
Minimal polynomials of elements of order pin p-modular proje
tive representationsof alternating groupsA.S. Klesh
hev and A.E. ZalesskiFebruary 26, 2003Abstra
t. Let F be an algebrai
ally 
losed �eld of 
hara
teristi
 p > 0 and G be aquasi-simple group with G=Z(G) �= An. We des
ribe the minimal polynomials of elementsof order p in irredu
ible representations of G over F . If p = 2 we determine the minimalpolynomials of elements of order 4 in 2-modular irredu
ible representations of An, Sn,3 �A6, 3 � S6, 3 � A7, and 3 � S7.1 Introdu
tionThroughout the paper, F is an algebrai
ally 
losed �eld of 
hara
teristi
 p > 0 and allrepresentations are F -representations unless otherwise stated. Let An and Sn denote thealternating and symmetri
 groups on n letters. We always assume that n � 5. Let G bea quasi-simple group with G=Z(G) �= An, and� : G! Anbe the natural proje
tion. Thus G is one of the following groups: An, ~An := 2 �An, k �A6,or k � A7 for k = 3; 6.Our goal is to determine the minimal polynomials of the elements g 2 G of order p inthe irredu
ible representations of G. Minimal polynomials of su
h elements are always ofthe form (x� 1)d for some d � p, and we determine all 
on�gurations where d < p.Theorem 1.1 Let G be a quasi-simple group with G=Z(G) �= An, g 2 G n Z(G) be anelement of order p, and � be a faithful irredu
ible representation of G over F . Then thedegree d of the minimal polynomial of �(g) is less than p if and only if one of the followinghappens:(i) �(g) is a produ
t of two 3-
y
les, G = ~A6, p = 3, and � is a basi
 spin representationof dimension 2. 1



(ii) �(g) is a p-
y
le and one of the following holds:(a) G = Ap, and � is the `natural' representation of dimension p� 2;(b) G = ~An, p = 3 or 5, and � is a basi
 spin representation;(
) G = 3 �A7 or 6 �A7, p = 7, and dim� = 6;(d) G = ~A7, p = 7, and dim� = 4;(e) G = ~A5, p = 5; and dim� = 4;(f) G = 3 �A6 or 3 �A7, p = 5; and dim� = 3.Moreover, d = p� 1 in the 
ase (ii)(b) above, and d = dim� in the remaining ex
eptional
ases.In parti
ular, we see that there are two `reasons' for the minimal polynomial of anelement of order p to have degree less than p in an irredu
ible representation of G. Oneis trivial|the dimension of our representation might be less than p. The other is lessobvious|p = 3 or 5 and the representation is a basi
 spin representation (these represen-tations are known to be a sour
e of many 
ounterexamples and are pretty well-understood).We note that the degrees of the basi
 representations of ~An in prime 
hara
teristi
 maydi�er from those in zero 
hara
tristi
, see Lemma 2.5 below.In the proofs we only have to deal with the 
ase p > 3, as the 
ase p = 3 of Theorem 1.1has re
ently been settled by Chermak [3℄.Obviously, the 
ase p = 2 is trivial for elements of order 2. However, a version of thequestion for g 2 G of order 4 is of essential interest. Of 
ourse, when p = 2 we do not needto deal with two-fold 
overings. However, the 
ase G = Sn does not automati
ally redu
eto An as g may not belong to An. So we 
onsider Sn as well.Theorem 1.2 Let p = 2, n � 5, G 2 fAn; Sn; 3 � A6; 3 � S6; 3 � A7; 3 � S7g, g 2 G be anelement of order 4, and � be a faithful irredu
ible representation of G over F . Then thedegree d of the minimal polynomial of �(g) is less than 4 if and only if d = 3 and one ofthe following happens:(a) g is of 
y
le type (4; 2), and either G �= 3 � A6, dim� = 3 or G �= 3 � S6, dim� = 6;(b) G �= A8 �= SL(4; 2), g is of 
y
le type (4; 4), and � is either the natural representationof SL(4; 2), or its dual, or its exterior square.(
) G �= S8, g is of 
y
le type (4; 4), and dim� = 8 or 6.
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2 PreliminariesIf M is a matrix, we denote by degM the degree of the minimal polynomial of M and byJordM the Jordan normal form of M (de�ned up to the ordering of Jordan blo
ks). TheJordan blo
k of size k with eigenvalue 1 is denoted by Jk. The symbol diag(a1; : : : ;ak)denotes the blo
k-diagonal matrix with square matri
es a1; : : : ;ak along the diagonal.If G is any group, we denote by 1G the trivial FG-module (or the 
orrespondingrepresentation). If M is an FG-module (resp. � : G! GL(M) is a representation of G),and H < G is a subgroup, then M jH (resp. �jH) stands for the restri
tion of M (resp.�) to H.We re
ord the following obvious fa
t.Lemma 2.1 Let G be a �nite group and g 2 G. If � and � are representations of G su
hthat � is a subfa
tor of � then deg �(g) � deg �(g).Let m < n. Throughout the paper we will often 
onsider Sm as a subgroup of Sn,~Am as a subgroup of ~An, et
. Unless otherwise stated, the embeddings are assumed to benatural, i.e. the subgroup a
ts on the �rst m letters.Now, letG = An or Sn. We will refer to the non-trivial 
omposition fa
tor of the naturaln-dimensional permutation FG-module as the natural irredu
ible module and denote it byEn. Denote by "n the 
orresponding representation. We have dim "n = n � 2 if pjn anddim "n = n� 1 otherwise.Lemma 2.2 Let G = Sn or An and g 2 G be an element of order p. Then the degree dof the minimal polynomial of "n(g) is p, unless n = p, in whi
h 
ase d = p� 2.Proof. An easy expli
it 
al
ulation (see e.g. [8, Lemmas 2.1,2.2℄).Let 1�Sn be the sign module over FSn, and set E�n = En 
 1�Sn . De�neEn := f1Sn ; 1�Sn ; En; E�n g:If � is a p-regular partition, D� denotes the irredu
ible FSn-module 
orresponding to �,see [6℄ . The following is a useful indu
tive 
hara
terization of the FSn-modules from En.Proposition 2.3 Let n � 6 and D be an irredu
ible FSn-module. Suppose that all 
om-position fa
tors of the restri
tion DjSn�1 belong to En�1: Then D 2 En, unless n = 6; p = 3and D 2 fD(4;2);D(22;12)g, or n = 6; p = 5 and D 2 fD(4;12);D(3;13)g.Proof. By tensoring with 1�Sn if ne
essary, we may assume that 1Sn�1 or En�1 o

ursin the so
le of DjSn�1. Then it follows from [7, Theorem 0.5℄ that either D 2 Enor D 2 fD(n�2;2);D(n�2;12)g. However, by [7, Theorem 0.4(ii)℄, D(n�2;2)jSn�1 
ontainsD(n�3;2) as a 
omposition fa
tor, and D(n�3;2) 62 En�1 unless n = 6 and p = 3. Similarly,D(n�2;12)jSn�1 
ontains D(n�3;12) as a 
omposition fa
tor and D(n�3;12) 62 En�1 unlessn = 6 and p = 5. 3



Corollary 2.4 Let n � 7, and V be an irredu
ible FAn-module su
h that all 
ompositionfa
tors of the restri
tion V jAn�1 belong to f1An�1 ; En�1g. Then V 2 f1An ; Eng.Proof. Follows from Cli�ord theory and Proposition 2.3Let ~Sn denote a (non-trivial) two-fold 
entral 
over of Sn. Of 
ourse, ~An is a subgroupin ~Sn of index 2. The group ~Sn has (one or two) remarkable 
omplex representations
alled basi
 (spin) representations. These 
an be 
hara
terized as its faithful 
omplexrepresentations of minimal degree and 
onstru
ted using Cli�ord algebras. A basi
 spinrepresentation 
an also be de�ned as an irredu
ible representation of ~Sn whose 
hara
teris labelled by the partition (n) in the S
hur's parametrization of irredu
ible 
hara
ters.The degree of a basi
 representation of ~Sn is 2(n�1)=2 if n is odd, and 2(n�2)=2 if n is even.On restri
tion to ~An, basi
 representations remain irredu
ible if n is even and split as adire
t sum of two non-equivalent irredu
ibles if n is odd. In both 
ases the 
orresponding
omplex representations of ~An are also 
alled basi
.Finally, for both ~Sn and ~An, every irredu
ible 
onstituent of Brauer redu
tion of abasi
 representation modulo p is 
alled a (modular) basi
 representation. Dimensions ofmodular basi
 representations of ~Sn have been determined by Wales [11℄. For p > 2,these are the same as for 
omplex representations, unless p divides n, in whi
h 
ase theyare twi
e as small. Moreover, in [11, Table III℄, Wales provides a 
omplete information
on
erning tensoring basi
 modular representations with sign, from whi
h the dimensionsof basi
 modular representations of ~An also follow, at least for p > 2. If p = 2 one 
an useBenson [1℄. To summarize, we have:Lemma 2.5 Let dn(p) be the dimension of a modular basi
 representation of ~An.(i) Let p > 2 and p6 jn. Then dn(p) = 2(n�3)=2 if n is odd, and 2(n�2)=2 if n is even.(ii) Let p > 2 and pjn. Then dn(p) = 2(n�3)=2 if n is odd, and 2(n�4)=2 if n is even.(iii) Let p = 2. Then dn(2) = 2(n�3)=2 if n is odd, 2(n�2)=2 if n � 2(mod 4), and 2(n�4)=2if n � 0(mod 4).We 
ite another result of Wales for future referen
e:Proposition 2.6 Let n > 5 and � be a faithful irredu
ible representation of ~An. Then �is basi
 if and only if all 
omposition fa
tors of �j ~An�1 are basi
.Proof. For ~Sn a similar result is 
ontained in the proof of [11, Theorem 8.1℄. Then Cli�ordtheory implies the result for ~An.Finally we re
ord a lemma of G. Higman whi
h is often used below.Lemma 2.7 [2, Ch. IX, Theorem 1.10℄ Let G � GL(n; F ) be a �nite subgroup with abeliannormal subgroup A of order 
oprime to p. Let g 2 G be an element of order pk su
h thatgpk�1 62 CG(A): Then deg g = pk. 4



3 Main ResultsThe following result of the se
ond author provides us with an indu
tion base for futurearguments:Lemma 3.1 [12, Lemma 2.12℄ Let n < 2p, G be a quasi-simple group with G=Z(G) �= An,g 2 G be an element with gp 2 Z(G). Suppose that � is a faithful irredu
ible representationof G su
h that deg �(g) < p. Then one of the following holds:(i) Z(G) = 1, n = p, and � = "n with dim� = p� 2;(ii) p = 3; G = ~A5, and dim� = 2;(iii) either p = 5, G �= ~A6, or p = 5; 7, G �= ~A7, and in the both 
ases dim� = 4;(iv) p = 5, G = ~A8 or ~A9, and dim� = 8;(v) p = 5; G = ~A5, and dim� = 2;(vi) p = 5; G = ~A5, and dim� = 4;(vii) p = 5; G = 3 � A6 or 3 �A7, and dim� = 3;(viii) p = 7; G = 3 � A7 or 6 �A7, and dim� = 6.Moreover, in all the 
ases above, ex
ept (iv), the Jordan normal form of �(g) has a singleblo
k, and in 
ase (iv) it has two blo
ks of size 4.Remark. The representations � appearing in (ii)-(v) are basi
.Lemma 3.2 Let G = An or ~An, with n � 2p > 6, and g 2 G be an element of order p.If p = 5, suppose additionally that �(g) is a 5-
y
le. If p = 7 suppose additionally thateither G = An or �(g) is a 7-
y
le. If � is a faithful irredu
ible representation of G withdeg �(g) < p, then p = 5, G = ~An, and � is basi
.Proof. We may assume that �(g) is a produ
t of 
y
les of the form:�(g) = (1; 2; : : : ; p)(p+ 1; : : : ; 2p) � � � :Re
all that for m < n, Am is assumed to be embedded into An as a
ting on the �rst mletters, unless otherwise stated. De�ne a subgroupH of G by requiring that (1) H � Z(G);(2) �(H) �= A7 if p = 5; �(H) �= A8 if p = 7 and G = ~An; �(H) �= Ap otherwise.Set X = hg;Hi. Then we have H �= X=Op(X) and g = hg1, where h = (1; 2; : : : ; p) 2 Hand g1 2 Op(X). Let � be a non-trivial 
omposition fa
tor of �jX. Then �(Op(X)) = Id,so we 
an also 
onsider � as a representation of H. We have �(g) = �(h). In view ofLemma 2.1, deg �(g) < p. 5



If Z(G) = f1g then Z(H) = f1g, and so � = "n, thanks to Lemma 3.1. By indu
tionon n it follows from Corollary 2.4 that � = "n: The result now follows from Lemma 2.2.Finally, let jZ(G)j = 2. By Lemma 3.1, p = 5 and � is basi
. So Proposition 2.6 impliesthat � is basi
.Lemma 3.3 Let G = ~An or An, and g 2 G be an element of order p > 3 su
h that �(g)has k non-trivial 
y
les. If deg�(g) < p for some faithful irredu
ible representation � ofG then k < 3.Proof. Suppose k � 3. We may assume that�(g) = (1; 2; : : : ; p)(p+ 1; p+ 2; : : : ; 2p)(2p + 1; 2p+ 2; : : : ; 3p) : : : :Let A be the elementary abelian 3-subgroup of An of order 3p generated by the 
ommuting3-
y
les (j; p + j; 2p + j) for 1 � j � p. If G = ~An, let B = ��1(A). If G = An, takeB = A. In both 
ases B is abelian of order prime to p, and g 2 NG(B) n CG(B). Now weapply Lemma 2.7.Lemma 3.4 Let G = ~An or An, and g 2 G be an element of order p = 5 or 7. Ifdeg �(g) < p for some faithful irredu
ible representation � of G, then �(g) is a p-
y
le.Proof. In view of Lemma 3.3, we may assume that�(g) = (1; 2; : : : ; p)(p+ 1; p+ 2; : : : ; 2p):Set hij = (i; i+ p)(j; j + p) 2 An for 1 � i < j � p. The subgroup H generated by the hijis abelian of order 2p�1. If G = An, we may apply Lemma 2.7, as g 2 NG(H) n CG(H).Now, let G = ~An.Assume �rst that p = 7. Observe that H 
an be 
onsidered as an F2h�(g)i-module via
onjugation, and h�(g)i is a 
y
li
 group of order p. Then the dimension of H over F2 is6, hen
e h�(g)i has an irredu
ible 
onstituent M on H of dimension 3. In other words,�(g) normalizes M , and [�(g);M ℄ 6= 1. Let L = ��1(M). Then jLj = 16, hen
e it is notextraspe
ial. Now it is easy to dedu
e, using 
onjugation with g, that L is abelian. Asg 2 NG(L) n CG(L), the result follows from Lemma 2.7.Finally, let p = 5. Then g is 
ontained in a group X isomorphi
 to the 
entral produ
tof two 
opies of ~A5. Let � be an irredu
ible 
onstituent of the restri
tion � to X. Then� = �1 
 �2 where �1 and �2 are faithful representations of the respe
tive 
opies of ~A5.In view of Lemma 3.1 and [5, Chapter VIII, Theorem 2.7℄, deg �(g) < 5 only if dim �1 =dim �2 = 2: This means that every irredu
ible 
onstituent of the restri
tion of � to thenaturally embedded ~A5 is basi
. By Proposition 2.6, � is basi
. Then deg �(g) = 5 by [8,Lemma 3.12℄. 6



Proof of Theorem 1.1. For p = 3, see Chermak [3℄, and for n < 2p, see Lemma 3.1.Let p > 3 and n � 2p. Then the `only-if' part follows from Lemmas 3.2{3.4. For the `if'part it remains to show that d := deg�(g) = 4 for � basi
 spin, p = 5, and �(g) a 5-
y
le.Restri
ting to a natural subgroup ~A7 
ontaining g and using Lemma 3.1, we see that d � 4.On the other hand, for 
omplex representations of ~An a theorem similar to Theorem 1.1has been proved in [13℄. In parti
ular, if g 2 ~An is a 5-
y
le then deg �(g) = 4 for 
omplexbasi
 spin representations �. As � is a 
onstituent of a redu
tion of � modulo 5, we haved � 4. 2Now we prove Theorem 1.2. The result is 
ontained in Lemmas 3.5{3.11.Lemma 3.5 Theorem 1:2 is true for n = 5.Proof. As A5 has no elements of order 4 we may assume that G = S5. Then G hastwo non-trivial irredu
ible representations, both of dimension 4, see [6, Tables℄. One ofthem is "5, for whi
h "5 � 1S5 = �, where � is the natural permutation representation ofdimension 5. Clearly, Jord�(g) = diag(J4; J1), so Jord "n(g) = J4. Another irredu
iblerepresentation of G 
orresponds to the partition (3; 2), and so it is redu
ible on A5, thanksto [1℄ or [9℄. Therefore Jord�(g2) = diag(J2; J2) when
e Jord�(g) = J4:Lemma 3.6 Let n � 5, G 2 fAn; Sn; 3�A6; 3�S6; 3�A7; 3�S7g, and g 2 G be an elementof order 4 �xing at least one point of the natural permutation set. Then deg �(g) = 4 forany faithful irredu
ible representation � of G.Proof. We may assume that g transitively permutes 1; 2; 3; 4 and �xes 5. Let H :=Altf1; 2; 3; 4; 5g, and Ĥ be the preimage of H in G. Set X := hg; Ĥi. As H 
ontainsno element of order 4, the restri
tion homomorphism h : X ! Symf1; 2; 3; 4; 5g �= S5 issurje
tive. Let K = kerh. Clearly, K is 
entral in X. As S5 has no non-split 
entralextension with 
enter of order 3, we have X �= Z(G)�Y for some subgroup Y with g 2 Y .Let � be a 
omposition fa
tor of �jY with dim � > 1. Then �(Y ) �= S5. By Lemma 3.5,deg �(g) = 4, hen
e deg �(g) = 4 in view of Lemma 2.1.Lemma 3.7 Theorem 1:2 is true for G = A6 and S6.Proof. For g 2 S6 n A6 this follows from Lemma 3.6. So we may assume that G = A6.We use [9℄. Irredu
ible FG-modules of dimension 8 are proje
tive. So the Jordan formof g on ea
h of these modules is diag(J4; J4). Other non-trivial irredu
ible FG-modulesare of dimension 4. As A6 � S6 �= Sp(4; 2), one of them is the natural Sp(4; 2)-moduleV restri
ted to A6: As the Jordan form of a unipotent element of Sp(4; 2) does not havea blo
k of size 3, the theorem is true for the natural representation. The se
ond FG-module of dimension 4 is obtained from V by twisting with the outer automorphism � ofS6 = Sp(4; 2). As A6 has only one 
onjuga
y 
lass of elements of order 4, �(g) is 
onjugateto g in A6, so Jord�(g) = Jord g. 7



Lemma 3.8 Let n � 6, G = An or Sn, and g 2 G be an element of order 4 having a2-
y
le in its 
y
le type. Then deg�(g) = 4 for any faithful irredu
ible representation � ofG.Proof. Clearly g normalizes a subgroup H �= A6 �xing n � 6 points su
h that g has a2- and 4-
y
le on the remaining 6 points. Then g = g1g2 where g1 2 H; g2 2 CG(H):Set X = hg;Hi = hg2;Hi, and let � be a non-trivial 
omposition fa
tor of �jX. AsX=O2(X) �= H, Lemma 3.7 gives deg �(g) = 4. So by Lemma 2.1, deg �(g) = 4:Lemma 3.9 Theorem 1:2 is true for n = 8.Proof. In view of Lemmas 3.8 and 3.6, we may assume that the 
y
le type of g is (4; 4) andG = A8 �= SL(4; 2). Note that the group A8 has 2 
onjuga
y 
lasses of elements of order4, 
orresponding to 
y
le types (4; 2) and (4; 4), and only the �rst one meets the subgroupA6. The group SL(4; 2) has 2 
onjuga
y 
lasses of elements of order 4, with Jordan formsJ4 and diag(J3; J1), and the se
ond one does not meet Sp(4; 2). As A6 �= Sp(4; 2)0, we
on
lude that the 
lass (4; 4) 
orresponds to the 
lass diag(J3; J1). So g belongs to theintermediate subgroup H �= SL(3; 2).Let � be an irredu
ible representation of H. Then � is a restri
tion of a rationalrepresentation of �H, the algebrai
 group of type A2. The irredu
ible representations of �Hare labelled by their highest weights a1!1 + a2!2, where a1; a2 are non-negative integersand !1; !2 are the fundamental weights. It is well known that � is a restri
tion of oneof the four irredu
ible representations of �H labelled by 0; !1; !2, or !1 + !2. The lastone 
orresponds to the Steinberg module, whose restri
tion to H is proje
tive, and so allJordan blo
ks of g are of size 4. Two other representations are the natural and its dual.So the Jordan form of g on both of them is diag(J3; J1). Finally, 
orresponding to the zerohighest weight we have the trivial representation.Now, let � = a1!1+a2!2+a3!3 be the highest weight of �. By a theorem of Smith [10℄(also proved independently by R. Dipper), the restri
tion �jH 
ontains a dire
t summand� with highest weight a1!1 + a2!2. By the previous paragraph, we may assume that atleast one of a1; a2 is zero. By duality, the same is true for a2; a3. So we are left with the
ases � 2 f!1; !2; !3; !1 + !3g. The last one is the adjoint representation of G. Clearly,its restri
tion to H 
ontains a 
omposition fa
tor isomorphi
 to the adjoint representationof H. As the last representation is proje
tive, it is a dire
t summand. Hen
e this 
ase isruled out. The 
ases � = !1; !3 are obvious. Finally, the module 
orresponding to � = !2is the exterior square of the natural module. So its restri
tion to H is a dire
t sum of thenatural and dual natural modules, hen
e the Jordan blo
ks of �(g) are of size 3.Lemma 3.10 Let G = An or Sn, and g 2 G be an element of order 4 
ontaining at leastthree 4-
y
les. Then deg �(g) = 4 for any faithful irredu
ible representation � of G.8



Proof. We may assume thatg = (1; 2; 3; 4)(5; 6; 7; 8)(9; 10; 11; 12) : : :Set hj := (j; j + 4; j + 8) for j = 1; 2; 3; 4, and H := hh1; h2; h3; h4i. Then H is an abelian3-group and g 2 NG(H). Moreover, g2 62 CG(H), so the result follows from Lemma 2.7.Lemma 3.11 Theorem 1:2 is true for G = 3 � A6 and 3 � A7.Proof. For G = 3 � A7 see Lemma 3.6. Let G = 3 � A6. Then dim� = 3 or 9, see [9℄.In the former 
ase deg �(g) = 3, as deg �(g) < 3 implies �(g)2 = 1, whi
h is false. Letdim� = 9. Observe that g2 normalizes a 
y
li
 group h
i of order 5. Set X := hg2; 
i.As g2
g�2 = 
�1 and the multipli
ity of every eigenvalue � 6= 1 of �(
) is 2 (see [9℄), itfollows that �jX has four 
omposition fa
tors of dimension 2 and one 
omposition fa
tor ofdimension 1. Therefore Jord g2 = diag(J2; J2; J2; J2; J1), when
e Jord g = diag(J4; J4; J1).Referen
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