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Is every set definable?
Is every set definable in some generic extension?

Hamkin’s question: Is every set X definable in some cardinal
preserving extension of the ground model?

What about X C w?
X={necw:2% =8, 1}.
X ={ncw:2%n =2Nent1},
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The beginning

Is every set definable?
Is every set definable in some generic extension?

Hamkin’s question: Is every set X definable in some cardinal
preserving extension of the ground model?

What about X C w?

X={ncw:2% =R, 4}.

@ X ={ncw:2%n =2Nent1},

@ Collapse cardinals

@ Cardinal exponentiation can not help

@ Use the spectrum of some cardinal invariant to code!
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(i) If CH holds then there is a c.c.c poset P such that
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Coding by MADness

@ a=min{|A|: A C [w]* is MAD}
@ spectrum(a)= {|A4|: A C [w]” is MAD}
o Let E Cw.
(i) If CH holds then there is a c.c.c poset P such that

VP l=“ne Eiff R,y € spectrum(a)”.

(ii) There is a c.c.c poset P such that

VP = “there is a definable cardinal  s. t.
n € E iff k™" € spectrum(a).
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@ Question: Let E, F C w. Is there a c.c.c poset P such that
VP =%“ne Eiff X, 4 € spectrum(a),
m e Fiff X, mi1 € spectrum(a)”.

@ No problem with {X{, N, ...} and {R,.12,N,13,...}
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Coding by MADness

@ Code more than one set!
@ Code just two sets! Under CH!

@ Question: Let E, F C w. Is there a c.c.c poset P such that
VP =%“ne Eiff X, 4 € spectrum(a),
m € Fiff X, m.q € spectrum(a)”.
@ No problem with {X{, N, ...} and {R,.12,N,13,...}
@ Special case: under (G)CH find c.c.c poset P s.t.
VP = {X,:1 < n<w} cspectrum(a) A R, 1 ¢ spectrum(a)

Theorem (Fuchino, ~)

There is a c.c.c poset P such that in VF for each X c w there is an
ordinal o such that X = {n € w : R,1, € spectrum(a)}.
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Spectrum of a cardinal invariant

@  cardinal invariant (e.g. a, b)

o X ={X:p(X)}

@ r=min{|X|: X € X} org =sup{|X|: X € X}
@ spectrum (z)= {|X|: X € X}

Characterize spectrum (r) for different cardinal invariants!
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Cofinality spectrum of groups

@ Sym(w) the group of all permutation of natural numbers
@ Define the cofinality spectrum of Sym(w) as follows:

@ )\ € CF(Sym(w)) iff Sym(w) is the union of an increasing chain of
A proper subgroups.
@ Shelah and Thomas: (1) if {r, : n < w} € [(Sym(w))]” increasing
then pcf({xn : n < w}) C CF(Sym(w))
(2) IF GCH holds and K C Reg s.t
e (i) K has maximal elements,
o (ii) if u is singular, sup(K N p) = pthen ut € K
o (iii) if u is inaccessible, sup(K N ) = pwthen p € K,
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Cofinality spectrum of groups

@ Sym(w) the group of all permutation of natural numbers
@ Define the cofinality spectrum of Sym(w) as follows:

@ )\ € CF(Sym(w)) iff Sym(w) is the union of an increasing chain of
A proper subgroups.

@ Shelah and Thomas: (1) if {r, : n < w} € [(Sym(w))]” increasing
then pcf({xn : n < w}) C CF(Sym(w))
(2) IF GCH holds and K C Reg s.t

e (i) K has maximal elements,
o (ii) if u is singular, sup(K N p) = pthen pt e K
o (iii) if u is inaccessible, sup(K N ) = pwthen p € K,

THEN CF(Sym(w)) = K in some c.c.c generic extension
@ Problem: Full characterization of CF(Sym(w))
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Additivity spectrum of ideals

@ 7 ideal
@ ADD(Z) : the additivity spectrum of Z.

@ x € ADD(Z) iff
there is an increasing chain {A, : « < k} C Z with Uy<,A, ¢ Z.

@ M meager ideal; NV null ideal

@ add(M) = min(ADD(M)), add(N') = min(ADD(N))

@ I3 the o-ideal generated by the compact subsets of the irrationals.
o (R\Q)~w”

@ AC R\ Qis compact iff Ais <-bounded in (w*, <).
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Additivity spectrum of ideals

@ 7 ideal
@ ADD(Z) : the additivity spectrum of Z.
@ x € ADD(Z) iff
there is an increasing chain {A, : « < k} C Z with Uy<,A, ¢ Z.
@ M meager ideal; NV null ideal
@ add(M) = min(ADD(M)), add(N') = min(ADD(N))
@ I3 the o-ideal generated by the compact subsets of the irrationals.
o (R\Q)~w”
@ AC R\ Qiscompactiff Ais <-bounded in (w*, <).
@ B={BCw¥:Bis <*-bounded in (w¥, <*)}
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Additivity spectrum of ideals

@ ADD(Z,A)={k € Reg :
Jincreasing {A, : o < k} CZ s.t. Uyp<rAa = A}
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Additivity spectrum of ideals

@ ADD(Z,A)={k € Reg :
Jincreasing {A, : o < k} CZ s.t. Uyp<rAa = A}
@ ADD(Z)= U{ADD(Z,A): AcIT}.

Assume thatZ c P(l) is a o-complete ideal, Y € T+, and
A C ADD(Z, YY) is countable. Then pcf(A) C ADD(Z, Y).
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

@ Forac Alet§,s={F2:a < a} CZincreasing Jga=Y.
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

@ Forac Alet§,s={F2:a < a} CZincreasing Jga=Y.
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

@ Forac Aletga={F2:a < a} CZincreasingJFa=Y.

@ Let k € pcf(A). Fix an ultrafilter Z/ on A such that cf([[A/U) =«
@ Let {g,: a <k} C]]Abe <y-increasing, <;-cofinal sequence.
@ Forge[JAletU(g)={xecl:{acA:x¢c Fiat eu}.
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

Forac Alet3,={F2:a < a} c Zincreasing|Jg.=Y.

Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
Let {g. : a < k} C ] Abe <y-increasing, <;-cofinal sequence.
Forge [[Alet U(g)={xecl:{acA:x¢c Fiat eu}.

(U(g.) : a < k) witnesses that « € ADD(Z, Y)
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

Forac Alet3,={F2:a < a} c Zincreasing|Jg.=Y.

Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
Let {g. : a < k} C ] Abe <y-increasing, <;-cofinal sequence.
Forge [[Alet U(g)={xecl:{acA:x¢c Fiat eu}.

(U(g.) : a < k) witnesses that « € ADD(Z, Y)

(1) U(g) e Zforeachg e []A
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

Forac Alet3,={F2:a < a} c Zincreasing|Jg.=Y.

Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
Let {g. : a < k} C ] Abe <y-increasing, <;-cofinal sequence.
Forge [[Alet U(g)={xecl:{acA:x¢c Fiat eu}.

(U(g.) : a < k) witnesses that « € ADD(Z, Y)

(1) U(g) e Zforeachg e []A

(2) If g1 <z g2 then U(g1) C U(g2).
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

Forac Aletg,={F2:a < a} c Tincreasing |JTa=Y

Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
Let {g. : a < k} C ] Abe <y-increasing, <;-cofinal sequence.
Forge [[Alet U(g)={xecl:{acA:x¢c Fiat eu}.

(U(g9a) : a < k) witnesses that x ¢ ADD(Z, Y)

) U(g) € Zforeachg e []A

) If 91 <z go then U(Q1) C U(g2).

)

U{U(9a) s o < 5} =

(1
(2
(3
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pcf(A) € ADD(Z, Y) for countable A ¢ ADD(Z, Y)

Forac Alet3,={F2:a < a} c Zincreasing|Jg.=Y.

Let x € pcf(A). Fix an ultrafilter ¢/ on A such that cf([[A/U) = &
Let {g. : a < k} C ] Abe <y-increasing, <;-cofinal sequence.
Forge [[Alet U(g)={xecl:{acA:x¢c Fiat eu}.

(U(g.) : a < k) witnesses that « € ADD(Z, Y)

(1) U(g) e Zforeachg e []A

(2) If g1 <7 g» then U(gy) C U(g0).

(3) U{U(9a) s v <k} =Y.

Does A C ADD(Z) imply pcf(A) c ADD(Z)?
What happens if |A| = w?
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The ideals B and N: restrictions
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The ideals B and N: restrictions

If A c ADD(N) is countable, then pcf(A) c ADD(N).
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The ideals B and N: restrictions

If A c ADD(N) is countable, then pcf(A) c ADD(N).

Problem: What about M?
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The ideals B and N: restrictions

If A c ADD(N) is countable, then pcf(A) c ADD(N).

Problem: What about M?

@ If k, € ADD(N, Yy) for n € w then
{kn:n<w}C ADD(N,Y) forsome Y e N,
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The ideals B and N: restrictions

If A c ADD(N) is countable, then pcf(A) c ADD(N).

Problem: What about M?
@ If k, € ADD(N, Yy) for n € w then
{kn:n<w}C ADD(N,Y) forsome Y e N,

@ Problem: Given k, € ADD(M, Y;) for n € w then
find Y € MT s.t. {kn: n<w} C ADD(M,Y).
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The ideals B and N: restrictions

If A c ADD(N) is countable, then pcf(A) c ADD(N).

Problem: What about M?

@ If Kk, € ADD(N, Yy) for n € w then
{kn:n<w}C ADD(N,Y) forsome Y e N,
@ Problem: Given k, € ADD(M, Y;) for n € w then
find Y € MT s.t. {kn: n<w} C ADD(M,Y).

B is the o-ideal generated by the compact subsets of the irrationals.
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The ideals B and N: restrictions

If A c ADD(N) is countable, then pcf(A) c ADD(N).

Problem: What about M?

@ If Kk, € ADD(N, Yy) for n € w then
{kn:n<w}C ADD(N,Y) forsome Y e N,
@ Problem: Given k, € ADD(M, Y;) for n € w then
find Y € MT s.t. {kn: n<w} C ADD(M,Y).

B is the o-ideal generated by the compact subsets of the irrationals.

If A c ADD(B) is progressive and |A| < b, then pcf(A) ¢ ADD(B).
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Assume that T is one of the ideals B, M and \.
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The ideals B and N : construction

Theorem

Assume that 7 is one of the ideals B, M and N'. If A= pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*™" for
some n € w, then A= ADD(Z) in some c.c.c generic extension V*.
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Assume that T is one of the ideals B, M and N'. If A= pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*™" for
some n € w, then A= ADD(Z) in some c.c.c generic extension V*.

If) #Y C pef({X,: 1 < n<w}) then pcf(Y) = ADD(Z) in some c.c.c
generic extension V.
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The ideals B and N : construction

Assume that T is one of the ideals B, M and N'. If A= pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*™" for
some n € w, then A= ADD(Z) in some c.c.c generic extension V*.

If) #Y C pef({X,: 1 < n<w}) then pcf(Y) = ADD(Z) in some c.c.c
generic extension V.

IfR, 1 <maxpcf({X,: 1< n<w}) then there is an infinite
Y C {Np:1 < n<w} suchthat ADD(Z) = Y U{X, 2} in some c.c.c
generic extension V*.
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The ideals B and N : construction

Assume that T is one of the ideals B, M and N. If A= pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*™" for
some n € w, then A = ADD(Z) in some c.c.c generic extension V.
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non-empty set of uncountable regular cardinals, |A| < min(A)*™" for
some n € w, then A = ADD(Z) in some c.c.c generic extension V.

The ideals B, M and N have the Hechler property
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The ideals B and N : construction

Assume that T is one of the ideals B, M and N. If A= pcf(A) is a
non-empty set of uncountable regular cardinals, |A| < min(A)*™" for
some n € w, then A = ADD(Z) in some c.c.c generic extension V.

The ideals B, M and N have the Hechler property

7 has the Hechler property iff given any o-directed poset Q there is a
c.c.c poset P such that

VP |= a cofinal subset {/, : g € Q} of (Z, C) is isomorphic to Q.
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Hechler property

@ Hechler: B has the Hechler property,
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Hechler property

@ Hechler: B has the Hechler property,
@ Bartoszynski and Kada: M has the Hechler property,
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Hechler property

@ Hechler: B has the Hechler property,
@ Bartoszynski and Kada: M has the Hechler property,
@ Burke and Kada: N has the Hechler property.
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Hechler property

@ Hechler: B has the Hechler property,
@ Bartoszynski and Kada: M has the Hechler property,
@ Burke and Kada: N has the Hechler property.

@ Hechler: (w*, <*) has the Hechler property,
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Hechler property

Hechler: B has the Hechler property,
Bartoszynski and Kada: M has the Hechler property,
Burke and Kada: A has the Hechler property.

Hechler: (w¥, <*) has the Hechler property,
Define map ¢ : (w*, <*) — B by the formula ¢(b) = {x : x <* b}
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Hechler property

Hechler: B has the Hechler property,
Bartoszynski and Kada: M has the Hechler property,
Burke and Kada: A has the Hechler property.

Hechler: (w¥, <*) has the Hechler property,
Define map ¢ : (w*, <*) — B by the formula ¢(b) = {x : x <* b}
¢ is a natural, cofinal, order preserving embedding.
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How to obtain a model of A= ADD(Z)?
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@ A= pcf(A), |Al < min(A)*"
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How to obtain a model of A= ADD(Z)?

@ A= pcf(A), |Al < min(A)*"
° Q= (JIAS).
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How to obtain a model of A= ADD(Z)?

@ A= pcf(A), |A| < min(A)*"
o Q= ([[A <).
@ 7 has the Hechler property: f: (Q, <) — (Z,C)
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How to obtain a model of A= ADD(Z)?

@ A= pcf(A), |A| < min(A)*"

o Q= (1A ).

@ 7 has the Hechler property: f: (Q, <) — (Z,C)
@ AC ADD(Z) is easy
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@ 7 has the Hechler property: f: (Q, <) — (Z,C)
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How to obtain a model of A= ADD(Z)?

@ A= pcf(A), |A| < min(A)*"

o Q= (1A ).

@ 7 has the Hechler property: f: (Q, <) — (Z,C)
@ AC ADD(Z) is easy

@ Need:\ ¢ Athen )\ ¢ ADD(Z)

@ Key observation:
If B = pcf(B) is a progressive set of regular cardinals, \ ¢ B,
then for each {f; : i < A} C [[ Bthereis g € [] B such that
i fi< g} =X\
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The ideals B and N/

Assume thatT = B or T = N. Given a nonempty, countable subset A
of uncountable regular cardinals, TEA.E
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The ideals B and N/

Assume thatT = B or T = N. Given a nonempty, countable subset A
of uncountable regular cardinals, TEA.E

@ A= pcf(A)
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The ideals B and N/

Assume thatT = B or T = N. Given a nonempty, countable subset A
of uncountable regular cardinals, TEA.E

@ A= pcf(A)
@ A= ADD(Z) in some c.c.c generic extension.
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Different spectrums of posets

Let P = (P, <) be a poset

@ the chain-spectrum of P,
&!(P)= {x : 3 unbounded, increasing chain (p, : a < k) C P}
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Different spectrums of posets

Let P = (P, <) be a poset
@ the chain-spectrum of P,
&!(P)= {x : 3 unbounded, increasing chain (p, : a < k) C P}
@ the hereditarily unbounded spectrum of P,
S"(P)= {|A] : VA € [A] Al A" is unbounded
nvB e [A]" Bis bounded}
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Different spectrums of posets

Let P = (P, <) be a poset

@ the chain-spectrum of P,

&!(P)= {x : 3 unbounded, increasing chain (p, : a < k) C P}
@ the hereditarily unbounded spectrum of P,

S"(P)= {|A] : VA € [A] A A is unbounded

nvB e [A]" Bis bounded}

@ the (unbounded) spectrum of P,

&(P)={|A| : Ais unbounded AVB e [A]~"* Bis bounded},
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Different spectrums of posets

Let P = (P, <) be a poset
@ the chain-spectrum of P,
&!(P)= {x : 3 unbounded, increasing chain (p, : a < k) C P}
@ the hereditarily unbounded spectrum of P,
S"(P)= {|A] : VA € [A] A A is unbounded
nvB e [A]" Bis bounded}
@ the (unbounded) spectrum of P,
&(P)={|A| : Ais unbounded AVB e [A]~"* Bis bounded},
@ the unbounded subset spectrum of P,
S35(P)={|A| : A cC P(P) ANUA is unbounded
AvB e [A]“* U B is boundeds}.
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Different spectrums of posets

Let P = (P, <) be a poset
@ the chain-spectrum of P,
&!(P)= {x : 3 unbounded, increasing chain (p, : a < k) C P}
@ the hereditarily unbounded spectrum of P,
S"(P)= {|A] : VA € [A] A A is unbounded
nvB e [A]" Bis bounded}
@ the (unbounded) spectrum of P,
&(P)={|A| : Ais unbounded AVB e [A]~"* Bis bounded},
@ the unbounded subset spectrum of P,
S35(P)={|A| : A cC P(P) ANUA is unbounded
AvB e [A]“* U B is boundeds}.
G1(P) c 8"(P) c 6(P) c &5(P)
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The poset (w*, <*)

@ &'(P) chain spectrum

@ G"(P) hereditary unbounded spectrum

° G"(P
(

@ GS(P

(unbounded) spectrum

~— ' —

unbounded subset spectrum
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The poset (w*, <*)

@ &'(P) chain spectrum

@ G"(P) hereditary unbounded spectrum

° G"(P
(

@ GS(P

(unbounded) spectrum

~— ' —

unbounded subset spectrum

6! ((w”,<%)) € 6"((w¥, <*)) € 6((w”, %)) € &°((w¥, <
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The poset (w*, <*)

@ &'(P) chain spectrum
@ G"(P) hereditary unbounded spectrum
@ &"(P) (unbounded) spectrum
@ G3(P) unbounded subset spectrum
GT(W, <) € 8"({w, <)) € B((w*, <) € &°((w¥, <))
DD(B) = &°({w*, <7))
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The poset (W, <*)

@ &'(P) chain spectrum

@ G"(P) hereditary unbounded spectrum
° &"(P
°® &3P

&1 ((w”, <*)) C SM((w*, <) € 6((w¥, <*)) € &%((w, <*))
® ADD(B) = &°({w*, <"))

@ b=min&'((w,<*)) = minADD(B)

(unbounded) spectrum

~— ' —

unbounded subset spectrum
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The poset (v, <*)

@ &'(P) chain spectrum

@ G"(P) hereditary unbounded spectrum
e &"(P
°® &3P

S ((w, <%)) € 6"((w¥, <)) € (v, <)) € &%((w, <))
® ADD(B) = &°({w*, <"))

@ b=min&'((w,<*)) = minADD(B)

(unbounded) spectrum

~— ' —

unbounded subset spectrum

@ Brendle, La Berge X, € G(w*, <*) \ 6"(w¥, <¥)
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The poset (W, <*)

@ &'(P) chain spectrum

@ G"(P) hereditary unbounded spectrum
e &"(P
°® &3P

S ((w, <%)) € 6"((w¥, <)) € (v, <)) € &%((w, <))
® ADD(B) = &°({w*, <"))

@ b=min&'((w,<*)) = minADD(B)

(unbounded) spectrum

~— ' —

unbounded subset spectrum

@ Brendle, La Berge No € G(w®

)\ &M(wv, <*)
@ Brendle, Fuchino: &, € 6" (wv, <*

)\ 61w, <)

, <
<
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The poset (v, <*)

@ &'(P) chain spectrum

@ G"(P) hereditary unbounded spectrum
e &"(P
°® &3P

S ((w, <%)) € 6"((w¥, <)) € (v, <)) € &%((w, <))
® ADD(B) = &°({w*, <"))

@ b=min&'((w,<*)) = minADD(B)

(unbounded) spectrum

~— ' —

unbounded subset spectrum

@ Brendle, La Berge X, € G(w*, <*) \ 6"(w¥, <¥)
@ Brendle, Fuchino: ¥, € &M(wv, <*)\ &T(w¥, <*)
@ Open: &(w”, <) C 6%(w, <¥)
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The poset He

@ Let (E, <g) be a poset. Define Hg = (Hg, <) as follows.
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The poset He

@ Let (E, <g) be a poset. Define Hg = (Hg, <) as follows.
o Fpe [E]™, np<w, fo: Fpxnp—w
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The poset He

@ Let (E, <g) be a poset. Define Hg = (Hg, <) as follows.
@ p= (Fp,np, f) € He iff

e Fpc [E]<w,np<w, fo: Fpxnp—w
@ p<qiff
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The poset He

@ Let (E, <g) be a poset. Define Hg = (Hg, <) as follows.
@ p= (Fp,np, f) € He iff

e Fpc [E]<w,np<w, fo: Fpxnp—w
@ p<qiff

@ P, D Fy,np>ng, fp 2 fy,
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The poset He

@ Let (E, <g) be a poset. Define Hg = (Hg, <) as follows.
@ p= (Fp,np, f) € He iff

e Fpc [E]<w,np<w, fo: Fpxnp—w
@ p<qiff

@ P, D Fy,np>ng, fp 2 fy,

o fh(a)(i) < fh(b)(i) foralla <g bin Fyand all i € [ng, np)
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The poset He

@ Let (E, <g) be a poset. Define Hg = (Hg, <) as follows.
@ p= (Fp,np, f) € He iff

e Fpc [E]<w,np<w, fo: Fpxnp—w
@ p<qiff

@ P, D Fy,np>ng, fp 2 fy,

o fh(a)(i) < fh(b)(i) foralla <g bin Fyand all i € [ng, np)

Theorem (Farah)

If k > wyq is regular then Ve |= there is a x-chain in (v, <*) iff one
of the followings happens

(1) E contains a x-chain or k*-chain
(2) adding a single Cohen real introduces a x-chain.
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The poset (W, <*)

Theorem (Farah)

If & > wy is regular then Ve |= there is a k-chain in (w*, <*) iff one
of the followings happens

(1) E contains a k-chain or k*-chain
(2) adding a single Cohen real introduces a «-chain.
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The poset (W, <*)

Theorem (Farah)

If & > wy is regular then Ve |= there is a k-chain in (w*, <*) iff one
of the followings happens

(1) E contains a k-chain or k*-chain
(2) adding a single Cohen real introduces a «-chain.

E poset, Hg embeds E generically into (w*, <*)
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The poset (W, <*)

Theorem (Farah)

If & > wy is regular then Ve |= there is a k-chain in (w*, <*) iff one
of the followings happens

(1) E contains a k-chain or k*-chain
(2) adding a single Cohen real introduces a «-chain.

E poset, Hg embeds E generically into (w*, <*)

Corollary

Assume GCH in the ground model. Given any nonempty set K of
uncountable regular cardinals there is a c.c.c poset Hg, such that

Vi = K c 6T(w¥, <) € KU {Ry}.

v
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Questions

Assume GCH in the ground model. Given any nonempty set K of
uncountable regular cardinals there is a c.c.c poset Hk such that

VK = K € 6T (w?, <*) € KU {X}.
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Questions

Assume GCH in the ground model. Given any nonempty set K of
uncountable regular cardinals there is a c.c.c poset Hk such that

VK = K € 6T (w?, <*) € KU {X}.

@ Do we need GCH in the corollary above?

Soukup, L (HAS) Pcf theory and cardinal invariants of the reals Snapshot 2010 20/ 21



Questions

Assume GCH in the ground model. Given any nonempty set K of
uncountable regular cardinals there is a c.c.c poset Hk such that

VK = K € 6T (w?, <*) € KU {X}.
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@ Can we obtain K = &T(wv, <*)?
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Assume GCH in the ground model. Given any nonempty set K of
uncountable regular cardinals there is a c.c.c poset Hk such that

VK = K € 6T (w?, <*) € KU {X}.

@ Do we need GCH in the corollary above?
@ Can we obtain K = &T(wv, <*)?
@ Can we prove (some form of) a strong Hechler theorem?

If Qis a o-directed poset then there is a c.c.c poset P s. t.
VP = a cofinal subset of (w*, <*) is order isomorphic to Q
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Questions

Assume GCH in the ground model. Given any nonempty set K of
uncountable regular cardinals there is a c.c.c poset Hk such that

VK = K € 6T (w?, <*) € KU {X}.

@ Do we need GCH in the corollary above?

@ Can we obtain K = &T(wv, <*)?

@ Can we prove (some form of) a strong Hechler theorem?
If Qis a o-directed poset then there is a c.c.c poset P s. t.

VP = a cofinal subset of (w*, <*) is order isomorphic to Q
AND &' ((w, <%)) = 61(Q)
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Questions

@ {R;:1<n<w}CCF(sym(w)) = X 1 € CF(sym(w)).

Soukup, L (HAS) Pcf theory and cardinal invariants of the reals Snapshot 2010 21/21



Questions

@ {R;:1<n<w}CCF(sym(w)) = X 1 € CF(sym(w)).
@ {X,:1<n<w}cADD(B) = R, 1 € ADD(B).
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Questions

@ {R;:1<n<w}CCF(sym(w)) = X 1 € CF(sym(w)).
o {N,:1<n<w}cADD(B) = R, 1 € ADD(B).
® {Rp:1<n<uw}CBI((w”, <)+ Ry € 61 ((w”, <))
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Questions

o {N,:
o {N,:
o {N,:
o {N,:

1 <n<w}C CF(sym(w)) = N, 11 € CF(sym(w)).
1 <n<w}cCADD(B) = R,;1 € ADD(B).
1<n<whC6N((w*, <)) Rupr € 61((w¥, <))
1 <n<w}CcADDN) = 8,1 € ADD(N).
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o {N,:
o {N,:
o {N,:
o {N,:
o {N,:

1 <n<w}C CF(sym(w)) = N, 11 € CF(sym(w)).
1 <n<w}cCADD(B) = R,;1 € ADD(B).

1< n<w) CBI((W¥, <75 Ruyr € B1((w¥, <)
1 <n<w}CcADDN) = 8,1 € ADD(N).

1< n<w}lCADD(M) == R, € ADD(M).
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1< n<w) CBI((W¥, <75 Ruyr € B1((w¥, <)
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1< n<w}lCADD(M) == R, € ADD(M).
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Questions

o {N,:
o {N,:
o {N,:
o {N,:
o {N,:
o {N,:
o {N,:

1 <n<w}C CF(sym(w)) = N, 11 € CF(sym(w)).
1 <n<w}cCADD(B) = R,;1 € ADD(B).
1<n<whC6N((w*, <)) Rupr € 61((w¥, <))
1 <n<w}CcADDN) = 8,1 € ADD(N).

1< n<w}lCADD(M) == R, € ADD(M).
1 < n<w} C spectrum(a) = N, 11 € spectrum(a).

1 < n<w} C spectrum(x) N N, 11 € spectrum(z).
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