
1

1



Prime power degree representations of
quasi-simple groups
G. Malle and A. E. Zalesski��

October 26, 2007

1 Introduction
The problem of classi�cation of complex �nite linear groups of particulardegree attracts attention since the beginning of the century. In the 60s alarge contribution to the topic was made by R. Brauer, W. Feit and theirsuccessors. After the classi�cation of �nite simple groups and huge advancesin the character theory for groups of Lie type, this problem becomes muchmore accessible. The list of primitive �nite irreducible linear groups G ofprime degree was obtained in [6], see also [12, Corollary on page 420]. In [21]for quasi-simple groups G and primes p dividing jGj there were determinedall irreducible characters of degree � 2p. In this paper we list quasi-simpleirreducible linear groups G (with G=Z(G) not alternating) of degree pk forany k. In other words we list the characters whose degrees are divisible by asingle prime.We make heavy use of earlier computations of one of the authors [13]performed for a di�erent purpose. There are hints that the prime divisorstructure of degrees of irreducible representations of quasi-simple groups maybe useful in various situations and hence deserves further attention. See also[14], [15]. The result is also connected with the problem raised by W. Feit [8]on the existence of p-Steinberg characters for arbitrary �nite groups as thedegree of such a character is a p-power. For simple groups the problem ofFeit has been solved by Tiep [20] who also announced (without a proof) that�We thank the referee for a careful reading of the manuscript.
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for simple groups of Lie type G(q) with q > 8 for p being a non-describingcharacteristic only Weil characters can be of p-power degree. Abdukhalikov[1] observed that if G is a simple group of Lie type in characteristic p then theSteinberg representation is the only non-trivial one of p-power degree unlessthe Schur multiplier of G is divisible by p:The main result of the present paper is the following:
Theorem 1.1 Let G be a quasi-simple group such that S := G=Z(G) is notan alternating group An with n > 18, and � a faithful irreducible complexcharacter of G: Suppose that �(1) = pd where p is a prime. Then one of thefollowing holds:(1) G = S is a simple group of Lie type of characteristic p and � is theSteinberg character of G (so �(1) = jGjp);(2) S = L2(q) and �(1) 2 fq � 1g, or q is odd and �(1) 2 f(q � 1)=2g;(3) S = Ln(q), q > 2, n is an odd prime, (n; q � 1) = 1, �(1) = (qn �1)=(q � 1);(4) S = Un(q), n is an odd prime, (n; q+1) = 1, �(1) = (qn+1)=(q+1);(5) S = PSp2n(q); n > 1, q = rk with r an odd prime, kn is a 2-powerand �(1) = (qn + 1)=2;(6) S = PSp2n(3); n > 1 is a prime, �(1) = (3n � 1)=2;(7) G = Apd+1, �(1) = pd;

(8) G = 2 � An, �(1) = � 2(n�3)=2 if n is odd,2(n�2)=2 if n is even;(9) G = 2 � An where n = 2m+1 + 2 with m 2 N and �(1) = 2m+2m :(10) pd = 3, G = 3 � A6;(11) pd = 7, G = Sp6(2);(12) pd = 8, G 2 fA6; 41 � L3(4); 2 � Sp6(2); 2 � 
+8 (2)g;(13) pd = 9, G = 3 � A6;(14) pd = 11, G 2 fM11;M12g;(15) pd = 16, G 2 fM11;M12;L3(3)g;(16) pd = 23, G 2 fM24; Co2; Co3g;
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(17) pd = 27, G 2 fA9; Sp6(2); 3 � 
7(3); 3 �G2(3); 2F4(2)0g;(18) pd = 32, G 2 f2 �M12;U3(3) �= G2(2)0g;(19) pd = 64, G 2 f2 � Sp6(2); 2 � U4(2); 2 � SL4(2); 2 � L3(4); 4 � L3(4);2 � Sz(8); G2(3); 2 � J2g;(20) pd = 29, G = 2 � Sp6(2);(21) pd = 36, G 2 f3 � U4(3); 3 �G2(3)g;(22) pd = 212, G 2 f2 �G2(4); 2 � 
+8 (2)g;(23) pd = 213, G = 2 �Ru;(24) pd = 39, G = 3 � 
7(3);(25) pd = 215, G = 2 � U6(2);(26) pd = 224, G = 2 � F4(2);(27) pd = 236, G = 2 � 2E6(2):
Remarks. In (2) { (6) not each value for �(1) is a prime power. Forexample in case (2) this leads to the question of determining Fermat andMersenne primes. In all of the cases (2) { (6) it is explicitly known for whichcovering group G of S the character � is faithful.We have made use of the isomorphisms A6 �= L2(9), A8 �= SL4(2), U4(2) �=PSp4(3) to shorten the list.The case where G=Z(G) �= An seems to be non-obvious, although thedegrees of irreducible characters are known explicitly by the hook formula.We exclude this case from our analysis and content ourselves with statingthe following conjecture which has been checked by computer for n < 19.
Conjecture. Let G=Z(G) �= An with n > 8, and � 6= 1G an irreduciblecomplex character of G: Suppose that �(1) = pd where p is a prime. Thenone of the following holds:(1) G = Apd+1, �(1) = pd;
(2) G = 2 � An, �(1) = � 2(n�3)=2 if n is odd,2(n�2)=2 if n is even(� is the character of a so called basic representation of G);(3) G = 2 � An where n = 2m+1 + 2 with m 2 N and �(1) = 2m+2m :After the completion of this manuscript the case G = An of the precedingconjecture has been settled by Bessenrodt, Balog, Olsson and Ono [2].
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2 The groups of Lie type
We �rst give an outline of the argument. Generically, the covering groupsof simple groups of Lie type are the groups of �xed points of simple simply-connected algebraic groups over the algebraic closure of a �nite �eld undera Frobenius morphism. As such, their ordinary characters were classi�edby G. Lusztig. In particular, the degrees of all irreducible characters areknown; they are products of cyclotomic polynomials. Using this informationwe are going to show that most character degrees are divisible by at leasttwo Zsigmondy primes and hence cannot equal the power of a prime. Thispart of the argument closely follows [13]. The remaining characters eitherprovide examples or can be ruled out by ad hoc arguments.We are then left to consider the groups of Lie type with exceptionalcovering group, as well as those groups which do not have two di�erentZsigmondy primes.We �rst collect some well-known lemmas.
Lemma 2.1 (Zsigmondy's theorem) Let q be a prime power. For eachn 2 N there is a prime l such that l divides qn�1 and does not divide qm�1for m < n, except when q = 2; n = 6 or n = 2, q is a 2-power.

Such an l is called a Zsigmondy prime; the smallest Zsigmondy prime for�xed n and q will be denoted by ln(q). (A new proof of Zsigmondy's theoremand some related results can be found in [16].)
Lemma 2.2 [11, Ch. IX, Lemma 2.7] Let q be a prime power such thatq + 1 = 2s for some s 2 N. Then q is a prime.

Let G be an algebraic group over the algebraic closure of a �nite �eld.Then there exists an order polynomial jGj(x) = xk�m�m(x)rm , with k; rm 2
N, such that, whenever F is a Frobenius morphism de�ning a rational struc-ture over Fq then jGF j = jGj(q) (see for example [3], [10]). Here, �m(x) is them-th cyclotomic polynomial. We will need the following criterion for cyclicSylow subgroups.
Lemma 2.3 Let G = G(q) be a group of Lie type other than 2B2(q2), 2G2(q2),2F4(q2), with order polynomial jGj(x) = xk�m�m(x)rm. Let m with rm = 1and let l be a prime dividing �m(q) and not dividing any �n(q) for any n 6= mwith rn 6= 0. Then the Sylow l-subgroups of G(q) are cyclic.
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This is shown, for example, in [10], x10.Remark. The lemma above is true for 2B2(q2), 2G2(q2), 2F4(q2) as well ifq is understood as in [10], but we will not need this assertion.
2.1 The classical groups

We start with the classical groups of Lie type.We denote by L the set consisting of the covering groups of the followingsimple groups:L2(q), L3(q), L4(2), L6(2), L7(2), U3(q), U4(2), U4(3), U6(2),PSp4(q), Sp4(2)0, Sp6(2), Sp8(2), 
7(3), 
+8 (2), 
�8 (2) . G2(3); G2(4):
Lemma 2.4 Theorem 1:1 is true for the groups in the list L.

Proof. One only needs to check the character tables of these groups whichare available in the explicit form, see [17], [18], [7], [4].
The following table is taken from Table 3.5 in [13]. For each group ofclassical Lie type it speci�es two (conjugacy classes of) maximal tori T1; T2by giving their orders (which determines them uniquely), and two Zsigmondyprimes l1; l2 such that li divides jTij. Note that, the groups from L beingexcluded, both Zsigmondy primes exist in all cases by Lemma 2.1.

TABLE 1: Two tori for classical groups(The groups from L are excluded)
G jT1j jT2j l1 l2An(q); n > 2 (qn+1 � 1)=(q � 1) qn � 1 ln+1(q) ln(q)2An(q), n � 0(mod 4) (qn+1 + 1)=(q + 1) qn � 1 l2n+2(q) ln(q)2An(q), n � 1(mod 4) (qn+1 � 1)=(q + 1) qn + 1 l(n+1)=2(q) l2n(q)2An(q), n � 2(mod 4) (qn+1 + 1)=(q + 1) qn � 1 l2n+2(q) ln=2(q)2An(q), n � 3(mod 4) (qn+1 � 1)=(q + 1) qn + 1 ln+1(q) l2n(q)Bn; Cn, n odd qn + 1 qn � 1 l2n(q) ln(q)Bn; Cn, n even qn + 1 (qn�1 + 1)(q + 1) l2n(q) l2n�2(q)Dn, n odd (qn�1 + 1)(q + 1) qn � 1 l2n�2(q) ln(q)Dn, n even (qn�1 + 1)(q + 1) (qn�1 � 1)(q � 1) l2n�2(q) ln�1(q)2Dn qn + 1 (qn�1 + 1)(q � 1) l2n(q) l2n�2(q)
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Lemma 2.5 Let G = G(q) 62 L be a quasi-simple group of classical Lietype, and let li, Ti be the primes and tori given by Table 1. Then the Sylowli-subgroups of G are cyclic and conjugate to a subgroup of Ti.
Proof. The order polynomials jGj(x) for the classical groups are explicitlygiven in [3] or [10], for example. From the property of being Zsigmondyprimes and the formulae for jGj(x) it is easy to check that li divides exactlyone of the cyclotomic polynomials �m appearing in jGj(x), and that rm = 1for this one. We conclude with Lemma 2.3 that the Sylow li-subgroups arecyclic. They must even be conjugate to a subgroup of Ti since �m(q), whichdivides jTij, is the only factor in the generic order of G divisible by l.

Corollary 2.6 Let G = G(q) 62 L be a quasi-simple group of classical Lietype. Let l1; l2; T1; T2 be the primes and the tori given by Table 1. Let � 6= 1Gbe a complex irreducible character of G: Suppose that �(1) 2 fla1 ; la2ga2N: Then�(1) � maxfjT1j; jT2jg.
Proof. By Lemma 2.5 the torus Ti contains a Sylow li-subgroup of G.Since the degree of any complex irreducible character divides jGj the assertionfollows.

Lemma 2.7 Let G = G(q) 62 L be a quasi-simple group of classical Lietype, and let Ti be the tori given by Table 1. Let 1G 6= � 2 Irr(G) with�(1) � max(jT1j; jT2j). Then one of the following holds:(1) G = SLn(q), n > 2, �(1) 2 f(qn�1)=(q�1) (q 6= 2); (qn�q)=(q�1)g;
(2) G = SUn(q), n > 2, �(1) 2 f(qn�(�1)n)=(q+1); (qn+q(�1)n)=(q+1)g;
(3) G = Sp2n(q), n > 2, q odd, �(1) = (qn � 1)=2;If, moreover, �(1) is a prime power then in (1) �(1) = (qn � 1)=(q � 1),q 6= 2 and n is a prime, in (2) �(1) = (qn + 1)=(q + 1) and n is a prime; in(3) �(1) = (qn+1)=2, q = rk and nk is a 2-power, or �(1) = (3n� 1)=2 withprime n.
Proof: The �rst claim follows from the results in [21]. The second one iselementary. For example, in case (3), if �(1) = (qn�1)=2 then the numeratoris equal to (q � 1)(qn�1 + : : : + q + 1). The second factor, but not the �rst,
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is divisible by the Zsigmondy prime ln(q). It follows that �(1) cannot be aprime power unless q = 3.We now treat the remaining characters. See Carter's book [3] for theclassi�cation of unipotent characters and the notion of symbols.
Lemma 2.8 [13] Let G = G(q) 62 L be a simply connected group of classicalLie type of rank > 2, and let l1; l2 be the primes from Table 1. Let � 6= 1G bean irreducible complex character of G. Suppose that (�(1); l1l2) = 1. Then �is either the Steinberg character of G (of degree jGjp) or one of the followingholds:(1) G is of type Bn or Cn, � is unipotent and is determined by the symbol

� 0 1 n�
� or � 0 1 : : : n� 2 n� 1 n1 : : : n� 2

� :
(2) G is of type Dn, � is unipotent and is determined by the symbol�n� 11

� or � 0 2 : : : n� 3 n� 1 n1 3 : : : n� 2 n� 1
� :

(3) G is of type Cn(q) with q odd, and
�(1) = (qn � 1)=2 or �(1) = qn(n�2)=4(qn � 1)=2:

The proof was already given as part of the argument in [13], see sections3B{3G there. It uses Lusztig's parametrization of irreducible characters of Gin terms of the Jordan decomposition and explicit formulae for the degreesof unipotent characters.
Proof of Theorem 1.1 for groups of classical Lie type: We mayassume that G =2 L since the groups in L were treated in Lemma 2.4. Supposethat � 2 Irr(G) is not the Steinberg character of G and �(1) > 1.Let l1; l2 be the primes given by Table 1 for G = G(q). Then the Sylowli-subgroups of G are cyclic (Lemma 2.5). Clearly we may suppose for ourpurpose that �(1) is divisible by at most one of l1, l2. Suppose �rst that�(1) is divisible by li with i 2 f1; 2g. By Corollary 2.6 we have �(1) �maxfjT1j; jT2jg, with T1; T2 as in Table 1. But then by Lemma 2.7 it followsthat for this case Theorem 1.1 is true.Next, suppose that (�(1); l1l2) = 1. By Lemma 2.8 either � is the Stein-berg character of G or one of the characters indicated in (1), (2) or (3). Note
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that in all three cases, the second character given is the Alvis-Curtis dual ofthe �rst, thus its degree is a positive power of q times the degree of the �rst.It hence su�ces to rule out that the �rst possibility in each of (1), (2) and(3) gives an example.In case (3) of Lemma 2.8 the �rst possibility was already considered inLemma 2.7 and we arrive at case (6) of Theorem 1.1. Thus we are left withthe unipotent characters in cases (1) and (2) of Lemma 2.8. By [3], 13.8,the degree of the unipotent character of G = Bn(q) or G = Cn(q) labeledby the symbol � 0 1 n�
� is equal to (qn � 1)(qn � q)=2(q + 1) which isnot a prime power since n � 3, and n � 5 if q = 2. The degree of theunipotent character of G = Dn(q) labelled by the symbol �n� 11

� is equal
to q(qn � 1)(qn�2 + 1)=(q2 � 1) which is not a prime power either. Thiscompletes the proof of Theorem 1.1 for classical groups.
2.2 The exceptional groups

Now we turn to the exceptional groups where we �rst consider the Suzukiand Ree groups.
Lemma 2.9 Theorem 1:1 is true for the groups 2B2(q2), 2G2(q2), 2F4(q2)0.

Proof. The character table of the universal covering group of 2B2(8) iscontained in [4], as well as the one for 2F4(2)0. For the remaining groupsthe list of character degrees can be found in [19], [22] and [9]. It is an easyexercise to go through the lists and check that no case arises. Note that2G2(3) is not simple, with derived group L2(8).Let us next get rid of exceptional covering groups.
Lemma 2.10 Theorem 1:1 is true for the groups 3�G2(3), 2�G2(4), 2�F4(2),2 � 2E6(2) and for the faithful characters of 6 � 2E6(2).

Proof. The character tables of all but the last group are contained in [4],so the assertion can be veri�ed. All faithful characters of the sixfold cover of2E6(2) have degree divisible by 6.We can now turn to the generic situation. Here again we �rst choosesome tori.
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TABLE 2: Tori for exceptional groups
G jT1j jT2j jT3jG2 �6 �33D4 �12F4 �12 �8E6 �12�3 �9 �8�2�12E6 �18 �12�6 �8�2�1E7 �18�2 �14�2 �12�3�1E8 �30 �24 �20We are now able to reduce to the case of unipotent characters.

Lemma 2.11 Let G(q) be a simply connected exceptional group of type G2(q)(q � 5), 3D4(q), F4(q) (q 6= 2), E6(q), 2E6(q), E7(q) or E8(q), and � 2 Irr(G)of prime power degree, �(1) > 1. Then � is a unipotent character of G.
Proof. In each case, for each of the tori Ti listed in Table 2, there existsa Zsigmondy prime li. From the explicit order polynomials (see for example[3]) it is easy to check that li divides just one of the factors �m(q), andthat the relevant cyclotomic polynomial �m(x) occurs just once in jGj(x). Inparticular by Lemma 2.3 the Sylow li-subgroups of G(q) are cyclic. If �(1)is a power of li then �(1) � �m(q). This contradicts the lower bounds forcharacter degrees in [12]. Hence �(1) is prime to all the li. It was shown in[13], x4, using Lusztig's Jordan decomposition of characters, that this impliesthat either � is unipotent or G =3 D4(q) and �(1) = (q6 � 1)2. The latterdegree is certainly not a prime power.The following is easily checked from [3, x13].

Lemma 2.12 Let G be a Chevalley group of exceptional Lie type. Let 1G 6=� 2 Irr(G) be a unipotent character of G. Then �(1) is a multiple of q(respectively of q2 in the case of the Suzuki and Ree groups) except for thefollowing cases:G = G2(q) with q = 2 (4 characters) or q = 3 (6 characters);G = F4(q) with q = 2 (4 characters);G = 2B2(q2) with q2 = 2 (2 characters);G = 2G2(q2) with q2 = 3 (4 characters);G = 2F4(q2) with q2 = 2 (10 characters):All these characters are not of prime power degree except when G = G2(3)and �(1) = 64.
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(Note that among the exceptions only G2(3) and F4(2) are simple groups.)Proof of Theorem 1.1 for exceptional groups. Suppose that G is agroup of exceptional Lie type. By Lemma 2.9 we can assume that G is not aSuzuki- or Ree-group, and Lemma 2.10 shows that we need not worry aboutthe exceptional Schur multipliers. So G is one of groups in 2.11 and thus � isa unipotent character. The degrees of unipotent characters are of the shapeqid where i � 0 and d is a product of at least two factors of shape �m(q), see[3]. In particular, (q; d) = 1 so i = 0. This case is dealt with in Lemma 2.12.
3 The sporadic groups
The complex character tables of the covering groups of all sporadic simplegroups are known and can be found in the Atlas [4]. Thus the veri�cation ofTheorem 1.1 is a routine check.
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