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Abstract

Given the ring of integers R of an algebraic number field K, for which
natural number n is there a finite group G C GL(n, R) such that RG, the
R-span of G, coincides with M(n, R), the ring of (n x n)-matrices over R?
Given G C GL(n, R) we show that RG = M(n, R) if and only if the Brauer
reduction of G modulo every prime is absolutely irreducible. Besides, the
question above is fully answered if n is an odd prime.

§1. Introduction

In the study of the Schur subgroup of the Brauer group of a commutative
ring R one is interested in finding the Azumaya algebras over R that are
epimorphic images of a group ring R[G] for some finite group G. Azumaya
algebras are the central separable algebras, they can also be viewed as the
algebras A with center R such that A is a progenerator as an A° = A ®@p A°-
module where A° is the opposite R-algebra. In this context one is actually
interested in such algebras up to Brauer equivalence, but the more precise
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question which Azumaya algebras over R are obtainable as an epimorphic
image of R[G] for some finite group G is interesting in its own right. That it
is a non-trivial problem may be appreciated from the fact that M (n,Z) is an
epimorphic image of some Z[G] if and only if n = 1 or n is divisible by 8, cf.
[Ne, Ne2]. In this paper we study this problem for arithmetical rings R by
which we mean the ring of integers of an algebraic number field. The results
here emanate from the symbiosis of the Schur subgroup approach of Nelis,
Van Opystaeyen, cf. [NOJ, and a recent work of Dixon-Zalesski, cf. [DZ].

For a commutative ring R the matrix ring M (, R) is called a Schur ring
if there exist a finite group G C GL(n, R) such that the R-span of G is just
M (n, R). We mainly study the following problem:

1.1. Problem Let R be an arithmetical ring and M (n, R) the matrix
ring over R. For which n is M (n, R) a Schur ring?

For G C GL(n, R) we denote by RG the R-span of G in M (n, R). Another
problem of particular interest is:

1.2. Problem Let G C GL(n,R) be a finite subgroup. When do we
have RG = M(n, R)?

Our first main result (Theorem 1.4) solves Problem 1.2 in terms of the
representation theory of finite groups. To state it we need the following

1.3. Definition Let C denote the field of complex numbers and G C
GL(n,C). We call G globally irreducible if for every prime p a reduction of
G modulo p is absolutely irreducible.

The term ”globally irreducible” was introduced by Gross [Gr|, however,
the content of this notion in [Gr] differs from the one here. Analysis of global
irreducibility in the sense of Gross was continued by Tiep [T1,T2,T3,T4].
Observe that global irreducibility of certain representations can be deduced
from results of [Gr,T1,T2,T3,T4].

1.4. Theorem Let G C GL(n,R). Then RG = M(n, R) if and only if
G is globally irreducible.

Theorem 1.4 allows us to restate Problem 1.1 in terms of representation
theory:

1.5. Problem For which n does there exist a globally irreducible finite
subgroup G C GL(n, R)?



Recall that we assume R to be the ring of integers of an algebraic number
field K. It is well known (see [CR], Theorem 75.4) that for any finite group
G C GL(n, K) there exists a finite extention L of K such that G is conjugate
to a subgroup of GL(n, Ry) where Ry, is the ring of integers of L. This shows
that one of the main ingredients of 1.5 is the following problem:

1.6. Problem Determine globally irreducible finite subgroups of GL(n, C).

One can expect no easy solution of 1.6. Only fragmentary results are
known at the moment.

By using [DZ], we describe primitive globally irreducible linear groups of
odd prime degrees:

1.7. Proposition Let p > 2 be a prime and let G C GL(p, C) a primitive
subgroup. Then G is globally irreducible if and only if G = H - Z(G) where
H is globally irreducible and one of the following holds:

(1) p=3, H =3 Alt(6), the 3-fold cover of the alternating group;
(2) H= PSL(2,q), p=(q — 1)/2 where ¢ is an odd prime;
(3) H = PSp(21,3), p= (3" —1)/2 where [ > 1 is an odd prime.

It is not difficult to consider the case where G is imprimitive because
in this case G(modr) is induced from a 1-dimensional representation of a
certain subgroup. One can use a well-known irreducibility condition for such
a representation to obtain a description of G.

One may expect that the existence of a globally irreducible subgroup
G C GL(n, K) does imply that M(n, R) is a Schur ring. For this it suffices
to show that G is conjugate to a subgroup of GL(n, R). However, there is
no reason for this to hold. Moreover, the argument in [CRW] hints that this
Is not true.

Our second main result solves the problems 1.1 and 1.5 if n is an odd
prime. The case of prime n is of particular importance in view of the following
fact: M(kn, R) is a Schur ring for any & € N whenever M (n, R) is a Schur
ring (see Lemma 3.5). For a field L we denote by L, the subgroup of elements
of finite order in L*, the multiplicative group of L.

1.8. Theorem Let p > 2 be an odd prime. Then M (p, R) is a Schur
ring if and only if one of the following holds:



(i) K contains an odd root of 1;

(ii) there exists a field extention L of K such that L : K = p and L./K,
contains a cyclic group of order st where s,t are distinct primes;

(iii) ¢ = 2p+ 1 is a prime and K contains y/—q.

Notation Throughout the paper R is the ring of integers of an algebraic
number field K, R* denotes the unit group of R, and R, is the torsion
subgroup of R*. Let M(n, R) stand for the ring of (n x n)-matrices over R.
For an ideal I of R we denote by ¢; the canonical epimorphism M (n, R) —
M(n, R/I). We write GL(n, R) for the multiplicative group of the invertible
elements of M (n, R). For a subgroup G of GL(n, R) we let RG be the R-span
of G in M(n, R). The group ring R[G] maps canonically onto RG, hence RG
is a Clifford system for G in sense of [FVO]. Let 7 be the set of all natural
primes. If 0 C 7 and A is an abelian group, then A, stands for the Sylow
o-subgroup of A. In particular, A, is the torsion subgroup of A. We denote
by Q, C the fields of rational and complex numbers, respectively, and by
Z, N the set of integers and positive integers.

§2. Connection with globally irreducible representations

In this section we discuss the notion of global irreducibility and prove
Theorem 1.4.

Recall that the Brauer reduction of a representation modulo a natural
prime p is defined as follows. Let ¢ : H — GL(n,C) be a representation
of a finite group H. Then there exists a finite extension F' of Q such that
¢ is equivalent to a representation into GL(n, F'). Let L be the subring of
p-integers of F. Then L is a principal ideal domain, and ¢ is equivalent to
a representation 7 : G — GL(n, L). If I is a unique maximal ideal of L, set
P = L/I. Then the homomorphism h : G — GL(n, P) induced by the natural
projection GL(n, L) — GL(n, P) is called a reduction of ¢ modulo p. The
group h(G) is usually regarded as a subgroup of GL(n, P) where P stands
for the algebraic closure of P. The reduction homomorphism h depends on
7 which is not unique; however, by the Brauer-Nesbitt theorem (see [CR,
Theorem 82.1]) the irreducible constituents of h(G) do not depend on the
choice of h. Therefore, the notion of a globally irreducible representation is
well defined.

~ 2.1. Lemma Let G C GL(n, F') and h : G — GL(n, P) be as above. Set
G = h(G). Then dimp(PG) < dimp(FG).
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Proof. Set k = dimp(PG), and § = h(g) for g € G. Let §i,...,Gx be a
P-basis of PG. Then gi,..., g are linearly independent over F (otherwise,
there exist elements ay, ..., q, € L not all in I, such that >°; a9, € M(n, I),
and then >; @;g; = 0, where &; = a;(mod I), which is a contradiction).

2.2. Corollary Let G C GL(n, F) be a globally irreducible representa-
tion. Then G is absolutely irreducible.

Proof. By the Burnside theorem dimp(PG) = n? so dimp(FG) = n?
(notation of 2.1).

2.3. Lemma Let G C GL(n, R) be a subgroup such that RG = M(n, R).
Let I be a maximal ideal of R and P = R/I. Set G = ¢;(G). Then PG =
M (n, P), so G is an absolutely irreducible subgroup of M(n, P).

Proof: obvious.

2.4. Lemma Let G C GL(n,C) and p be a prime. If G has a normal
p-subgroup S such that G/S is abelian, or |G//S| < n?, then G is not globally
irreducible.

Proof. Let L, h be as above and let I be a maximal ideal of L containing
p. Consider the mapping G — G = h(G). If G is irreducible then S = Id.
If G/S is abelian then G is abelian, so G is not absolutely irreducible. If
|G/ S| < n? then |G| < n? so again G is not absolutely irreducible in view of
Burnside’s theorem.

2.5. Proposition Let A be a subring of M(n,R) containing R - Id
and such that ¢;(A) = M(n,R/I) for every maximal ideal I of R. Then
A= M(n,R).

Proof. It is convenient to identify R and R -Id C M(n,R). As R is
Noetherian and M (n, R) is a finitely generated R-module, it is Noetherian
(see, for instance [L1], Ch. VI, §1, Prop. 3). Hence A is finitely gener-
ated as an R-module, consequently, it is a Noetherian PIl-algebra and it is
central over R. (All necessary facts about Pl-algebras, i.e. algebras with a
polynomial identities can be found in [Ro]). The primitive ideals of A are
maximal. If w C A is such a maximal ideal then A/w is a simple Artinian
ring containing R/(w N R) in its center. Hence R/(w N R) is a field. Now
let us first consider the local case, that is, assume that R is a local ring
(hence a discrete valuation ring, in view of the above hypothesis on R), with
a unique maximal ideal I C R. By assumption, ¢;(A) = M(n, R/I), hence
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or(A) = ¢1(M(n,R)) or M(n,R) = A+ IM(n,R). As R is local, I is the
Jacobson radical of R, so M(n,I) is the Jacobson radical of M(n, R). Since
M (n, R) is finitely generated as a A-module, Nakayama’s lemma (see [L1],
Ch. IX, §1)) implies that A = M(n,R). If R is not local, let R; denote
the localization of R at I, and A; = A ®g R;. Then A; C M(n, R;), and
¢ : M(n,R;) — M(n,R/I) is the canonical localized map extending ¢y,
so ¢5(Ar) =2 M(n,R/I). The local case then tells us that Ay = M(n, R;),
hence A; is an Rj-separable algebra central over Ry, see [MI, p.41, Example
I1]. The local-global property for separability (see [MI, Theorem 7.2, p.72|)
yields that A is a separable R-algebra (with center exactly R). The commu-
tator theorem for separable algebras ([MI, Theorem 4.3]) then implies that
M(n,R) = A®C, where C' = Cpyn,r)(A) = {A € M(n,R) : A\ = \A for all
A € A} If C # R then the p.i. degree of the Azumaya algebra A is strictly
less than the p.i. degree of M(n, R) which is of course n. In this case no im-
age of A can have p.i. degree equal to n, contradicting ¢;(A) = M(n, R/I).
Therefore, we must have C' = R and A = M(n, R). (Recall that p.i. degree
means the least degree of a polynomial identity of A.)

Proof of Theorem 1.4 The "only if” part follows from 2.3 and the
Brauer-Nesbitt theorem as every natural prime belongs to a proper ideal of
R. Let us prove the converse. Obviously, RG contains R - Id (the ring of
scalar matrices). Next, let I be a maximal ideal of R. Then F = R/I is a
finite field of characteristic p, say, so the homomorphism G — G = ¢;(G) is
a p-modular representation of G. As G is globally irreducible, G is absolutely
irreducible by the Brauer-Nesbitt theorem. Then G contains n? linearly
independent matrices by the classical Burnside theorem, so FG = M (n, F).
Set A = RG. Hence the assumption of Proposition 2.5 holds, and we conclude
that RG = M(n, R).

Remark. From the above argument one can deduce a ‘Hasse principle’
for RG to coincide with M (n, R): this is the case if and only if R;G =
M (n, Ry) for every prime ideal I of R. We use Nakayama’s lemma to show
that R;G = M(n, Ry) is equivalent to (R/R;)G = M(n, R/R;).

Weaker versions of the notion of global irreducibility may be of interest.
For instance, one can omit the word ”absolute” from Definition 1.3 and obtain
a much weaker notion (closer to Gross’ one). We introduce the following:

2.6. Definition Let ¢ : G — GL(n, R) be a representation of a finite



group G. (i) ¢ is called an Azumaya representation if for every maximal ideal
I of R the ring ¢;(RG) is simple. (ii) An Azumaya representation ¢ is called
a strong Azumaya representation if G is absolutely irreducible.

The notion of an Azumaya representation is fairly close to the one intro-
duced by Nelis [Ne] (see Def. 2.2.6 and Theorem 2.2.8 in [Ne|). Examples
of Azumaya representations that are not strong Azumaya can be found in
[Ne]. The gap between the content of Definitions 1.3 and 2.6(ii) seems to
be quite small, however, these are different notions. We give an example
of a strong Azumaya representation of a finite group G C GL(2*, Z[i]) that
is not globally irreducible. Set R = Z[i] and n = 2% k > 2. Define a
group & C GL(n, R) to be the Kronecker product of k copies of & where

& C GL(2,R) is generated by the matrices diag(#i,) and <(1) é) Ob-

serve that & is absolutely irreducible. Let H be the normalizer of & in
GL(n,K). Then H/Z(H) - & = Sp(2k,2), see [Ward] or [Sup, §20]. In
particular, the quotient group is finite and coincides with its commutator
subgroup (as k > 2). It follows that H', the commutator subgroup of H, is
finite. Since R = Z[i] is a principal ideal domain, H' is conjugate with a sub-
group of GL(n, R), see [CR]. So we assume that H' C GL(n, R). Let U be a
2-dimensional non-degenerate subspace of the underlying space of Sp(2k, 2),
and X = {x € Sp(2k,2) : xu = v for all w € U}. Then X = Sp(2k — 2,2).
We define G be to be the pullback of X in H'.

Observe first that G is a strong Azumaya representation of itself. Indeed,
let I be a maximal ideal of R, and F' = R/I. Then F is a field. Set
p = char(F). If 2 ¢ I then (|&/|,p) = 1 so &(mod p) is absolutely irreducible.
Therefore, ¢;(RG) = M(n, F). If 2 € I then ¢;(RG) = M(n/2,F). To see
this, observe that ¢;(H’) is irreducible and is conjugate to the image of
Sp(2k, 2) under the so called spinor representation, see [Za, Theorem 3.10].
(The spinor representation can be described as the restriction to Sp(2k, 2) of
the irreducible representation of the algebraic group Sp(2k, Fy) with highest
weight wy,.) Of course, & belongs to the kernel of the projection H' — ¢;(H')
as & is a normal 2-subgroup of H', and ¢;(H’) is irreducible. Thus, H' is
globally irreducible (see [Go]). Next, for 1 < [ < k the restriction of the
spinor representation o of Sp(2k,2) to the naturally embedded subgroup
Sp(2l,2) is homogenious (in fact, this follows from the irreducibility of the
restriction of o to the subgroup Sp(2l,2) x Sp(2(k — 1), 2), the stabilizer of



a non-degenerate 2[-dimensional subspace; this is fairly well-known). This
means that the F-span of o(Sp(2[,2)) is a simple F-algebra. As ¢;(G) =
o(Sp(21,2)), we conclude that F¢;(G) is a simple F-algebra.

Recall that a subgroup G C GL(n, K) is called quasi-primitive if for every
normal subgroup N of G the ring KN is simple.

2.7. Lemma Let G C GL(n,K) be a quasi-primitive globally irre-
ducible subgroup. Suppose that A is an abelian normal subgroup of GG, and
C = Cg(A). Let M = Cryn,x)(A). Then M is isomorphic to a matrix ring
M(n/l,L) where L = KA, (L : K) = [, and C is a globally irreducible
subgroup of GL(n/l, L).

Proof. It is convenient to prove a more general fact:

(*) Let G C GL(n, K) be a quasi-primitive globally irreducible subgroup.
Suppose that L C M(n, K) is an abelian Galois extention of K, and L
contains the identity of M(n,K). Set C = Cq(L), M = Cryni)(L), | =
L : K. Then M is isomorphic to a matrix ring M(n/l, L) and C is globally
irreducible as a subgroup of M(n/l, L).

As A is a finite abelian group, L = KA is a field, so L satisfies the
asssumption of (*), and the lemma follows from (*).

Proof of (*). By Galois theory G : C' = [. Suppose first that [ is a prime.

Let r be a prime, and let K, be any maximal subring of K not containing
r~!. Then K, is alocal ring. Let I be a unique maximal ideal of K., P = K,/I
(so P is a field of characteristic r) and h : GL(n, K,.) — GL(n, P) the natural
projection. As K, is a principal ideal domain, G is conjugate to a subgroup
of GL(n, K,). So we may assume that G C GL(n, K,).

Let L, be the ring of r-integers of L so K, C L,. As L, is a torsion free
K,-module, and K, is a principal ideal domain, L, is a free K,-module. It
follows that the action of L, on L, by multiplication represents L, by (I x [)-
matrices over K. Then M(n/l, L,) represents by (nxn)-matrices over K, so
we have the natural injective homomorphism M (n/l, L,) — M(n, K,) such
that M (n, K,)NM = M(n/l, L,). Set N = MNM(n, K,),so C C N. Let v be
a maximal ideal of L, containing I. Then N/Nv = M(n/l, L, /v) is a simple
quotient of N/NI, and we have a natural homomorphism ¢ : N/NI — N/Nuv.
Observe that dimp(N/NI) = n?/l. The projection « of C' into M/Muv is just
a reduction homomorphism of C' modulo r as a subgroup of M. This shows
that o = ¢(h|C). We have to prove that «(C') is absolutely irreducible.
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Let C,G stand for the images of C, G, respectively, under h. As G is
globally irreducible, G is absolutely irreducible. By Clifford’s theorem PC
is a semisimple P-algebra and the simple components of PC' are transitively
permuted by G under the conjugation action.

By Lemma 2.1 dimp(PC) < dimg(KC). Recall that G is absolutely irre-
ducible due to global irreducibility of G. It follows that n? = dimp(PG)) <
dimp(PC) - (G : C) < dimg(KC) - (G : C) = n?. Therefore, dimp(PC) =
n?/(G : C) = n?/l. Tt follows that PC = N/IN. Then ¢(PC) = N/Nv =
M(n/l,L,/v). Tt follows that e(PC) is absolutely irreducible subgroup of
M(n/l, L, /v), as desired.

Let now [ be arbitrary. As L is an abelian Galois extention of K - Id,
there is a series K -Id = Ly C Ly C ... C Ly = L of subfields of L such that
L;: L;_qis prime, ¢ = 1,...,t. So induction on t completes the proof.

2.8. Theorem Let G C GL(n, K) be a quasi-primitive globally irre-
ducible subgroup and p > 2. Then every normal p-subgroup of GG is abelian.

Proof. Let P be a normal p-subgroup of G. As G is quasi-primitive,
every characteristic subgroup of P is cyclic; if P is not abelian, this implies
P = & - Z(P) where £ is an extraspecial p-subgroup, see [Dix|, Theorem
4.4. Set C = Cg(Z(P)). By 2.7 C is globally irreducible as a subgroup of
GL(l,L) where L = KZ(P), and | = n/(L : K). We need fairly precise
information about the structure of C. Set H = C/P. As LP = KP is a
simple ring, the action of C' on LP by conjugation can be realized via inner
automorphisms of LP. It follows that there exists a projective representation
7 :C — GL(l, L) such that 7|P = n|P. It can be deduced from this that
T =1 ® A where A is an irreducible projective representation of H = C/P,
and n(€) = & is irreducible. This is essentially Clifford’s theorem. As 7
is globally irreducible, 7 is too. Let SL*(I,L) stand for the group of all
matrices of GL(l, L) with determinant &1, and set N = Ngp+q 1) (P). It
is known that N is finite. Let k& = dim(n), and S the group of all scalar
matrices in SLE(k, L). As n(€) is irreducible in GL(k, L), and € = (&), we
have k > 1. Then N/PS = Sp(2k,p), see [Sup, §20]. Moreover, N is a semi-
direct product of PS and of a subgroup 7" of N such that T' = Sp(2k, p), see
[Ward]. Let ¢ be a unique central involution in 7. Then ¢ ¢ S. Show first that
N is not globally irreducible. Indeed, if h : N — GL(k, F') is a reduction
homomorphism then h(P) = 1 (otherwise, h(N) is reducible as p = char (F)
and h(P) is a normal subgroup of h(N)). Hence h(N) = h(S) - h(T). As



(It|,p) = 1, h(t) is non-scalar central element of hA(N), which is impossible.
Therefore, n(C') is not globally irreducible. This is a contradiction.

Remark. The assertion of Theorem 2.8 fails for p = 2. An example is
given by the group H' in the argument prior Lemma 2.7.

§3. M(n,R) as a Schur ring: general approach

3.1. Definition M(n, R) is called a Schur ring if M(n, R) = RG for
some finite group G C GL(n, R).

3.2. Lemma Let L C R be a subring and G C GL(n,L). If LG =
M(n, L) then RG = M (n, R).
Proof: obvious.

The following lemma shows that the case of prime n is of particular
importance for Problem 1.

3.3. Lemma Let G C GL(k, R) with £ > 1 and RG = M(k, R). Then
there exists H,, C GL(km, R) such that RH,, = M(km, R).

Proof (cf. [Ne, Theorem 2.5.7]). Take for H,, the matrix wreath product
of G and S,,.

3.4. Theorem (see [Ne, Corollary 2.5.8]) M(n,Z) is a Schur ring if and
only if n is a multiple of 8 or n = 1.

3.5. Corollary If n is a multiple of 8 then M (n, R) is a Schur ring for
every R.

Proof. For R = Z this is proved in [Ne, Corollary 2.5.8] so 3.5 follows
from 3.2.

Observe that it suffices to examine maximal finite subgroups of GL(n, R)
in order to check whether M(n, R) is a Schur ring.

3.6. Lemma Suppose that n is relatively prime to the ideal class num-
ber of K. (i) ([CR1], Theorem 23.17) Every finite subgroup of GL(n, K) is
conjugate to a subgroup of GL(n,R). (ii) If GL(n, K) contains a globally
irreducible subgroup then M (n, R) is a Schur ring.

The second assertion follows from (i) and Theorem 1.4.
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3.7. Proposition Let n > 1. Then M (n, Z[i]) is a Schur ring if and only
if n is even.

Proof. The ”if” part. In view of Lemma 3.3 it suffices to prove the
proposition for n = 2. Set R = Z[i], where > = —1. Let G C GL(2,C) be a
nonsplit extension of an irreducible group of order 16 with the center of order
4 by S3 = Sp(2,2) =2 SL(2,2). It is well known that G is conjugate with a
subgroup of GL(2,QJi]). The class ideal number of Qi is equal to 1, and
Z]1] is the ring of integers of Q[i]. It follows from 3.6 that G is conjugate with
a subgroup of GL(2, R). It is easy to verify that G remains irreducible under
reduction at any prime p (for p > 2 the reduction mapping is an isomorphism,
and for p = 2 the image of this mapping is SL(2,2): the argument is similar
to that prior Lemma 2.7). By Theorem 1.4 RG = M (2, R). By Lemma 3.3
M (2k, R) is a Schur ring for any k € N.

The "only if” part follows from the following lemma (with K = Q[i])
which is essentially contained in [Gr]. The symbol Fy denotes the field of 2
elements.

3.8. Lemma Let o denote the complex conjugation. Let K C C be
a o-stable algebraic number field and R the ring of integers of K. Let I be
an ideal of R containing 2 and F' = R/I. Let G C GL(n, R) and G be the
image of G under the projection M(n, R) — M(n, R/I). Suppose that G is
absolutely irreducible and K /K7 is ramified over 2 (K denotes the subfield
of o-fixed elements of K.) Then n(F : Fy) is even. In particular, if n is odd
then F' # Fs.

Proof. As K is ramified over K7, one has o(I) = . Set d = F : Fs.
Suppose that nd is odd. The standard ‘average argument’ yields a matrix
M € M(n,R) such that o(M') = M and gMo(g') = M (M" stands for
the transpose of M). Let N = M(mod I'). The complex conjugate induces a
field automorphism of F' which must be trivial as d is odd. It follows that
Nt = N and hNh* = N for all h € G. As G is absolutely irreducible, N is
nondegenerate. Let 7 be the involution of M (n, F') defined by x — Na!N~!.
Then G is contained in the group U = {z € GL(n,F) : z7(z) = Id}. It
is known that U is reducible for n odd (a proof may be found in [DTZ],
Proposition 1).

3.9. Lemma Let g € GL(n, R) be an element of finite order, and let ¢
be an eigenvalue of g. Suppose that ¢ € K. Then ¢ € R.
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Proof. Obvious, as ¢ is an integer in K.

Let H(n,R) C GL(n,R) be the group of the monomial matrices in
GL(n, R) whose matrix entries belong to R,. In particular, H(n, R) con-
tains the group II, of permutation matrices.

The proof of the following proposition is similar to that of Theorem 1.8
in [NOJ.

3.10. Proposition Suppose that K contains an odd root of 1. Then the
R-span of H(n,R) is M(n,R). In particular, M(n, R) is a Schur ring, and
H(n, R) is globally irreducible.

Proof. Let G = H(n,R) and let D = RG. Let ¢ € K be a primi-
tive k-root of 1 with k& to be an odd prime. By 3.9 ¢ € R. Then the
matrices d = diag(e’,1,...,1) belong to G. Hence d' — Id = diag(e’ —
1,0,...,0) € D. Then d = YF-}(d' — 1d) = diag(—k,0,...,0) € D. Sim-
ilarly, diag(—1,1,...,1) € G and diag(—2,0,...,0) € D. As 2 and k are
relatively prime, diag(1,0,...,0) € D. Since all permutation matrices are in
G, all the matrix unities e;; are in D, so D = M(n, R).

3.11. Lemma Suppose that K contains no odd roots of 1. Then H(n, R)

is not globally irreducible and the R-span of H(n, R) does not coincide with
M(n, R).

Proof. Let I be a maximal ideal of R such that 2 € I, and let F' = R/I.
Let X be the projection of H(n,R) in M(n,F). Then X consists of all
permutation matrices. It is clear that X is not irreducible. By Lemma 2.3
the R-span of H(n, R) is not M(n, R).

3.12. Proposition Suppose that K contains no odd roots of 1. Let
G C GL(n, K) be conjugate (in GL(n, K)) to a subgroup of H(n, K). Then
G is not globally irreducible.

Proof. Let ¢ : G — GL(n, K) be the identical representation of G. Then
¢ is induced from a one-dimensional representation 7 of a subgroup H of G.
Set X = 7(H). Then X is cyclic; let x be a generator of X, and let h be
an element of H such that 7(h) = x. Then « € K is an eigenvalue of h; by
Lemma 3.9 x € R. The standard construction of an induced representation
shows that G can be realized over R, i.e. G is conjugate in GL(n, K) with a
subgroup of H(n, R). By Lemma 3.11 G is not globally irreducible.
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3.13. Lemma (see [Fr|, Theorem 4.3). Let L be a Galois extention of a
field K, and [ = L : K. Let R, T be the rings of integers in K, L, respectively.
Suppose that [ is odd and L is non-ramified over K for every prime. Then
T is a free R-module.

3.14. Proposition Let L be a field extention of K and let [ = L : K.
Suppose that [ is odd and for every p € m we have KL}, =1L (i.e. Ly,

spans L over K). Then M(n, R) is a Schur ring for every n that is a multiple
of L.

Proof. Let p be a prime. As L can be obtained from K by adding certain
p/-roots of 1, L is non-ramified over p. Also, L is cyclotomic, so L/K is an
abelian Galois extention. Set I' = Gal(L/K).

Let T be the ring of integers of L. By Lemma 3.13 T' is a free R-module.
Observe that T is I'-stable so one can consider the cross product V' = T'xI" of
T and I with trivial set of factors, i.e. V is a free left T-module formed by the
set of all expressions >, . ¢,y where ¢, € T', with multiplication determined
by vt = ~(t)y for t € T. We can turn 7" to a V-module by defining an action of
an element v = Y t;y; (where t; € T,~v; € I') on T as follows: vot = Y t;v;(t)
where t € T and t — 7;(¢) is the Galois action. Obviously, T" is a faithful
V-module, so we can view V as a subring of GL(l, R). The subring R of T'
acts on T' by scalar multiplication, so R - Id C V. To show that M(l, R) is a
Schur ring, by Proposition 2.5 it suffices to prove that V/VI is isomorphic to
M(l, R/I) for every maximal ideal I of R. As L/K is non-ramified, T = T/IT
is semisimple of dimension [ over F' = R/I and T acts faithfully on T (see,
for instance [L], §5, Proposition 11). By Galois theory, I" acts transitively
on maximal ideals of T" containing [ so ' acts transitively on maximal ideals
of T. Let Ji, ..., J,, be minimal ideals of T, and e; the idempotent of J; for
i=1,...,m. Then V =T «T. It is well known that V is a simple ring. This
can be seen as follows.

By the above, I' acts transitively on Jy, ..., J,,. Suppose that U is a non-
zero ideal of V', and let 0 # u = >vertyy € U with ¢, € T be an element
with minimum number of non-zero summands. By replacing u by uy with
some v € I" one can assume that t; # 0. One can assume that 0 # ejt; € J;
by replacing u by e;yuy~! with a suitable v € I'. By minimality of u for
every t € J; we have tu — ut = 0, so t.,(t —y(t)) = 0 for all v € I". This
implies that (t) = ¢ for all ¢ € J; and v € I' such that ¢, # 0. It follows that
these v belong to I'y where I'; is the stabilizer of J; in I'. As I is abelian and
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transitive on Ji, ... J,, we have I' : I’y = m so |I';| = [/m. By a dimension
reason J; : F' = [/m. Therefore, I'; is the Galois group of J;/F. Hence
v(t) =t fort € Jy and v € ['y implies y =1 or t € F, i.e. J; = F. The latter
implies that I'y = 1. In both the cases we obtain u € J;. As J; is a field,
Ji C U. Then T C U. This is impossible as T contains the identity of T T

3.15. Proposition If M(n, R) is not a Schur ring then there exists a
qudratic extension K; of K with the ring of integers R; such that M(n, R;)
is a Schur ring.

Proof. One can take K; = K(g) where ¢® = 1, ¢ # 1. Observe that ¢ ¢ K
by 3.10 as M(n, K) is not a Schur ring. Therefore, K; : K = 2. By 3.10
M (n, Ry) is a Schur ring.

84. Globally irreducible representations of prime degrees
and Schur rings
In this section p denote a prime integer.

4.1. Lemma Let G C GL(p, K) be an irreducible subgroup and N a
normal subgroup of G. Then N is either absolutely irreducible or abelian. If
N abelian then N is either irreducible or diagonalizable.

Proof. If N is reducible then by Clifford’s theorem irreducible constituents
of N are of the same dimension d < p. This implies d = 1, i.e. N is diagonal-
izable. If N is not abelian then N can not be diagonalized under any field
extension, i.e. N remains irreducible and hence is absolutely irreducible.

Recall that H(p, K) denotes the group of monomial n X n-matrices over
K.

4.2. Lemma Let G C GL(p, K) be an absolutely irreducible subgroup.
Then one of the following holds:

(A) G is imprimitive and is conjugate to a subgroup of H(p, K);

(B) G is primitive and contains a non-central abelian normal subgroup A
such that P = KA is a field, and then P : K = p = |G/A|;

(C) G contains a non-abelian normal irreducible p-subgroup N, and
IN/Z(N)| = p*

(D) G contains a quasi-simple normal irreducible subgroup.
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Proof. Let V' be the underlying space of GL(n, K). Suppose first that G is
imprimitive. Then V is a direct sum of subspaces, say, Vi, ..., Vi, k > 1, such
that gV; = Vj( for g € G, and the action of G on the V;’s by conjugation
is transitive. Hence k-dimV; =pso k =pand dimV; =1forv=1,... k.
Therefore, G is conjugate to a subgroup of H(p, K).

Next, suppose that G is primitive. Let N be a minimal non-central normal
subgroup of G. As G is primitive, KN is a simple K-algebra by Clifford’s
theorem. Since N is not scalar, N is irreducible by 4.1. Suppose first that N
is abelian. Then L = KN is a field, and V is irreducible as an L-module. It
follows that L : K =p. Set A=GNLso A= Cg(N). Then the conjugation
action of G on L induces an embedding G/A — Gal(L/K), so |G/A| = p
or G = A. In the last case G is abelian, and then G fails to be absolutely
irreducible. So we arrive at (B).

Now suppose that N is not abelian. If N/Z(N) is abelian then we have
(C) by Theorem 4.4 in [Dix]. Assume N/Z(N) is not abelian. Then N/Z(G)
is a direct product of simple non-abelian groups. As above, every non-central
normal subgroup of N is irreducible. Hence by Schur’s lemma N/Z(G) must
be simple. Then N’ the commutator subgroup of N, is quasi-simple, and we
obtain (D).

4.3. Proposition Let G C GL(p,K), p > 2, be globally irreducible.
Suppose that K contains no odd root of 1. Then one of the following holds:

(i) G has an abelian normal subgroup A of index p such that A/Z(G) is
not of prime power order;

(ii) G contains a primitive globally irreducible normal simple subgroup.

Proof. Suppose first that G is imprimitive. From 4.2(A) we deduce that
G is conjugate to a subgroup of H(p, K). By 3.12 G can not be globally
irreducible. This is a contradiction.

Let G be primitive so 4.2(A) does not hold. If 4.2(B) holds then L = KA
is a field. If A/Z(G) is of prime power order, say, r® where r is a prime, then
A=Z(A)-Syl,(A). It follows that G/ Syl,.(A) is abelian. This is impossible
by Lemma 2.4. So we obtain (i).

Assume 4.2(C) holds. Let P be a non-abelian normal irreducible p-
subgroup of G. Then Z(P) is scalar, so G contains a scalar matrix of order p.
Hence K contains a primitive p-root of 1, which contradicts the assumption.
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Assume 4.2(D) holds. Let N be an irreducible normal quasi-simple sub-
group of G. By 4.1 N is absolutely irreducible so Z(N) is scalar by Schur’s
lemma. As N is quasi-simple, N C SL(p, K). Then |Z(N)| divides p, hence
either Z(N) = 1 or K contains an odd root of 1. The second case does
not hold by assumption. We are left to prove that NN is globally irreducible.
Let 7 be a prime such that N(modr) is reducible. Set G = G(modr) and
N = N(modr). Then G is irreducible so N is completely reducible by Clif-
ford’s theorem. As the dimensions of the irreducible constituents of N divide
p, these are equal to 1. Then N is abelian. As the kernel of the reduction
modulo 7 is an r-group, N is solvable, which is a contradiction. So we have
(ii).

4.4. Corollary Suppose that K contains no odd root of 1, p > 2 and
M (p, R) is a Schur ring. Then either M(p, R) = RG where G is simple and
primitive or there exists a Galois extension L of K such that L : K = p and
L. /K, contains elements of relatively prime orders.

Remark The group A/Z(G) in 4.3 and L, /K in 4.4 contains no element
of order p, as K has no p-root of 1. (Indeed, if z € A\ Z(G) and y € G\ A
then zyz~ly~! is an element of order p in K. Similarly for 4.4.)

4.5. Proposition Suppose that there exists an extension L of K such
that L : K = p > 2 and L,/K, contains elements of relatively prime finite
orders. Then M (p, R) is a Schur ring.

Proof. As L : K = p is prime, KS = L for any subgroup S C L* such
that S ¢ K. Since L,/K, contains elements of relatively prime finite orders,
the hypothesis of Lemma 3.14 holds, so claim follows from 3.14.

4.6. Theorem [DZ]. Let p > 2 and let G be a primitive quasi-simple
finite irreducible subgroup of GL(p, C). Then one of the following holds:

(1) G= PSL(2,p);

(2) G = PSL(2,q), where g > 3 is such that p = (¢ — 1)/2 with ¢ prime
or 3-power, or p = (¢ + 1)/2;

(3) G = PSL(2,q) where ¢ is such that p =¢ — 1;

(4) G = PSp(2l,q) where q is such that p = (¢ +1)/2, | > 1;
(5) G = PSp(21,3) where [ is such that p = (3" — 1)/2;

(6) G = PSU(l,q) where g, are such that p = (¢ +1)/(¢ + 1);
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p=11,G= M12;

)
) =23, G= M24, 002, 003.

4.7. Lemma [TZ] Every complex irreducible representation of the group
Sp(2n,q), n > 1, ¢ odd, of degree (¢" £ 1)/2, and of the group SU(n,q), n

odd, of degree (¢" +1)/(q + 1) is realized via a Weil representation.

4.8. Proposition Let G be as in Theorem 4.6. Then G is globally
irreducible exactly in the following cases:

(1) p=3, G = 3- Alt(6), the 3-fold cover of the alternating group;
(2) G = PSL(2,q) with p= (¢ — 1)/2 and ¢ being an odd prime;
(3) G = PSp(21,3) with p = (3" — 1)/2 where [ > 1 is an odd prime.

Proof. In view of Lemma 4.7 every irreducible representation of Sp(2l, q)
or SU(l, q) in 4.6 is a Weil representation. Let ¢ = r® where r is a prime. The
fact that for r odd the Weil representation of Sp(2l,r) of degree (r! —1)/2
is irreducible under reduction modulo r is proved in [SZ], for primes other
than 7 this is shown in [Ward]. The Weil representations of SU(l,q), as
well as of Sp(2l,q) for ¢ # r, are reducible modulo r, see [Z] where the
composition factors of the Weil representations under reduction modulo r
are determined. The Weil representations of Sp(2l,7) of degree (r™ + 1)/2
are reducible modulo 2, see [Ward]. For the groups PSL(2, ¢) the proposition
follows by inspection of the decomposition matrices given in [Sr] for the prime
r, and in [Burk] for other primes. For G = A,,; it is well known that the
irreducible representation of G of degree p is reducible modulo p. For other
groups in 4.6 one can inspect [MAT].

Proof of Theorem 1.7 If GG is quasi-simple, then the claim follows from
4.8. Suppose that G is not quasi-simple. Let H be a minimal non-central
normal subgroup of G. By 4.1 H is irreducible. Hence H is not abelian.
Moreover, H is globally irreducible. (Otherwise, there is a prime r such that
H = H(modr)) is reducible, while G = G(modr) remains irreducible. By
Clifford’s theorem, H is completely reducible, so H is abelian as p is a prime.
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Hence X = ker(H — H) is non-scalar normal r-subgroup of G. As G is
primitive, X is non-abelian and irreducible (see 4.1). Then r = p > 2. This
contradicts Theorem 2.8.)

Thus, H is globally irreducible. Therefore, H belongs to the list given
in 4.8. Suppose that G # HZ(G). By [ATL] this is impossible in case
(1) of 4.8. In cases (2) and (3) every outer automorphism arrives from an
inner automorphism of PGL(2,q) and PGSp(2l,3), respectively. The latter
group is the central quotient of GSp(2l,3) which is defined as follows. If
o is an automorphism of GL(2[,3) whose fixed point subgroup is Sp(2l,3)
then GSp(21,3) = {x € GL(2[,3) : o(x) = xs} where s is a scalar matrix
depending on z. By [Ward] PGSp(2l, 3) can not be embedded into GL(p, C).
The same is true for PG'L(2, q) which has no complex representation of degree

(¢ —1)/2.
4.9. Lemma Let p > 2 be a prime, G C GL(p,C) a primitive quasi-
simple globally irreducible subgroup, and let T'r(G) denote the least subfield

of C containing the traces of all matrices of G. Then one of the following
holds:

(i) G = PSL(2,q) with ¢ prime, p = (¢ — 1)/2 and Tr(G) = Q(v/—q).

(i) G = PSp(21,3), p= (3" —1)/2 and Tr(G) = Q(v/-3);

(ili) G =2 3 - Alt(6) and Tr(G) = Q(vV—3).

Proof. The claim about G is contained in 4.8. Let y be the character
of G. For G = 3 - Alt(6) the values of x can be found in [ATL]. By 4.7 the
groups PSp(2l,3) and PSL(2,q) = PSp(2,q) are realized in 4.6 via a Weil
representation. By [Go] Tr(G) = Q(v/—3) for G = PSp(2l,3). It is well
known that Tr(G) = Q(y/—q) for the representations of G = PSL(2,q) of
degree (¢ —1)/2.

Remark. The ring of integers of Q(v/—3) coincides with Z[(—1++/—3)/2]
Z|w] where w is a primitive 3-root of 1.

Proof of Theorem 1.8 The "if” part. If (i) or (ii) holds then M(p, R) is
a Schur ring by 3.10 and 4.5, respectively. Let (iii) hold. Set G = PSL(2,q)
where ¢ = 2p + 1. It well known that G has a complex irreducible represen-
tation of degree p. As p > 2, the Q-Schur index of G is 1. Hence G can be
realized over K =T7r(G) = Q(y/—q). Let R be the ring of integers of K. We
show that GG can be realized over R. Suppose not, then by 3.6 p divides v, the
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class ideal number of Q(y/—¢q). As p = (¢—1)/2 is prime, ¢ = 3(mod 4). Let a
(resp., b) be the number of quadratic residues (resp., non-quadratic residues)
modulo g between 1 and p. By [BS], see Theorem 4 in §4, Ch. 5, v = a — b,
if ¢ = 7(mod8), and v = (a — b)/3, if ¢ = 3(mod 8). It follows that the con-
dition above implies v = p = (¢ — 1)/2, whence ¢ = 7(mod8), b = 0, a = p.
This means that 1,...,p = (¢ — 1)/2 are quadratic residues modulo ¢. Then
p+1,...,q—1 are quadratic non-residues modulo g. Therefore, there exists a
natural number m such that m? < (¢+1)/2 and (m+1)? > ¢—1. This implies
that 2m? —1 < ¢ < m?+2m+2, whence m?> —2m—3 = (m—3)(m+1) < 0.
Hence m < 2, so ¢ < 10. Then ¢ = 7, however, in this case b = 1, contrary to
the above. It follows that (v,p) = 1 and G can be realized over the ring of
integers of Q(y/—¢). By 4.8 GG is globally irreducible. By 1.7 RG = M (n, R).

The “only if” part. Let M(p, R) be a Schur ring. Suppose that (i) does
not hold. By 4.4 either (ii) holds, or M(p, R) = RG for a primitive finite
simple subgroup G C GL(p, R). By Theorem 1.4 G is globally irreducible.
By 4.9 either (iii) holds, or R contains a primitive 3-root of 1 which case is
involved in (i).

Remark. The class ideal number of Q(y/—3) is equal to 1 (see [BS]) so
G = PSp(2l,3) can be realized over the ring of integers of Q([v/—3]). By 4.8
G is globally irreducible. By Theorem 1.7 RG = M (n, R). Observe that the
ring of integers of Q([v/—3]) is Z[(—14+/—3)/2]. It follows that the group ring
Z[(—1++/=3)/2]G where G = PSp(2l,3) has M((3'—1)/2, Z[(—1++/=3)/2]

as a quotient ring.
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