Case d). Then � 2 W! andhence � 2 X('). Arguments similar to those in Item 9 of the proof of Proposition 8show that � 2 X(R1; R2).Now all the possibilities have been considered. This completes the proof for ' 2Irrp and for p = 0.The proof of the theorem for p > 0 and ' 62 Irrp follows immediately from theSteinberg tensor product theorem [4, Theorem 1.1], Lemmas 6 and 7, and the resultjust proven for p-restricted representations.Proof of Lemma 2. We keep the notation of that lemma. Lemma 4 reducesthe question to the following cases: a) G = Br(K), ! = !r; b) p = 2, G = Cr(K),! = !r; c) G = Dr(K), ! = !r�1 or !r. Set S = G(R1)G(R2). Then commutatorrelations in G imply that S �= A1(K) � A1(K) �= D2(K). One has X(') = W!;this is well known for G = Br(K) or Dr(K) and can be deduced for G = Cr(K) andp = 2 from the description of the canonical isomorphism between Br(K) and Cr(K)in characteristic 2. Next, it is also well known and can be deduced by analyzingthe action of root subgroups on an irreducible G-module with highest weight ! that'jS is a direct sum of spinor representations of S for G = Br(K) and Dr(K) and ofspinor representations twisted by the Frobenius morphism for G = Cr(K). Hence allcomposition factors of 'jS have dimension 2 and are trivial either for G(R1) or forG(R2).One easily observes that there are many special triples with ! 2 X0 or X1.Lemma 9. For ! 2 X0 or X1 the number of pairs (R1; R2) of irreducible rootsubsystems such that ('(!); R1; R2) is a special triple tends to in�nity when r !1.Proof. Recall that now G is one of the classical groups. Lemma 7 reduces thequestion to the case where ! 2 X0. Fix an integer l with 1 < l < r for G 6= Cr(K)
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and 0 < l < r for G = Cr(K). Set

R1 =
8><
>:
R(1; 2; : : : ; l � 1) for G = Ar(K);
R(1; 2; : : : ; l � 1; "l�1 + "l) for G = Br(K) or Dr(K);
R(1; 2; : : : ; l � 1; 2"l) for G = Cr(K);

and R2 = R(l + 1; : : : ; r � 1; r) in all cases. One easily observes that R1 and R2 areirreducible subsystems and that G(R1) and G(R2) commute. Obviously, R1\R2 = ;.Set H = G(R1)G(R2). Analyzing the action of H on the standard G-module and onits dual as well for G = Ar(K), we can conclude that a triple ('; S1; S2) is specialif Si � Ri are irreducible subsystems (i = 1; 2), !(') 2 X0 for G 6= D4(K) and!(') = !1 for G = D4(K). This implies the lemma.Remark 10. The arguments in the proof of Lemma 9 yield that for G = D4(K),' = '(!1), R1 = R(1; "1 + "2), and R2 = R(3; 4) the triple (';R1; R2) is special.Since the representations '(!3) and '(!4) can be obtained from ' with the help ofgraph automorphisms, this forces that special triples exist for them as well.
The �rst author has been supported by the Institute of Mathematics of the Na-tional Academy of Sciences of Belarus in the framework of the program "Mathe-matical structures". Part of this research was done during the �rst author's visit tothe University of Leicester in the framework of the project "Asymptotic Problems inRepresentation Theory" supported by a grant from the Royal Society for Excellencein Science (2004/R1-FSU scheme).
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Summary

Restrictions of irreducible representations of simple algebraic groups to semisimple subsystem sub-
groups with two simple components are studied. It is proved that the restrictions almost always have
a composition factor that is nontrivial for both components. All exceptions are explicitly described.
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